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SUBJECT OUTCOME |

COMPLEX NUMBERS: WORKING WITH
COMPLEX NUMBERS

@ Subject outcome

Subject outcome 1.1: Work with complex numbers

Learning outcomes

Perform addition, subtraction, multiplication and division on complex numbers in standard form
(includes j-notation).

Note: Leave answers with positive argument.

Perform multiplication and division on complex numbers in polar form.

Use De Moivre's theorem to raise complex numbers to powers (excluding fractional powers).
Convert the form of complex numbers where needed to enable performance of advanced
operations on complex numbers (a combination of standard and polar form may be assessed in
one expression).

‘?’ Unit 1 outcomes

By the end of this unit you will be able to:

Add complex numbers in standard form.

Subtract complex numbers in standard form.

Multiply complex numbers in standard form.

Divide complex numbers in standard form through the use of a suitable conjugate.

‘g’ Unit 2 outcomes

By the end of this unit you will be able to:

Plot a complex number on the complex plan.
Find the absolute value of a complex number.
Convert a complex number from standard (or rectangular) form to polar form.

Complex Numbers: Working with complex numbers | 1



Convert a complex number from polar form to standard (or rectangular) form.
Understand what is meant by the abbreviation when dealing with complex numbers in polar

‘g’ Unit 3 outcomes

By the end of this unit you will be able to:

Multiply complex numbers in polar form.
Divide complex numbers in polar form.

‘?’ Unit 4 outcomes

By the end of this unit you will be able to:

Find the powers of complex numbers in polar form.
Simplify complex expressions with powers.
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Unit 1. Revise the basic operations with
complex numbers in standard form

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Add complex numbers in standard form.

Subtract complex numbers in standard form.

Multiply complex numbers in standard form.

Divide complex numbers in standard form through the use of a suitable conjugate.

What you should know

Before you start this unit, make sure you can:

Define complex numbers. Refer to level 3 subject outcome 1.1 unit 1if you need help with this.
Represent complex numbers in standard rectangular coordinate form. Refer to level 3 subject outcome
1.1 unit 1if you need help with this.

Perform basic operations on imaginary numbers. Refer to level 3 subject outcome 1.1 unit 1if you need
help with this.

Perform addition, subtraction and multiplication on complex numbers in standard/rectangular form.
Refer to level 3 subject outcome 1.2 unit 1if you need help with this.

Perform division on complex numbers in standard form introducing the concept of conjugate. Refer to
level 3 subject outcome 1.2 unit 1if you need help with this.

Introduction

This subject outcome and this unit revise and build on the work you did on complex numbers in level 3
subject outcomes 1.1 and 1.2. It is important that you complete these subject outcomes before continuing.

By this stage, you should recognise the different types of numbers, as shown in Figure 1. It shows the
classification of all the different kinds of real numbers beginning with the counting or natural numbers,
expanding these to include zero (the whole numbers), the negative counting numbers (the integers), the
fractions (rational numbers), and finally, those numbers that cannot be written as fractions (the irrational
numbers).

Unit 1: Revise the basic operations with complex numbers in
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Real Numbers

Rational Numbers
Irrational
Numbers

Integers

Natural Numbers )

Figure I: The real numbers

But you know that this is not the whole story. There is an even bigger set of numbers that includes the so-
called imaginary numbers. This set is called the complex numbers (see Figure 2). As far as we know, the
complex numbers do include everything.

Complex Numbers

Real Numbers

Rational Numbers

Irrational

Integers Numbers

Imaginary Numbers

h Jof

Natural Numbers

Figure 2: The complex numbers

The name ‘imaginary numbers' is actually quite unfortunate because these numbers crop up in all sorts of
very ‘real’ places, from electricity to bridge-building, from car design to the flow of liquids.

Before going further, if you have an internet connection, watch this short video explaining why complex
numbers are awesome; “Complex Numbers are Awesome”.

Complex Numbers are Awesome (Duration: 3.45)
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When it comes to working with complex numbers (adding, subtracting, multiplying and dividing them), the
good news is that all of the rules we have learnt about adding, subtracting, multiplying and dividing real
numbers work in much the same way. We don't need to learn a whole new set of mathematical techniques.

Imaginary numbers

In level 3 subject outcome 1.1 unit 1, we learnt about imaginary numbers and that the imaginary number j is
defined as ,/—1. In other words, ,/—1 = ;. This means that 2 = (1 /_1)2 = 1.

This definition allows us to determine the value of numbers like ,/—49.

V=49 = /49 x (1)
— VA9 x 1
=7

We say that 74 is an imaginary number.

Exercise 1.1

Write the following negative roots as multiples of 4:

ooh N

|
[\~
N

The full solutions are at the end of the unit.

What do you think happens when we square an imaginary number? Try it by working through some
examples.

p Example 1.1
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Simplify (8i)2.

Solution

(8i)% = 8i x 8i
=8x8xixi

=64 x i2
But ;2 — 1. Therefore, 64 x i = 64 x (—1) = —64.

p Example 1.2

433 x 342

Simplify
6i

Solution

4% x 3i2 4 x 3% xi2

" = " We can use exponent laws: i® X i2 =i X X5 XiXi=74"2 =4
67 6 x1
12 x @ B EiXAXEXiXD o5,
= We can use exponent laws: — = ———— =¢>"" =4
6it 4 iXiXixXi
i i
=2

Exercise 1.2

Simplify the following:

1 (94)
2. (v12i)°
5 (33
4. (42)3
o 743348 .2¢°

2145.34°
5 V12i%. (—44).34°
- /=246t

The full solutions are at the end of the unit.
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Complex numbers

A complex number is simply the sum of a real number and an imaginary number. Therefore, it has two parts
to it —a real part and an imaginary part. Figure 3 shows an example of a complex number.

/3 + 5i ~
Real part Imaginary part

Figure 3: A complex number

Take note!

A complex number is a number of the form g + bi where:

a is the real part of the complex number
bi is the imaginary part of the complex number.

If b= 0, then g + bi becomes just a and the number is a pure real number.
Ifa =0andb # 0, then g + bi becomes just b; and the number is a pure imaginary number.

Complex numbers written in the form g + bi are said to be written in standard form.

We can convert complex numbers from root form to standard form and back again by remembering that
i =+/—1andthat;2 = _1.

p Example 1.3

Write 5 4+ /=3 in standard form.

Solution

54+4/=3=5+,/3x(-1)
=5++3 x/—1
=5++/3i

p Example 1.4

Write 7 — 74 in root form.
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Solution

7T

V=1

VA9
49 (-1

Il
ES BENEN BN
SN—r

—49

Some people refer to think of imaginary numbers as non-real numbers to set them apart from the
real numbers, but imaginary numbers are actually very real. The name ‘imaginary numbers’ is quite an
unfortunate mistake of history.

Note

If you have an internet connection, watch this excellent playlist of videos called “Imaginary Numbers are
Real” (13 videos) to learn how this happened.

Imaginary Numbers are Real (13 videos)

Add and subtract complex numbers

Adding and subtracting complex numbers is actually pretty simple. The basic rule is that we have to add or
subtract the real parts and then add or subtract the imaginary parts. Have a look at the next example.

p Example 1.5

Simplify (3 — 4i) + (2 + 54).

Solution

(3—4i)+ (2+5i) =3 —4i+2+5i
—3+4+2—4i+5i
=(34+2)+ (—4+5)i
—5+i

Note that all our standard expansion rules apply, for example —(5 + 4i) = —5 — 4i.
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p Example 1.6

Simplify (=5 + 2¢) — (—11 + 74).

Solution

(—5+2i) — (—11+ 7)) = —5+2+11—Ti
= 541142 —Ti
= (=5 +11) + (2i — T74)
—6— bi

Exercise 1.3

Add or subtract the following complex numbers:

2. (—5+3i)— (6—1)

3. (2—-3i) — (3+2)

4. (—4+4i) — (—6 + 9i)

5. (5 +4d) — (3+2i) — (8 — 74)
6. =12+ /=27

7. /=32 — \/—48

The full solutions are at the end of the unit.

Adding complex numbers:
(a+bi)+ (c+di)=(a+c)+ (b+d)i

Subtracting complex numbers:
(a+b)—(c+di)=(a—c)+ (b—d)

Multiply complex numbers

Multiplying complex numbers is very similar to expanding binomials (see Figure 4). The only difference is
that we work with the real and imaginary parts separately just like we do when adding and subtracting
complex numbers.
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(a + bi)(c + di)

Figure 4: Multiplying complex numbers

p Example 1.7

Simplify (3 + 2i)(6 + 37).
Solution

(34 2¢)(6 + 3i) = (3 x 6) + (3 x 32) + (2i x 6) + (2 x 31)
=18 4+ 9 + 12i + 6i2 Remember i2 = —1
=18 +9i +12i +6(—1)
= (18 —6) + (9 +12)i
=12+ 214

p Example 1.8

Simplify (4 + 34)(2 — 5i).

Solution

(4 +3i)(2 — 5i) = (4 x 2) + (4 x (=51)) + (30 x 2) + (37 x (—5i))
=8 — 207 + 67 — 15i2 Remember i2 = —1
=8—20i+6i+15
= (8+15)+ (—20 + 6)¢
=23 —14i

Simplify the following:
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1 (3—4)(2 + 30)
2. (2+30)(4—9)

3. (=14 2i)(—2 + 30)
4. (4+3i)°

5. (34 4)(3 — 4i)

What kind of expression does this remind you of?

6. (3—+/-12) (5+v-27)

The full solutions are at the end of the unit.

Divide complex numbers

Dividing complex numbers is the most challenging of the complex number operations. However, it is
still reasonably simple, so long as you know what a conjugate is. We first came across conjugates when
simplifying algebraic expressions with binomial denominators.

Have a look at question 5 in Exercise 1.4 again. We were asked to multiply (3 + 47)(3 — 44)
and found that the answer was a real number. There was no imaginary part. We call (3 — 47)
the complex conjugate of (3 + 4i).

A complex conjugate is the complex number that we need to multiply another complex number by to get
rid of the imaginary part. The complex conjugate of (a + bi) is (a — bi).

Therefore, finding complex conjugates is easy. You just need to change the sign in the complex number.
The complex conjugate of (4 — 7) is (4 4 ¢). Quickly multiply these two complex numbers together to make

sure that the answer is a pure real number. Did you get 17?

When you divide by a complex number, you need to multiply it by its complex conjugate. However, to keep
the value of the fraction the same, you must multiply the numerator by the same complex conjugate as
well.

p Example 1.9

9 .
Simplify 4+ 5

—1
Solution

We are dividing by a complex number. Therefore, we need to multiply the denominator by its complex
conjugate (4 +1). However, to keep the value of the fraction the same we need to multiply the
443
numerator by the same complex conjugate. We will, therefore, multiply the fraction by §4 ; =1
+1

Unit 1: Revise the basic operations with complex numbers in standard form | 11



245 _ (2+5) (4+39)

4—i  (4—i)  (4+1)
= 8 + 2i +20i + 5¢° Remember that 2 = —1
16 + 4i — 4i — 42
8422 —5
 16+1
3422
T

The final step is to write the answer in standard g + b3 form.

3+ 22 3 22,

= + —1
17 17 17

j© Example 1.10

. . 2451
Simpli .
P fy5—2i

Solution
The complex conjugate of (5 — 2i) is (5 + 2i).

2+ 5¢ (2+57) (5+29)
= X

5—-2 (5-2) (54 2i)

10 + 4i + 25i + 102

25 — 442
~ 10+29i — 10
- 25+4
29
T 29

=1

Exercise 1.5

Simplify the following, leaving your answer in standard form:

3
5+ 24
5+ 31

44
3+ 4i
2—1
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2+ /12

4.
V=
5 —v/—4 —44/-25
5+1
6 (14 37)(2 — 49)
' 142
7 4—!—1_'_3—42
) 1—1

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

What an imaginary number is.

How to add, subtract, multiply and divide imaginary numbers.

What a complex number is.

How to add, subtract and multiply complex numbers.
How to divide complex numbers using a complex conjugate.

Unit 1; Assessment

Suggested time to complete: 45 minutes

Simplify the following expressions, leaving your answer in standard form:

HowWwN

10.

—3 —5i)% - 6i
48

3—/3i

(2+4i) — (3—1i)

(-1 v

i2(2+7i) +4(3 —6i) — 16 — 4

3—-2t 1-3

1+ 1—4

The full solutions are at the end of the unit.
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Unit 1; Solutions

Exercise 1.1

1. V/=25=,/25x (—1) =25 x /=1 =51
2. /2= ,/2x(-1)=2x+/1=+2i

3.0 V/FI2=4,/12 x (1) = /12 x /=1 = /12i = 2/3i
4. /=400 = ,/400 x (—1) = /400 x /—1 = 20i
5

/24 = /24 x (1) = 24 x /=1 = 2/6i

Back to Exercise 1.1

Exercise 1.2

(9i)? = 814*
=81 x (—1)
=81
2.

(v12i)* = 1242
=12 x (-1)
=12

3.

(3v3i)° =9.3.4
= 274*
=27 (~1)
=27

4.
(4i)® =64 -4
=644
= —64i
5.

(2v/3i)° =8-9y3- 4
=723 4
= —72/3i

6.
(202)" =2'- (¥2)" 4!
4
—20.23 2.2 [xi=(-1)x(-1)=1]
4
_2'"3
16
—23
7.
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743.3:8.2¢5 42416

2145.3¢° 63410

V123 (—44) - 385 24/3d% - (—124%)
—24 - 6i* V245 - 634
—24,/3:%
124/6i°
—24/3i3
V23

2 2
-2 Multiply by £
2 V2

2/2i
2
=./2i

Back to Exercise 1.2

Exercise 1.3

(=2 —4i) +(1+6i) =(—2+1)+ (-4 +6)i

=-1+2
2.
(-5+3i)—(6—i)=-5+3i—6+1
=(-5—-6)+(3+1)
=-1-5i
3 .

(2-3i)—(3+2i)=2—-3i—3—2
=(2-3)+(-3-2)i/li>
=—-1+2i

4.
(—4+4d) — (—6+9i) = —4+4i+6—9i
=(—4+6)+(4—9)i
=2-5i
5.

(5+4i) —(3+2i) —(8—Ti)=5+4i—3—2i—8+7Ti
=(5-3-8)+(4—-2+7)i
=—6+9i

6.

V=12 4 /=27 = /12i + /2T
= 2/3i + 3/3i
= 5+/3i

7.

V=32 — =48 — /32i — \/3Bi
— 4/Ti — 443

Unit 1: Revise the basic operations with complex numbers in standard form | 15



Back to Exercise 1.3

Exercise 1.4

(3 — 4i)(2 4 3i) = 6 + 9i — 8 — 124>
=6+i+12
=18+

(2+3i)(4 —4) = 8 — 2 + 127 — 34°
=8+10i +3
=11+ 10

(=1 +2i)(—2+3i) =2 — 30 — 4i + 642
=2-7i—6
=—4-Ti

(4 +3i)* = (44 34)(4 + 34)
=16 + 124 + 127 + 94°
=16+24i — 9
=7+ 244

(3 +44)(3 — 4i) = 9 — 124 + 127 — 164>
=9-+16
=25

This is similar to a difference of two squares.

(3 —+/=12) (5+v/=27) = (3 —2V/3i) (5 + 3+/3i)
=15+ 94/3i — 104/3i — 182
=15—+/3i +18
=33 —/3i

Back to Exercise 1.4

Exercise 1.5

3 3 ><572i
542 542 5-—2i
15 — 67
25 — 442
15 — 61

29
15 6 .

— — —1
29 29
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5+3i  5+3i y 4i
44 44 4;
204 + 124>
162
—12 + 20i
—-16

24412 2+423i
N
(2 + 2\/31) 5i
54 T

2/5i + 24/1542
542

—24/15 + 24/5i
-5

2v/15  24/5i

5 5

Fornula does not parse

—v—4-4y/-25 2 —20i
541 B+
(—22i) (5 —1)
X
(5+i) (5—1)
—1104 + 2242
25 — 2
—22 —110¢
26

(1+30)(2—4) 2 — 45+ 6i — 12
142 - 142
C2+2i+12
O 1+2
(14+2i) (11— 29)
= X
(1+2i)  (1-2i)
14— 28i 4 2i — 4i°
1— 442
14 — 26i + 4
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4+i 34 (4+4)(1 —14) +1(3 — 4i)
i 1—i i(1— )
4—4i+i—i% 4 3i — 44*
2

LCD: i(1 — i)

i—i
 4-3i+1+3i+4
N i+1

9 (1—1)

= .>< .

(1+474) (1-14)
99

1-—42
99
2

9 9.
=———1

2 2

Back to Exercise 1.5

Unit 1: Assessment

(3—4i)+ (2+5i) =3 —4i+2+5i
=5+i

(5—+/=50) — (3—+/=8) =5 — /50i — 3 + /8i
=552 — 3422
=232

(5 v=50) (3 - v=8) = (5 - V30i) (3 - Vi)
= (5 —5+/2i) (3 — 2v/20)
=15 — 104/2i — 15/2i + 10 - 2i*
=15 —25/2i — 20
= —5—25/2i

(=54 78) — (=114 2%) + (—3 — 6i)®> = =5 + Ti + 11 = 2i + (—3 — 6i)(—3 — 64)
=6+ 5i+ 9+ 18 + 18 + 364>
=15+ 41i — 36
= —21 +41¢

(=3 —5i)? - 6i = (—3 — 5i)(—3 — 5i) - 6i
= (9 + 157 + 15i + 25i%) - 64
= (9 + 307 — 25) - 64
= (—16 + 30¢) - 61
= —96i + 1805>
= 180 — 96i
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4-8  (4-8) (3++/39)

5_vEi  (3—+3i)  (3+v3)
12 + 4+/3i — 24i — 84/3i2

9 — 34°
12 4+ 4+/3i — 24i + 84/3
B 9+3
12 + 8v/3 + 44/3i — 244
B 12
4(3+2v3) +4(v3-6)i
B 12
4(3+2y3) 4(v3-6)
= + 3
12 12
3+2v3 (V3-6)
= + 1
3 3
7.
2+49)° —(B-9)=2+i)(2+13) - (3—9)(3—1)
=442+ 2+ — (9 3i — 3i +i?)
—444i—-1-9+6i+1
= —5+10i
8.

(—14v=3)? = (~1+ v=3) (-1 + v53)
=1—+/3i—+/3i+3i%
=1-23i -3
=-2-23i

0.
i2(2+ 7i) +4(3 — 63) — 16 — 3 = 24> + 74° + 3i — 6i — 16 — 4
=-2-Ti+3i+6—16—1
=12 -5i
10.
3-2 1-3i
— LCD: (1+14)(1—4
14+i  1—34 1+ =)
(3 —2i)(1—14) — (1—3d)(1+14)

B (1+4)(1—14)

3—3i—2i+2i% — (1414 — 3i — 3i?)

a 142

3-3i— 242" —1—i+3i+3

B 141

2-3i—2-3

B 2

33

2

3 3
=—=—=1
2

Back to Unit 1: Assessment

Media Attributions

figurel © CK12 is licensed under a CC BY-NC (Attribution NonCommercial) license
figure2 © Squeezyboy is licensed under a CC BY-NC (Attribution NonCommercial) license
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Unit 2: Revise the polar form of complex
numbers

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Plot a complex number on the complex plan.

Find the absolute value of a complex number.

Convert a complex number from standard (or rectangular) form to polar form.

Convert a complex number from polar form to standard (or rectangular) form.

Understand what is meant by the abbreviation when dealing with complex numbers in polar

What you should know

Before you start this unit, make sure you can:

Represent complex numbers using an Argand diagram. Refer to level 3 subject outcome 1.1 unit 2 if you

need help with this.
Find the modulus argument of a complex number. Refer to level 3 subject outcome 1.1 unit 2 if you

need help with this.
Express complex numbers in polar form. Refer to level 3 subject outcome 1.1 unit 3 if you need help with

this.
Simplify complex numbers in polar form. Refer to level 3 subject outcome 1.1 unit 3 if you need help

with this.

Convert complex numbers from standard/rectangular form to polar form. Refer to level 3 subject
outcome 1.1 unit 3 if you need help with this.

Convert complex numbers from polar form to standard/rectangular form. Refer to level 3 subject
outcome 1.1 unit 3 if you need help with this.

Introduction

This unit revises the polar form of complex numbers covered in level 3 subject outcome 1.1 units 2 and 3. It is
important that you complete these subject outcomes before continuing.

To understand what the polar form of a complex number is and where it comes from, we need to
understand how to plot complex numbers on the complex plane.

The complex plane

We know that we can plot the position of any real number on a number line as shown in Figure 1.
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e
=

Figure 1: Real numbers on a number line

But complex numbers have a real and an imaginary part, therefore we need two numbers to plot them
— one for the real part (the x-axis) and one for the imaginary part (the y-axis) placed at right angles to
each other to create the complex plane. This is a coordinate system like the Cartesian plane and complex
numbers are points on the plane, expressed as ordered pairs.

Take the complex number 2 — 34, for example. We can plot it on the complex plane as shown in Figure 2. It
is the point (2, —3).

imaginary

L

Figure 2: 2 — 33 plotted on the complex plane

% Exercise 2.1
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Plot the following complex numbers on the same complex plane:

1. —4—5¢
2. 443
3. -3

4. —44

The full solutions are at the end of the unit.

"Q') Take note!

An Argand diagram is a plot of complex numbers as points on the complex plane using the x-axis as
the real axis and y-axis as the imaginary axis.

The modulus and argument

We often refer to complex numbers as z and the complex plane as the z-plane. We can say that z = 3 + 4.

Figure 3 shows the complex number z = 3 + 44. The distance of this point from the origin is called the
modulus and is designated as |z|.
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5
3+ 4
4
3
El
2
1
Real
-2 -1 0 1 2 3 4 5 6 7 8
-1

Figure 3: 3 + 44 plotted on the complex plane

We can determine the modulus by dropping a perpendicular from this point (see Figure 4) and using
Pythagoras’' theorem.
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5 | Imaginary

3+ 4
4
3

z

2

4
;

Real
-2 -1 0 1 3 2 3 4 5 6

-1

Figure 4: Determining |z| using Pythagoras’ theorem

2 =3 +4
=9416 =25
Szl =4/25=5

The modulus is always represented as an absolute value with || signs because it is a length and so always
taken as the postive value. In the calculation of |z| above, we ignore —5 as a possible solution.

j© Example 2.1

Given z = 5 — 64, find |z].
Solution

We can plot the complex number z = 5 — 65 on the complex plane.
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Imaginary

Real
-2 -1 0 1 2 3 4 5 6 7 8 9

=7

lz] = \/wz +14? @ is the real part and y is the imaginary part

% Exercise 2.2

Find |z| in each case:

1L z=1+7i
2. z=-3-51

3
3. :—4 —1
z + 22

4., z:—\/§—1/—6

The full solutions are at the end of the unit.

The modulus is not enough to fully define the position of a complex number on the complex plane. Figure
5 shows two complex numbers, z; = 4 + 3i and z; = 3 — 4i. For each, |z| = 5.
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Figure 5: z; = 4 + 3i and zy = 3 — 44 on the complex plane

We also need to know the argument, the angle the line representing the modulus makes with the positive
x-axis (see Figure 6).
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+ [Imaginary
445

_Real

-4 .
3 -4

Figure 6: Angles made by the lines representing the moduli of z; = 4 + 3i and zy = 3 — 41 with the positive x-axis

T
because z; = 4 + 3i isin the first quadrant.

In Figure 6 we see thatsina = y = E orthatcosa = z_ %.Therefore, a = 36.870°. This answer makes sense
T

Also, we can say that sin8 = y_ _?4 or that cos = z_ g Therefore, g = —53.130°. This makes sense
T T

because z, = 3 — 4i is in the fourth quadrant.

With the modulus and the argument, we can uniquely specify the position of any complex number on the
complex plane.

LQ') Take note!

' . T
The value of the modulus |z| is the same as the value of 7 in sin§ = Yorcost =2,
r T

('Q') Take note!
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When calculating the argument, it is important that you draw a sketch of the position of z on the
complex plane to determine which quadrant the point is in. The three trigonometric ratios still follow
the CAST diagram on the complex plane (see Figure 7).

€

A
Quadrant 2 Quadrant 1
Only sine Is positive
Only tangent is positive Only cosine is positive
Quadrant 3 Quadrant 4
v

Figure 7: The CAST diagram

p Example 2.2

Determine the modulus and the argument of z = —2 — ,/=3.

Solution

Unit 2: Revise the polar form of complex numbers | 29



First, write the complex number in standard form q + bi.

z2=-2—4/—3=-2—+/3i
z lies in the third quadrant because z (—2) and ¥ (—,/3) are both negative.

2| = y/2* + 4

= (2 + (-vB)’
=VEIT3
=7

To find the argument, start by finding a reference angle (a) using a positive ratio of sine or cosine.

V3

sina = — = —
ToVT
.o = 40.89°

But z lies in the third quadrant. Therefore, § = 180° + 40.89° = 220.89°.

@ Take note!

When finding the argument, remember that you need to pay attention to which quadrant the complex

number is in. A useful strategy can be to make the ratio for sinf = y or cos = — positive initially, in
r T

order to find the acute reference angle g, and then to transfer this angle into the necessary quadrant
as indicated in Figure 8. To transfer these angles, use the following identities:

Second quadrant: 180° — @
Third quadrant: 180° + @
Fourth quadrant: 360° — @
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Ty (Imaginary)

T —yi T+ oyt

==
o

X (Real) .

- —yi —x + yi

Figure 8: Transferring the reference angle into the necessary quadrant

% Exercise 2.3

Determine the modulus and the argument of the following complex numbers, leaving your moduli in
surd form:

1 z2=-1-28;
2. z=-2+2
3. z=4-3i

The full solutions are at the end of the unit.

Polar form

We say that z = 2 — 3i is written in standard or rectangular form where the number is expressed in terms of
a real and imaginary component. The polar form of a complex number expresses the number in terms of
its modulus and argument.
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Suppose we have a complex number z = z + yi. We can represent this with an Argand diagram (see Figure
9).

'y (Imaginary)

x{Heal]=

’ l

Figure 9: Argand diagram for z = = + yi

xr
Now we know that cos 8 = p andsinf = E_ Therefore, x = rcosf and y = rsiné.
T

So, the point (z,y) has coordinates given by z = rcosf and y = rsinf where y = , /22 4 2. Therefore:
z=x+yi

=rcosf+ (rsinf)i

= r(cos @ + isin6)

('Q') Take note!

We often use the abbreviation rcisf to represent r(cos 6 + i sin ).
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r(cosf + isinf)
rcis

The polar form of a complex number:

z=z+ Yyl
=rcosf+ (rsinf)i
= r(cosf + isin6)
= rcisf
where r = |z| and § is the argument.

j© Example 2.3

Find the polar form of z = —4 — 4;.
Solution

Step 1: Determine r (or |z|)

Y < e

/16 + 16
=32
=42

Step 2: Determine 4
zisin the third quadrant. Find reference angle a.

T 4 1
cosqg=— = —— = —

T42 2
coo=45°

Therefore § = 180° + 45° = 225°.

Step 3: Write the solution
z=r(cosf + isin )
= 44/2(cos 225° + isin 225°)
= 44/2cis225°
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Exercise 2.4

Write the following complex numbers in polar form:

1. z2=5+12;
2. z=-7-3i
3. Z:\/g_\/__G

The full solutions are at the end of the unit.

Convert polar form to rectangular form

Sometimes it is necessary to convert a complex number in polar form into standard or rectangular form. To
do this, we need to first evaluate the trigonometric functions cos # and sin 4, then multiply through by .

p Example 2.4

Convert z = 12¢igd5° into standard/rectangular form.

Solution

Step 1: Evaluate cos§ and sin
We can use the fact that 45° is a special angle to evaluate without a calculator.

1
cos45° = —
V2

1
sin45° = —
V2

Step 2: Find the standard form
zisin the first quadrant where cosine and sine are positive.
z = 12(cos45° + isin45°)

1242 1242
=—+
2 2
=642+ 6/2i

The complex number in standard form is z = 64/2 + 64/2i-

1

p Example 2.5
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Convert z = 4¢is150° into standard/rectangular form.
Solution

Step 1: Evaluate cos @ and sin @

120° is not a special angle but 180° — 150° = 30° is a special angle. Therefore, we can evaluate cosf and
sin @ without a calculator and transfer the angle into the correct quadrant, in this case, the second
guadrant.

V3

cos30° = —
2

sin 30° = l
2

Step 2: Find the standard form
We know that the complex number is in the second quadrant where cosine is negative and sine is

positive.
z = 4(cos 150° + 4 sin 150°)
V3 o1, - o
= e + 51 Remember that cosine is negative in the second quadrant
=-2/3+4+2i

The complex number in standard formis z = —2,/3 + 2i.

p Example 2.6

Convert » = 3¢is243° into standard/rectangular form.
Solution

Step 1: Evaluate cos @ and sin @

243° is not a special angle and cannot be reduced to a special angle. Therefore, we have to evaluate cos 6
and sin # with a calculator. The complex number is in the third quadrant.

cos 243° = —0.454

sin 243° = —0.891

Step 2: Find the standard form
We know that the complex number is in the third quadrant where cosine and sine are negative.
z = 3(cos 243° + isin 243°)

= 3(—0.454 — 0.891%)

= —1.362 — 2.673:

The complex number in standard form is z = —1.362 — 2.673i.

Convert the following complex humbers into standard/rectangular form:
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1. z=4/3cis45°

2.

= /Tcis210°

3. z = 3cis340°

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to plot a complex number on the complex plane.

How to find the absolute value or modulus of a complex number.
How to convert a complex number from standard (or rectangular) form to polar form.
How to convert a complex number from polar form to standard (or rectangular) form.

How to use the cis shorthand for the polar form.

Unit 2; Assessment

Suggested time to complete: 25 minutes

1. Given z = —1 4 4/3i:

a.
b.
C.

d.

Write down the conjugate of z.
Calculate the modulus of z.
Determine the argument of z.

Write z in polar form.

2. Write the following complex numbers in polar form:

a.

b.
C.

d.

z:g—ﬁ
z2=—4+,-8
2= VB T3
z= —64 3.543¢

3. Write the following complex numbers in standard form:

a.

b.

C.

d.

z = 13c¢is330°
z = 4/Tcis225°

2
z = —cis120°
V3
z = 4cis160°

The full solutions are at the end of the unit.
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Unit 2; Solutions

Exercise 2.1

Imaginary

4 + 3i

Real

—4 — 51

Back to Exercise 2.1

Exercise 2.2

2] = V1T + 72
— JIT10
=4/50
=52

|2l = 1/ (=3)" + (=5)°

=,9+25
— /34
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Back to Exercise 2.2

Exercise 2.3

1 2=-1-8:i
|2l = /(1) + (-8)*
— JTT 64
— /65

zisin the third quadrant. Find reference angle a.
8

sina = —
\/65
coa = 82.87°
Therefore, § = 180° + a = 262.87°.
2. z=-2+4+2
o] = y/(—2)" +2°
=+4+14
VB
=22

zis in the second quadrant. Find reference angle a.
2 1

22 2
oo =45°
Therefore, § = 180° — oo = 135°.

sina =

3. z2=4-3i
|2l = /(4)" + (=3)°
=416+9
=+/25
=5
zis in the fourth quadrant. Find reference angle a.
sina = —
5
cLoa = 36.87°
Therefore, § = 360° — a = 323.13°.
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Back to Exercise 2.3

Exercise 2.4

1. 2=54+12:
r=4/(5)" + (12)?

=4/25+144

=4/169

=13
zis in the first quadrant.

. 12

sinf = —

13
.0 =167.38°
z=r7(cos @ + isin )
= 13(cos 67.38° + i sin 67.38°)

= 13cis67.38°

2. z2=-7-3i
r=4/(-7)"+(-3)

=449+9
= /58

zis in the third quadrant.
sina = i
V/58
coa = 23.20°
Therefore, § = 180° + 23.20° = 203.20°
z=r(cos @ + isin )
= 4/58(c0s 203.30° + i sin 203.20°)

= /58cis203.20°

RN N TV
r= [ o
=.5+6

=411
zis in the fourth quadrant.
. V6
smo = ——
V11

coa=47.61°

Therefore, § = 360° — 47.61° = 312.39°.

z=r(cosf + isin )
= /11(cos 312.39° + isin 312.39°)

= 4/11cis312.39°

Back to Exercise 2.4

Exercise 2.5

1.z = /3cis4b°
1
cos45° = —

V2
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sin45° =

||
&
s\HEIH

(

+
V3 V33

E\H
~

mla
Sl

QI

+

[\
[\

2. z = 4/Tcis210°
3
cos 210° = cos(180° 4 30°) = —cos 30° = _g

sin 210° = sin(180° 4 30°) = —sin30° = ——

V3 o1,
V2T T
2 2

3. 2= 3cis340°
cos 340° = 0.940
sin 340° = —0.342
2= 3(0.940 — 0.342i)

= 2.82 — 1.0263

Back to Exercise 2.5

Unit 2: Assessment

1 z=—-1++/3i
a. —1-+/3i
b.
2 = 1/(-1)° + (vV3)”
1+3

Vi

=2

c. zisinthe second quadrant.

V3

sina = —
2

sLoa=60°
0 = 180° — 60° = 120°
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zis in the fourth quadrant.

sino =
205
2
SLa=17791°
6 = 360° — 77.91° = 282.09°
z ° (cos 282.09° + ¢sin 282.09°)

20
- is282.09°

z =

ot

z2=—4+/—8=—-4+./8i
ol = /(47 + 8
=4/16+64
:m

zis in the second quadrant.
V8
4/5
oo =18.43°
0 = 180° — 18.43° = 161.57°
2 = 44/5(cos 161.57° + isin 161.57°)

= 4./5cis161.57°
e=yB-yTB=yB- VI
2l = 4/ (vI3)® + (-v13)°

sina =

=413 +13
= /26
zisin the fourth quadrant.
. V13 V13 1
smoe = — = = —
26 V2/13 V2
coa=45°

0 = 360° — 45° = 315°
z = 4/26(cos 315° + isin 315°)
= 1/26cis315°
z=—6+3.543:
2| = 4/(—6)* + 3.543°
= /36 +12.55
— \/i855

zis in the second quadrant.
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sihna = —
1/48.55
oo = 30.56°

0 = 180° — 30.56° = 149.44°
z = 1/48.55(c0s 149.44° + isin 149.44°)

= 4/48.55¢is149.44°

a. z=13cis330°

c0s330° = cos(360° — 30°) = cos 30° = —

S

1
sin 330° = sin(360° — 30°) = —sin 30° = -3

133 13,
) 2
b. 2= /Tcis225°
1
c0s 225° = cos(180° + 45°) = —cos45° = ——
V3
1
sin 225° = sin(180° + 45°) = —sin45° = ——
V2
1 1
z2=T|-————i
V2 V2
VT V7
=—— - —
ViV

2
c. z= —0cisl20°

1
cos 120° = cos(180° — 60°) = — cos 60° = )

3
sin 120° = sin(180° — 60°) = sin 60° = g
2 1 3
L2 (1,8,
\/§< 2 2 )
1 )
— ——+IL
V3

d. 2z = 4cis160°
cos 160° = —0.940
sin 160° = 0.342
2= 4(—0.940 + 0.3427)

= —3.76 + 1.368:

Back to Unit 2: Assessment
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Unit 3: Revise the multiplication and
division of complex numbers in polar
form

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Multiply complex numbers in polar form.
Divide complex numbers in polar form.

What you should know

Before you start this unit, make sure you can:
Convert a complex number from standard (or rectangular) form to polar form.
Convert a complex number from polar form to standard (or rectangular) form.

Understand what is meant by the abbreviation when dealing with complex numbers in polar form.

Refer to unit 2 in this subject outcome if you need help with any of the above.

Introduction

In the previous unit we revised the polar form of complex numbers and how to convert between the
standard (or rectangular) form and the polar form. One of the benefits of polar form is that it makes the
multiplication and division of complex numbers quite easy.

Multiply complex numbers in polar form

When we multiply complex numbers in polar form, we have to multiply the moduli and add the arguments.
If 21 = r1(cosfy +isinf;) and zy = ro(cos Bz + isinby) then z; 20 = 117y (cos(br + O) + isin(f; + 62))

We could write the product using the polar form shorthand as z; z9 = ryracis(f; + 62).

p Example 3.1

Find the product of z1 and 22 if z; = 3cis50° and z, = 4c¢is70°.
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Solution

2129 =11 (cos By +isinfy) X ro(cosby + isinby) = ryry (cos(6y + 62) + isin(f; + 62))
z1 = 3cisb0° = 3(cos 50° + isin50°) and z; = 4¢is70° = 4(cos 70° + ¢ sin 70°)
z1 X 22 = (3 x 4) (cos(50° + 70°) + ¢ sin(50° + 70°))

= 12(cos 120° 4 isin120°)

= 12cis120°
We can leave our answer in polar form or we can convert it into standard/rectangular form.
1
c0s 120° = cos(180° — 60°) = — cos60° = -3

oS

sin 120° = sin(180° — 60°) = sin60° =
3
12¢is120° = 12 (—% + 2%)

= —6+6+/3i

p Example 3.2

Find the product 2122, given z; = 4(cos 75° + isin 75°)and z2 = 2(cos 155° 4 ¢ sin 155°).

Solution

2122 = r1(cos by +isinby) X ro(cosby + isinby) = rire (cos(fy + 62) + isin(6y + 62))
21 = 4(cos 75° + isin 75°)and zy = 2(cos 155° + i sin 155°)
21 % 2 = (4 % 2) (cos(75° + 155°) + i sin(75° + 155°))

= 8(cos 230° + isin 230°)

= 8cis230°

We can leave our answer in polar form or we can convert it into standard/rectangular form.
cos 230° = —0.643
sin 230° = —0.766
8(cos230° 4 isin 230°) = 8 (—0.643 — 0.766%)
= —5.144 — 6.128;

Products of complex numbers in polar form:
If 21 = r1(cos by +isinf;) and zg = ro(cos Bz + isinby) then z;z0 = 7179 (cos(by + ) + isin(f; + 62))

Z129 = r1r2cis(01 + 02)

1. Find 2122 leaving your answer in polar form:
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a. z; = 24/3cisll6°; z; = 2cis109°
b. 2 = /2cis210°; 2z, = 24/2cis100°

2. Find z122 leaving your answer in standard form:

1
a. z; = gcisl20°; 29 = 4cislb®

1
b. 21 = +/3cis120°; z5 = —cis60°
V2

The full solutions are at the end of the unit.

Divide complex numbers in polar form

Dividing complex numbers in polar form is very similar to finding the product except that we find the
quotient of the two moduli and the difference of the two arguments.

If 21 = r1(cosf; +isinf;) and zo = ro(cos bz + isinby) then
21 1

— = —(COS(01 — 92) +7:Sin(91 - 02))

22 T2

. . 21 1.
We could write the product using the polar form shorthand as P = r_CIS(Ol —62).
2 2

p Example 3.3

LA
Determine Py if 21 = 4/3cis213° and z; = 2cis33°.
2

Solution

r1(cos 61 + isin 6
z_l = 1( ! 1) = T—l(cos(al — 92) —|—isin(01 - 02))
22 ro(cosfy +isinfy) T2

21 = 1/3cis213° = /3(cos 213° + isin213°) and z; = 2cis33° = 2(cos 33° + isin 33°)
z V3

= = ~—(cos(213° — 33°) + isin(213° — 33°))
z9 2

3
= g (cos 180° + isin 180°)

3
= £cislSOO
2
We can leave our answer in polar form or we can convert it into standard/rectangular form.
3 3
g(cos 180° + ¢sin 180°) = %(—1 +140) cos180° = —1, sin180° =0
3
= —£ + 0z
2
V3
2
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p Example 3.4

. . 21 .
Find the quotient ~ given z; = 24/3(cos 352° + isin 352°)and z; = 2(cos 52° 4 isin52°).
2

Solution

r1(cos @1 + isiné
s = i ! 2 = T—l(cos(Ol —02) +isin(6; — 02))
22 ro(cosfy +isinfy) T2

21 = 24/3(cos 352° + isin 352°) and z; = 2(cos 52° + isin 52°)

23
2 T\/_(cos(352° — 52°) + isin(352° — 52°))

22
= 1/3(cos 300° + isin 300°)
= 4/3¢is300°

We can leave our answer in polar form or we can convert it into standard/rectangular form.

1

cos 300° = cos(360° — 60°) = cos60° = 5
3
sin 300° = sin(360° + 60°) = —sin60° = — 5

V3
v/3(cos 300° + 7sin 300°) = /3 (% - ﬁz)

Quotients of complex numbers in polar form:

If 21 = r1(cos by +isinf;) and zg = ro(cosf2 + isinby) then

A T—l(cos(é’l —6y) +isin(6; — 6,))
22 T2

2_1 = r—lcis(()l — 02)

22 T2

Exercise 3.2

z
1. Find Z—l leaving your answer in polar form:
2
a. z; = Tcislb5°; 29 = 3cis20°
b. 2, = /2cis215°; z = 24/2cis100°
z
2. Find z—l leaving your answer in standard form:
2

a. z; = 4/3cis90°; 29 = 4/3cisb0°
b. 2z, = 12cis270°; zp = 34/2cis45°
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The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to multiply complex numbers in polar form.
How to divide complex numbers in polar form.

Unit 3; Assessment

Suggested time to complete: 45 minutes

1. Determine 8¢is70° x 3cis25°, leaving your answer in polar form.
Find the product of z; = 4cis80° and z, = 2cis145°, leaving your answer in polar form.

Find the quotient of z; = 2cis223°and z, = 4cis43°, leaving your answer in rectangular form.

AW

Simplify the following complex expression, leaving your answer in polar form:
2.5¢is35° x 4cisd5°

2¢is60°
5. Simplify the following complex expression without a calculator, leaving your answer in standard form:
5¢is175° x 34/2cis145°

+/6cis5°
6. An electrical circuit has impedances that are expressed as complex numbers Z4, = 3 — 37 and
Zp = 5+ 3i. Calculate the value of the impedance Z g if Z4p = % and leave your answer in
polar form. ! ’

The full solutions are at the end of the unit.

Unit 3; Solutions

Exercise 3.1

a. 2z = 24/3cis116°; z; = 2cis109°
z129 = 1172 (cos(01 + 62) + isin(6y + 62))
= 4+/3(cos 225° + isin 225°)
= 44/3cis225°

b. 21 = 4/2cis210%; zy = 24/2cis100°
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2129 = 1172 (cos(f1 + 62) + isin(f; + 62))
= 4(cos 310° + sin 310°)
= 4cis310°

1
a. z = gcisl20°; 29 = 4cislb®
2122 = 1179 (cos(6h + 62) + isin(61 + 63))
4 o . s o
= g(cos 135° + ¢sin 135°)
4 .
= —cis135°
3
1
cos135° = cos(180° — 45°) = —cos45° = ——

V2

1
sin 135° = sin(180° — 45°) = sin45° = —

V2
4( 1 1.)
z2=—-——+—i
3\ v2 V2

1
b. 21 = +/3cis120°; 29 = ——cis60°
V2
z129 = 1179 (cos(01 + 62) + isin(6y + 62))

3
= £ (cos 180° + isin 180°)
V2

3

= £cislS()o
V2

cos180° = —1

sin180° =0

z= E(—1—1—02')
V2

= ——— Rationalise the denominator by multiplying by —
V2 2

V23

Back to Exercise 3.1

Exercise 3.2

a. 2z = Tcis155°; 29 = 3cis20°
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2 T (cos(8y — 0) + isin(6; — 65))

22 T2

7
=3 (cos135° 4 isin135°)
= zcisl35O

3

b. 2z = /2cis215°; zy = 24/2cis100°

2 7ﬂ—l(cos(é?l —02) +isin(6; — 02))
22 T2

2
(cos115° 4+ isin115°)
2v2

1 . 5
= —cisllb
2

a. 21 = 1/3cis90%; zy = /3cis60°

U T (cos(By — 6y) + isin(6r — 65))
22 T2
3
= £(cos 30° + 4sin 30°)
V3
= 1cis30°
3
cos 30° = £
2
sin 30° = 1
2
V3 1
z=1—+ =t
2 2
V3 o1,
= — 4+ —1
2 2
b. 2z =12¢is270°; 2z, = 3+/2cis45°
a T—l(cos(Gl —02) +isin(6; — 0s))
22 T2
12 o .. o
= (cos225° 4 isin 225°)
3v2
4
= —cis225°
V2
44/2
= \/_cis225°
2
= 24/2cis225°
1
cos 225° = cos(180° + 45°) = — cos45° = ——
V2
1
sin 225° = sin(180° 4+ 45°) = —sin45° = ——
V2
1 1
2=22 | —— — —i
V2 V2
22 242
=—— - i
V2 V2
=—-2-2

Back to Exercise 3.2
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Unit 3: Assessment

1. 8cis70° x 3cis25° = 24cis95°
2. 2z = 4cis80° and z, = 2cis145°
z129 = 1179 (c0s(0; + 62) + isin(6y + 65))
= 8(cos 225° + isin 225°)
= 8cis225°
3.z = 2cis223°and z, = 4cis43°

2L (cos(61 — 65) + isin(6: — 6))
22 T2
1
= 5 (cos(223° —43°) + isin(223° — 43°))
1 o . o
= E(COS 180° + ¢sin 180°)
1 . o
= —cis180
2
cos180° = —1
sin180° = 0
1
= —(~1+0i
= (1400
1
2
4.,
2.5cis35° x 4cis45°  10cis80°
2cis60°  2cis60°
= 5cis20°
5.
5cis175° x 3+4/2cis145° 154/2cis320°
\/6cisb° +/6cis5°
154/2
= V2 cis315°
V23
15 ...
= —~is315
V3
1
cos 315° = cos(360° — 45°) = cos45° = —
V2
1
sin 315° = sin(360° — 45°) = —sin45° = ——
V2
15 1 1 .
z2=—|— - —i
\vz V2
15 15 . . . . .
= — — —1¢ Rationalise denominators by multiply by —
V6 V6 6
1546  154/6
= —
6 6
5V6  5v6
=—— —
2 2

6. Zy=3-3iand Zp =5+ 3i
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Zyg X Zp
" Za+ Zs
(3 — 3i)(5 + 3i)
(3—3i) + (54 34)
15 + 9i — 15i — 942

Z B

coa=14.04°
0 = 360° — 14.04° = 345.96°

53
cis345.96°

ZB =

Back to Unit 3: Assessment

Unit 3: Revise the multiplication and division of complex numbers in polar form | 53






Unit 4: Raise complex numbers to
exponents using De Moivre's Theorem

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Find the powers of complex numbers in polar form.
Simplify complex expressions with powers.

What you should know

Before you start this unit, make sure you can:

Multiply complex numbers in polar form. Refer to unit 3 if you need help with this.

Multiply complex numbers in polar form. Refer to unit 3 if you need help with this.

Convert between the rectangular form and polar form of complex numbers. Refer to unit 2 if you need
help with this.

Introduction

In this unit we are going to learn how to deal with the powers of complex numbers. As you will see, the polar
form is extremely useful in simplifying what would otherwise be very messy and difficult calculations.

De Moivre's theorem

Abraham de Moivre (pictured in Figure 1) was a French mathematician of the late 17th and early 18th
century. He spent most of his life in England having escaped religious persecution in France, and was a
friend of Isaac Newton and James Stirling.

He is most famous for his theorem that links the complex numbers to trigonometry, but perhaps
contributed most significantly to the study of probability.
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Figure 1: Abraham de Moivre

In Activity 4.1, we will discover de Moivre's theorem for ourselves.
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Time required: 15 minutes

What you need:

a pen or pencil
a blank piece of paper

What to do:

1. If z=r(cos @ + isin f) write down an expression for ;2. Hint: What is 21227
2. Using the fact that ;3 — ;2. ,, write down an expression for ,3.
3. Using the fact that ,4 — ;3 . 5, write down an expression for ,4.
4. Write down an expression for ,5.
5.

Write down an expression for 2.

What did you find?

1. Ifz; =ri(cos; +isinf;) and zp = ry(cos by + isinby), then we know that
2129 = 1173 (cos(6; + 6;) + isin(f; + 0:)). Therefore, we can say that if z = r(cos 8 + isin 8), then
22 =r-r[cos( + 0) + isin(6 + 6)]
= 1% (cos 26 + i sin 26)
2. 3 = 2., therefore:
2% = r?(cos 20 + i sin 20) x 7(cos § + i sin #)
=72 .7 [cos(20 + ) + isin(26 + 6)]
= 73(cos 360 + isin 36)
3. 4 — 3., therefore:
2* =17 (cos 30 + isin 36) x r(cos 6 + isin )
= 7% . r[cos(30 + 6) + isin(36 + 6)]
= 7 (cos 46 + isin 40)
4. 55— 4., therefore:
2° = 1 (cos 46 + isin 46) x r(cos 6 + isin 6)
=7 .7 [cos(46 + 0) + isin(46 + 6)]
= 7°(cos 56 + i sin 56)

5. 2" =" [cos(nh) + isin(nb)]

Congratulations! You have just discovered de Moivre's theorem for yourself. You are a mathematician! The
process we used to derive de Moivre's theorem is called mathematical induction and is a technique used to
prove results statements for natural numbers using a domino effect. We show that the first case is true and

that if this is true then the next case must also be true.

De Moivre's theorem:

If z=r(cosf + isinf) is a complex number then
2" = r" [cos(nf) + isin(nb)]

2" = r"cis(nh)

Where n is a positive integer.
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p Example 4.1

Evaluate (\/3 + i)5 using de Moivre's theorem, leaving your answer in standard form.

Solution

De Moivre's theorem applies to complex numbers in polar form, so we first need to write our number in

polar form.
2=1+/3+i
Slel = (\/3)2 +12
=v3+1
=2
zisin the first quadrant.
sinf = —
2
5.0=30°

z = 2(cos30° 4 isin 30°)

Now we can use de Moivre's theorem to evaluate (\/3 + i)5.
(v3+14)° = [2(cos 30° + i sin 30°))°

= 25 [cos(5 x 30°) + isin(5 x 30°)]

= 32(cos 150° + isin150°)

3 (£>
2 2

= —16+/3 + 164

j© Example 4.2

Evaluate (2 - 2i)8 using de Moivre's theorem, leaving your answer in standard form.

Solution

De Moivre's theorem applies to complex numbers in polar form, so we first need to write our number in

polar form.
z2=2—-21
oal = 4/2F + (-2)?
=44+4
= V8
=22
zisin the fourth quadrant.
. 2 1
sinqg = —— = —
2v2 V2
oo =45°

0 = 360° — 45° = 315°
2z = 24/2cis315°
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Now we can use de Moivre's theorem to evaluate (2- 2i)8.
(2 - 20)° = (24/2cis315°)°

— (2v/2)" [cis(8 x 315°)]
— 256 x 16cis2 520°
— 4 096cis2 520°

It is better to leave your answer with an angle that is between zero and 360° by adding or subtracting
the necessary multiple of 360° from it.

Therefore, (2 — 2i)® = 4 096cis0°-

p Example 4.3

(3 + 2i)°
5—3i

Use de Moivre's theorem to evaluate , leaving your answer in polar form.

Solution

Remember that to use de Moivre's theorem, the complex number must be in polar form. We need to
convert 3 4+ 2¢ to polar form to evaluate the numerator. In questions like this, where we need to work
separately with different complex numbers in the expression, it is a good idea to designate each part of
the expression as a differently numbered complex number.

2i)°
in B2 et —340iand s = 5-3i
5 —3i
z1 =3+ 2i
‘21| = \/32 +22
=49+4
=4/13
21 isin the first quadrant.
. 2
sinf; = —
V13
s 0 = 33.69°

z1 = 4/13cis33.69°

Now we can evaluate (3 + 2i)6.
(21)° = (3+2i)°
= [v/T3cis33.69°]°
— (v/13)° [cis(6 x 33.69°)]
= 2 197¢is202.14°
=2 197(cos 202.14° + isin 202.14°)

At this point, we can either convert the numerator into standard form, or convert the denominator into
polar form. Dividing complex numbers in polar form tends to be easier so converting everything to polar
form is normally the best option.

22:5*31'
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22| = /5 + (—3)?

=25+90
— /3

22 is in the fourth quadrant.

sina = i
V34
-oa = 30.96°
0y = 360° — 30.96° = 329.04°
2y = 1/34cis329.04°

Therefore:
(3+2i)° 2 197cis202.14°

5—3i v/34cis329.04°
2197

/34

21
_ 21 cis(—126.9°)
V34

cis(202.14° — 329.04°)

You can leave you answer with a negative angle, but it is better to change it into a positive angle by

adding the necessary multiple of 360°.

(3+2)° 2197
5—3i V34

cis233.1°

% Exercise 4.1

Use de Moivre's theorem to evaluate the following, leaving your answer in polar form:

L (v3-v3i)
(4 —8i)?
(-3-v3)°

The full solutions are at the end of the unit.

Did you know?

De Moivre's theorem can be expanded to deal with roots of complex numbers as well. The symmetry is
truly beautiful.

If z=r(cosf + isin @) is a complex number, then:

1 1
zN =rn |cos| — | +2sin| —
n n
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1 1

m e ()
zNh =rncs| —
n

Where n is a positive integer.

However, fractional powers are excluded from the NC(V) curriculum.

Summary

In this unit you have learnt the following:

What de Moivre's theorem is.
How to use de Moivre's theorem to raise complex numbers to exponents

Unit 4; Assessment

Suggested time to complete: 45 minutes

Use de Moivre's theorem to evaluate the following and leave your answer in polar form:

Lo(—v2+ ﬂi)G
(2 4 5i)°
(1 —2i)
(4 — 8)®
(V3 +3i)
(2 + 44)
(V2 - 3i) (VZ +3i)°

The full solutions are at the end of the unit.

Unit 4; Solutions

Exercise 4.1

lo2=+3-43i
2| = 4/3% + (-3)°
=919
=18
=32

zisin the fourth quadrant.
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V3
3v2
coa = 24.09°
6 = 360° — 24.09° = 335.91°
z = 34/2cis335.91°
2 = (3y/2cis335.91°)"
= (3v/2) cis(7 x 335.91°)
= (2 187 x 8y/2) cis(2 351.37°)
= 17 496+/2cis191.37°
(4 — 8i)?
(-3 v3)’
Letz; =4 —8iand z, =33
2 =4-8i
21| = /4% + (—8)

— /I6 764
= /80
=4./5

z1 is in the fourth quadrant.
8

45
o= 63.43°

6 = 360° — 63.43° = 296.57°

21 = 44/5¢is296.57°

(21)? = (44/5cis296.57°)°
— (4v/5)"cis(2 x 296.57°)
= (16 x 5) cis593.14°
= 80cis593.14°

sina =

sina =

Z9 = -3 - \/31
20 = /(=3 + (v3)’
=943
= V2
=23
zg is in the third quadrant.
. V3 o1
smoe = —— = —
23 2
coa=30°

6 = 180° + 30° = 210°

29 = 24/3cis210°

(22)° = (2¢/3cis210°)°
= (2v/3)’cis(3 x 210°)
= (8 x 34/3) cis630°
= 24+/3cis630°
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(4 - 8i)° 80cis593.14°
(-3 - \/32)3 244/3cis630°

1
= 20 is(593.14° — 630°)
33

1043
- s;/_<;is(—36.86°)

104/3

= \/_cis323.14°
9

Back to Exercise 4.1

Unit 4: Assessment

1 2= —2+2i
o= /(—vD) + (v2)’
=42+2
= Vi
=2
zis in the second quadrant.
. V21
smoe = — = —
2 V2
coa=45°
6 = 180° — 45° = 135°
z = 2cis135°

(2)° = (2¢is135°)°
= (2)%cis(6 x 135°)
= (64) cis810°
= 64c¢is90°
(2 + 5i)°
(1 —2i)
Letand zp =1 — 21
21| = V27 +5°
= VIT 25
=29

21 is in the first quadrant.

[S20)

sinf = —
/29
.0 = 68.20°
21 = 4/29cis68.20°
(21)° = (v/29cis68.20°)°
= (v/29)’cis(3 x 68.20°)
— 29,/29¢is204.6°

oo = /12 + (~2)°

=yI+4
=5

29 is in the fourth quadrant.
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2

sina = —
V5
coa=63.43°
0 = 360° — 63.43° = 296.57°
29 = 4/bcis296.57°

(2+5i)°  294/29cis204.6°
(1 — 2) /Bcis296.57°

29+/29
= \/_cis(204.6° —296.57°)
V5
29+/29
= cis(—91.97°)
V5
29+/29
= €is268.03°
V5
(4 — 8i)®
(vV3+3i)"
Letzl :4—8’iandzZ = \/§+3’L
21| = /£ + (-8)?
=+/16+64
= 4\/%
=45
z1 is in the fourth quadrant.
8
sina = ——
4/5
coa=63.43°

0 = 360° — 63.43° = 296.57°

21 = 44/5¢is296.57°

() = (4\/3ci5296.57°)3
= (4+/5) cis(3 x 296.57°)
= 320+/5cis889.71°

|z9| = (\/§)2—|—32
=+34+9
=412
=23

29 is in the first quadrant.
3 3vV3 V3
sinf=—=——=—
23 6 2
.0 =60°
29 = 24/3cis60°
(z)* = (2\/§ci560°)4
= (2v/3)"cis(4 x 60°)
= 144cis240°
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(4 — 8)®

320+/5¢is889.71°

(V3 +3i)°*

(2 + 49)

144cis240°

204/5
9
20+/5
9

5
cis(889.71°
cis649.71°

cis289.71°

— 240°)

(2 + 49)

(v2 - 3i) (V2 +3i)°

(V2 - 3i) (V3 + 3i) (V2 + 3i)°

(24 44)

(2—92) (V2 +3i)°
(24 49)

11(VZ + 3i)°

letz; =2+4iand zy = /2 + 35

|z1] = /2% + 42

— VA¥T16
= V20
=25

z1 is in the first quadrant.

4

25
;.0 =63.43°

sinf =

21 = 24/5cis63.43°

2] = (\/5)2+32

Ne/

= J2F
=4/11

zg is in the first quadrant.

sinf =

§|w
[

;.0 =64.76°

29 = 4/11cis64.76°
(22)? = (vTlcis64.76°)
= (VIT) cis(2 x 64.76°)
= 11cis129.52°
2+/5cis63.43°

(2 + 44)

11(VZ + 34)”

11 x 11cis129.

24/5cis63.43°
144cis129.52°

52°

5
7—\/2_015(63.430 —129.52°)

)
£cis(—66.09°)
72

5
£cis293.91O
72
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Back to Unit 4: Assessment

Media Attributions

figurel © Cristian.gerard is licensed under a CC BY-SA (Attribution ShareAlike) license
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SUBJECT OUTCOME Il

COMPLEX NUMBERS: SOLVE PROBLEMS
WITH COMPLEX NUMBERS

@ Subject outcome

Subject outcome 1.2: Solve problems with complex numbers

‘@’ Learning outcomes

Solve identical complex numbers in rectangular/standard form using the concept of simultaneous
equations.
Use complex numbers to solve equations that cannot be solved using the real number system by
applying:

Factorisation

The quadratic formula.

‘?’ Unit 1 outcomes

By the end of this unit you will be able to:

Solve for unknowns in equivalent complex numbers using simultaneous equation techniques.
Solve quadratic equations that have complex roots.

Complex Numbers: Solve problems with complex
numbers | 67






Unit 1. Solve complex number problems

DYLAN BUSA

‘?’ Unit 1 outcomes

By the end of this unit you will be able to:

Solve for unknowns in equivalent complex numbers using simultaneous equation techniques.
Solve quadratic equations that have complex roots.

What you should know

Before you start this unit, make sure you can:

Solve quadratic equations by factorising. Refer to level 3 subject outcome 2.3 unit 1if you need help

with this.
Solve quadratic equations using the quadratic formula. Refer to level 3 subject outcome 2.3 unit 1if you

need help with this.
Solve systems of two linear equations. Refer to level 3 subject outcome 2.3 unit 4 if you need help with

this.

Introduction

The quadratic function f(z) = 2% — 2z + 3 (shown in Figure 1) does not intersect the x-axis and therefore has
no real roots. But it does have roots. They are non-real or complex roots. What are the complex roots of the
function?
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Figure 1: Graph of f(zx) = 22 —22+3

To find the roots of f(z), we know we need to solve for  where f(z) = 0. In other words, we need to solve
the quadratic equation 22 _ 2 + 3 = 0. Unfortunately, the quadratic expression on the left-hand side does
not factorise easily. However, we can use the quadratic formula to solve for z.

Solve equations with complex roots

Let's look at Example 1.1 to see how to solve for z using the quadratic formula.

d©) Example 1.1

Solve for z in g2 _ 24 4+ 3 = 0 using the quadratic formula.
Solution

a=1,b=-2,c=3
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—b++/b — dac
= 2a
—(—2) £ 1/(-2)" —4(1)(3)
- 2(1)
24— 12
=—
2+ /8
-
2+ /Bi
-
2+ 2./%i
-
— 14 /2
Therefore, z = 1+ /2ior z = 1 — /2i.

We still get two roots (or solutions) as we expect from a quadratic equation. However, both roots are
complex.

[\ [e} (=}

The part of the quadratic formula under the square root sign (p2 — 4q¢) is called the discriminant. It is
given the symbol A (Delta), which is the Greek letter D.

If A > 0, then the roots of the quadratic equation are real and different.
If A < 0, then the roots of the quadratic equation are complex and different.
If A = 0, then the roots of the quadratic equation are real and the same.

p Example 1.2

Solveforminm?2 —9m +5 =0

Solution

The quadratic expression ;m?2 — 2m + 5 does not factorise easily, so we will use the quadratic formula.
a=1b=-2,c=5
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-b+t \/b2 — 4ac

2a
—(—2) £ 1/(-2)* — 4(1)(5)

2(1)
2+,/2-20
2
2+,/~16

2
2+4i

2
=1+2

m =

Therefore m=1+2iorm =1 — 2i.

p Example 1.3

Solve for x:
3 2

$+3_m—|—2

=1 T # —3,x# -2

Solution

We follow all the same steps as usual when solving equations, starting with multiplying through by the
LCD.

3 2
- =1 LCD: (z+3)(z+2)
z+3 zT+2

23 +2) -2 +3)=(z+3)(z+2)
S 3z4+6-22—-6=a>+5x+6
x=z>4+5z+6
T+ 4z 4+6=0

The quadratic expression does not factorise easily, so we will use the quadratic formula.
a=1,b=4,c=6

B —b+ \/b2 — 4dac

2a
—(4) £ 1/(4)* - 4(1)(6)
2(1)
4+ T6- A

Z

2
—4+./=8
2
—44+24/2i

2
= 244/2

Therefore, g = —2 + \/2i0r ¢z = —2 — /2i.
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Solve for z, expressing any complex roots in standard form:

L 224241=0

2. 5z —8x=—6
3 222 — 126 +19=0
T 3
“ (:1:—2)_|_(a:—3):3
5 2+ (x+1)° +(z+2)7=-1
6. z* = —8a?

The full solutions are at the end of the unit.

Solve complex simultaneous equations

We know that complex numbers have a real and imaginary part. If we have an equation such as
2z + 3yi = 1 + 4, we can easily find the values for  and y that will make the equation true. We simply need
to equate the real and imaginary parts.

2c =1

1
ST= =

2
Jy=1
o1
..y—3

Sometimes we find £ and y in both the real and imaginary parts. For example, if we wanted to find the
values of z and y in (z — y) — (z + y)i = 2 + 37, we could set up a system of two simultaneous equations and

then solve for the unknowns.

Have a look at the next example to see how to answer this question.

p Example 1.4

Solve for z and y in the following:
(z—y)—(z+y)i=2+3¢

Solution

On the left-hand side (LHS), the real part is (z —y) and the imaginary part is —(z + y)i. Therefore
a=(z—y)andb=—(z +y).

On the right-hand side (RHS) we have another complex number where ¢ =2 and p = 3.

But because the complex number on the LHS is equal to the complex number on the RHS, we know

Unit 1: Solve complex number problems | 73



that real and imaginary parts must be equal, in other words, that (z — y) = 2 and —(z + y) = 3. We have
a system of simultaneous equations that we can use to solve for z and y.

@-v=2
—(z+y) =3 (2)
From (1):
(z—y) =2

Lx=2+y (3)

Substitute (3) into (2):
—(2+y) +y) =3

So—(24+2y) =3
S—2-2y=3
S2y=-5
.5
LYY=
Substitute y = —g into (3):
91622—E
2
1
T=—-C
2
r=—-—andy=——

p Example 1.5

21— 4 i—x

Solve for z and ¥ in - = .
3—-2t y-—1

Solution

We need to simplify first in order to set up a system of simultaneous equations.

2%—4  i-—
R y#1LCD: (3—2i)(y—1)
3—2t y-—1
(2 -1 =(G—2)(3—2i)
20y — 20— 4y + 4 = 3i — 2i® — 3z — 20 Collect the real and imaginary parts on each side

S(4—4y)+ (2y—2)i=(2—3z) + (3 —2z)i

Now we can set up a system of simultaneous equations by equating the real and imaginary parts of the
complex numbers.
(4 4y) = (2 32)

SA—4y=2-3z
cAy—4=3x—-2
SAy=3x+2
3 1
SLYy=-—-z+ - 1
y=1%t3 (1)
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2y—2=3 -2z
2y=5—2z
5
=—-z 2
v=7 (2)
Substitute (1) into (2):
3 1 5
—rT+—-—=——-z
4 2 2
S3z+2=10—-4z
ST =38
8
L=z
7

Substitute ¢ = % into (2):

_5_8

Yy=9 7

~ 35-16
14
19

14

ngand :E
7 14

% Exercise 1.2

Solve for z and y in each of the following:

1. 3z +4yi = /3 — /3i
2. 2e—y)+(z—2y)i=4—-2i
—2+4i 23

24i  y—1

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to solve equations where some of the roots are complex.
How to solve for unknowns in equivalent complex numbers using the technique of simultaneous

equations.
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Unit 1; Assessment

Suggested time to complete: 15 minutes

1. Solve for z, leaving any complex roots in standard form:
a. 222 44z = —11
b —2?+2-23=0

C. —3z2+4+2z=14
d. le +d4r = —12
2
e 4z = —g*
4
(z+1) =

2. Solve for £ and y in the following equations:

a (z+y)—(z—y)i=3+2

31— 2 _ i+
342 y—1
. (230
Tty = ——
4 1+

3. Show that (5 + 4¢) and (3 + 2i) are factors of (7 4 22¢). Hence, or otherwise, determine the prime factors
of (7% + 22%).

The full solutions are at the end of the unit.

Unit 1; Solutions

Exercise 1.1

L 22424+1=0
a=1b=1c=1

—b+ /b — 4ac

2a
—(1) £ /(1)* = 4(1)(1)
2(1)
-1+,1-14

Tr =

2
—-1++-3
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522 — 8z = —6
.5z2 — 8z +6=0
a=5b=-8,c=6

—b+ b — dac
= 2a
—(—8) 4/(—8)* — 4(5)(6)
- 2(5)
8 + /64 — 120
N 10
8+ /=56
N 10
_ 8+/56i
10
E: 2+/144
N 10
4 14
=+ ‘/_i
5 5
4 14 4 14
z=—-+ \/_iorx:—— \/_z
5 5 5 5
3. 222 —122+19=0
a=2,b=-12,c=19
—b+ /b — dac
= 2a
~(~12) = /(-12)? - 4(2)(19)
- 2(2)
12 + /144 — 152
N 4
12 + /=8
=0
12 4+ 24/2i
B 4
2
=34+ %z

V2,

2
ac:3+£i°rx:3f—z
2 2

T 3
@-2)  (@-3)
sz(z—3)+3(x—2)=3(z—3)(z—2)
st —3z+ 3z —6 =322 — 15z + 18

S22 —152+24=0
a=2,b=-15c=24

=3 z#2,2#3 LCD: (z —2)(z — 3)
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B —b+ \/b2 — 4ac

2a
~(~15) = \/(~15)* - 4(2)(29)
2(2)
15 + 225 =192

T

4
15 £ +/33

4
15 ++/33 or 15 —+/33
= — €T —_—

x
4 4
P4+ z+1)’+(z+2)7=-1
okttt 2z +1+2t+4r+4=-1
32 4+62+6=0
a=3,b=6,c=6
—b+ /b — dac
B 2a
—(6) +4/(6)° — 4(3)(6)

2(3)
—6+ 436 — 72
6
—6++/—36
6
_ —6+61
6
=141
r=-14i0rg=-1—1

T

zt = 822
st +822 =0
szt +8)=0
szl =0or 22 =-8
sxz=0o0rz==+.8i
sx=0o0r =422

Ni>

Back to Exercise 1.1

Exercise 1.2

1 3z +4yi = /3 — /31
3z =+/3

2. 2z—y)+(z—2y)i=4-2¢
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From (2):

z=2y—2 (3)
Substitute (3) into (1):
22y—2)—y=4

SAdy—4—y=4
S3y=28
Ly
Sy 3
Substitute y = g into (1):
2z — § =4
3
S 2z =4+ 8
3
20
I
20
r=—andy=—
3 Y73
3.
—2+¢ 2t—32
= 1LCD: (2+4)(y—1
=t y#1LCD: (2+9)(y 1)
(24 d)(y—-1)= (21— 3z)(2+1) The
=2y +2+yi —i=4i+ 2% — 6z — 3xi Collect real amd imaginary terms on both sides

L2-29)+(y—1)i=(—2—6z)+ (4—3z)i
real parts on both sides are equal and the imaginary parts on both sides are equal.

(2—-2y) =(-2—6x)
S 2—-2y=-2—-6z

S 2y==6z+4
Sy =3z +2 (1)
(y —1) = (4 - 3x)
Sy—1=4-3z
SLy=5-3z (2)
Substitute (1) into (2):
3r+2=5—-3z
.6z =3
1

Substitute z = % into (1):

—3(1)+2
¥=2\2
3
2
T
2
1 7
r=—andy=—
2 Y 2

Back to Exercise 1.2
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Unit 1: Assessment

2z + 4z = —11
S22 4 4x+11=0
a=2,b=4,c=11

—b+ /b — 4dac
D —
—(4) £4/(4)* —4(2)(11)

T

2(2)
—4+ /16 — 88
4
—4+ /=72
- 4
—4 £ /T2
T g
—446+/2i
=0
3V2
2

=-1%+

(3

—24+2-23=0

sl —x4+23=0

a=1b=-1,c=23
—b+/b* — 4ac

2a

—(=1) £4/(-1)* — 4(1)(23)

2(1)
1+yT-92

T

2
1+4/-91
=
1+4/918

r =

1
2
1
2

—322 +2z =14
322 —22+4+14=0
a=3,b=-2,c=14
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2+ /4 —168
6

2+ .,/—164
6

2 + /164i
6

2 + 24/41%

1
3
1
T =—
3
1
22 44z =-12
2

T2+ 8 +24=0
a=1,b=8,c=24

B -b+ \/b2 — 4ac

2a
—(8) £ /(8)* —4(1)(24)

T

2(1)
8+ /6106

2
8432
2
—8 £+ 4/32i
2
—84+4+/2i
2
= 4422
T =—-4+2/2i0rx = —4—22i
4z* = —z*
st 4422 =0
2 (2?+4)=0
saxt=0orz?=—4
sx=0o0r z==+—4

s.xe=0o0rxz==2

4 3
(a:-q-l)i;:? z# -1,z #0LCD: z(z + 1)
Sz —3(x+1)=Tz(z+1)
A —3z—3=T2> + Tz
STzt +62+3=0
a=Tb=6,c=3
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B —b+ /b — dac

2a
—(6) £ 1/(6)* — 4(7)(3)

2(7)
6+ /3684
14
6+ /48
T 14
—6+ /48i
-
6+ 44/3i
-
3 23

=-Z4
77

xr

1

a. (z+y)—(z—y)i=3+2

—(z—y) =2
STty =2
SLT=y—2 (2)

Substitute (1) into (2):
S—y=y—2
S.2y=5
5

..y:§

Substitute y = g into (1):

3%-2 itz
342 y-—1
S (B3i—2)(y—1) = (i + z)(3 + 2i)
3yl — 36— 2y + 2 = 3i+ 2% + 3z + 2ui
S(2—2y)+ (By—3)i = (3z —2) + (3+ 2x)i
(2 —2y) = (3z — 2)

y#1LCD: (3+2¢)(y—1)

S 2—-2y=3z—-2
S 2y=-3z+14
3
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B3y —3) = (3+2z)
S 3y—3=3+2z
S 3y=2x+6

2
.'.y=§w+2 (2)

Substitute (1) into (2):

B
2 3

Co=9x 4+ 12 =42 + 12
13z =0
Sz=0

Substitute z = 0 into (1):
y=2
x=0andy=2

C.
(230
1
. . . . —y=-5 z+y=-12
: 1414)=(2-30)(2—
c (@t yi)(140) = (2= 30 31)2 z=y—5 (1) z=-y—12 2)
rtTityi+yil =4—6i—6i+ 9
S(e—y)+(z+y)i=—-5—12i
Substitute (1) into (2):
y—5=—-y—12
S2y=-—7
LT
LYY=
. 7.
Substitute ¢y = 5 into (1):
7
T=—=-17
2
714
2
21
2
21 7
=——andy=——
N 2 y 2
(5 + 44) x (34 2i) = 15 + 10 + 12i + 8>
=15+22 — 8 Therefore (5 + 4i) and (3 + 2i) are factors of (7 + 223).

=T+ 22i

(7% +22%) = 7% — 22242
=77 — (22i)?
= (7 + 224)(7 — 224)

Now:

(5 — 44) x (3 — 2i) = 15 — 10i — 12i + 8
=15-22 -8
=7-22i

And (7 + 22¢) = (5 + 4¢)(3 + 2¢) (from above)
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Therefore:
(7% + 22%) = (7 + 22i)(7 — 224)
= (5 + 4d)(3 + 24) (5 — 44)(3 — 2i)
= ((5+ 44)(5 — 44)) ((3 + 24)(3 — 24))
= (25 — 16i%)(9 — 447)
= (25 +16)(9 +4)
= (41)(13)

Therefore, the prime factors of (72 4+ 222) are 41 and 13.

Back to Unit 1: Assessment

Media Attributions

figurel © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license
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SUBJECT OUTCOME IlI

FUNCTIONS AND ALGEBRA: WORK WITH
ALGEBRAIC EXPRESSIONS USING THE
REMAINDER AND THE FACTOR
THEOREMS

@ Subject outcome

Subject outcome 2.1: Work with algebraic expressions using the remainder and the factor theorems

Learning outcomes

- Use and apply the remainder and the factor theorem.

- Find the remainder.
. Prove that an expression is a factor.
- Find an unknown variable in order to make an expression, a factor or to leave a remainder.
- Factorise third degree polynomials including examples that require the factor theorem
(long division or any other method may be used).

Unit 1 outcomes

By the end of this unit you will be able to:

- Find the factors of a cubic polynomial.
- Find the remainder of cubic polynomial.
- Use division by inspection, synthetic division or long division to factorise and solve cubic

polynomials.
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Unit 1: Use the remainder and factor
theorem to factorise third degree
polynomials

NATASHIA BEARAM-EDMUNDS

‘g’ Unit 1 outcomes

By the end of this unit you will be able to:

Find the factors of a cubic polynomial.

Find the remainder of cubic polynomial.

Use division by inspection, synthetic division or long division to factorise and solve cubic
polynomials.

What you should know

Before you start this unit, make sure you can:

Manipulate and simplify algebraic expressions. To revise this topic, view level 3 subject outcome 2.2.
Solve algebraic equations and inequalities. To revise this topic, view level 3 subject outcome 2.3.

Introduction

You have already seen examples of polynomial expressions in level 2 subject outcome 2.1, unit 1. Remember
that a polynomial is an expression with one or more variables with different coefficients and non-negative
integer powers.

We define a polynomial as: a,z" + ap,_12" ' +. .. 4asz® + a1z + apz’ Where n € Ny. @n;an-1,02,a1 and ag are
the coefficients of each term and are usually constants.
There is an unlimited variety in the number of terms and the powers of the variable. While the order of

the terms in a polynomial is not important for performing operations, we generally arrange the terms in
decreasing powers of the variable. This is called the general form.

Notice that the definition of a polynomial states that all exponents of the variables must be elements of the
set of whole numbers. If an expression contains terms with exponents that are not whole numbers, then it
is not a polynomial.

2 9 1 . .
For example, ~ +2z° +1, 3/7+y and K 6k 3k 2 are not polynomials. Look at each expression and

make sure you understand why these are not polynomials. Can you see that in each case the exponents are
not whole numbers?

The degree of a polynomial is the highest power of the variable. If the expression has been written in
general form then it is the power of the first variable. The leading term is the term with the highest power
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of the variable, or the term with the highest degree. The leading coefficient is the coefficient of the leading
term.

The polynomial 243 — 322 1+ » — 1 has a degree of 3, the leading term is 223 and the leading coefficient is 2.

% Exercise 1.1

State whether the following statements are true or false:

1. 92,71 isa monomial because it only has one term.

45 is a constant polynomial of degree 0.

222 — 3z + 1 is a quadratic polynomial of degree 2 with a leading coefficient of 2.

AN

A cubic polynomial always has three terms and all the exponents are natural numbers.

The full solutions are at the end of the unit.

Dividing cubic polynomials

In level 3 subject outcome 2.3 we looked at various methods to factorise and solve quadratic equations. In
this unit we will factorise cubic polynomials with one variable. Remember that a cubic polynomial is an
algebraic expression with a highest power of 3. The standard form of a cubic polynomial is g2% + bz? + cz + d

The following activity is useful to remind ourselves of the basics of long division, which can be applied to
polynomials too and is needed to factorise cubic polynomials.

Activity 1.1: Investigate simple division

Time required: 10 minutes

What you need:
a pen and paper

What to do
Consider the following situation and answer the questions that follow.

Six learners are at a product promotion and there are 15 free gifts to be given away. Each learner must
receive the same number of gifts.

1. How many gifts does each learner get?
2. How many gifts will be left over?

3. Use the following variables to express the above situation as a mathematical equation:
a = total number of gifts
b = total number of learners
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g = number of gifts for each learner
r = number of gifts remaining

4. What is each part of the division expression called?

5. What does your equation say in words?
What did you find?

1. Since each learner has to a get the same whole number of gifts, each learner will get 2 gifts.

2. Intotal, the learners will get 12 gifts. Therefore, there will be 3 left over.
3. Using numerical values we can write this as % = 2remainder 3. Thisis the same as15 =6 x 2 + 3.

Using the variables this becomesa =b x g+, b# 0.

4. 15isthe dividend
6 is the divisor
2 is the quotient
3 is the remainder

5. The dividend is equal to the divisor multiplied by the quotient, plus the remainder.

The activity reminded us that if an integer a is divided by an integer p, then the answer is g with a remainder
of r. Sometimes r = 0.

For example, 8 divided by 3 gives a whole number answer of 2 with a remainder of 2.

We can write this as g =2+ ; which is the same as sayingthat8 =3 x 2 + 2.

@ Take note!

This rule can be extended to include the division of polynomials; if a polynomial f(z) is divided by a
polynomial g(z), then the answer is Q(z) with a remainder R(z).

#(@) = 9(@) - Q(z) + R(x) where g(z) # 0.

We are familiar with the process of long division in ordinary arithmetic. Let’s have a look at the process again
to remind us how this is done.

59

3)178
=15 Step 1: 5 x3=15and 17— 15=2
28 Step 2: Bring down the 8
=27 Step 3: 9 x3=27and 28 —27=1
1
178

— 59 remainder 1 or 59% .

Another way to look at the solution is as a sum of parts. This should look familiar, since it is the same method
used to check division in elementary arithmetic.
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Dividend = divisor - quotient + remainder
178 =3-59+1
=177+1
=178

You can use long division and synthetic division, which is explained in detail shortly, to find the quotient and
remainder when a cubic polynomial is divided by another polynomial.

p Example 1.1

Use the method of long division to find the quotient and remainder when f(z) = 2z 4 322 + 2 — 5 is
divided by ¢ — 1.

Solution

Write down the known and unknown expressions.
f(z) = g(z) - Q(z) + R(z)

223 + 32 + 2 —5=(z—1)-Q(z) + R(z)

Use long division to find Q(z) andR(z).

Make sure that f(z) and g(z) are written in descending order of the exponents. If a term of a certain
degree is missing from f(z), then write the term with a coefficient of 0.

2a2 +5a-+4
T — 1)29:3 +3z2 425 Divide 223 by z and put the answer in the quotient
— (223 — 22?) Multiply the quotient by the divisor and subtract from f(z)
522 + x Bring down the next term from f(z) and repeat the process
— (5z® — 5z)
6x — 5
— (6z —6)
1

Write the final answer.

Q(z) = 22* + 5z + 6
R(z)=1
S22t 432 v —5=(z—1)- (22> + 5z +6) +1

You can multiply the brackets and simplify to check that the answer is correct.

Exercise 1.2

1. Find the quotient and remainder of the following cubic polynomials by using long division:

a. 6z3 + 22 — 4z + 5 divided by 22 — 1

90 | NC(V) Mathematics 4



b. 2% 4322 2 3divided by gz —1

2. Hence or otherwise, factorise 1b) completely.

The full solutions are at the end of the unit.

As you have seen, long division of polynomials involves many steps and can be quite cumbersome. Synthetic
division is a shorthand method of dividing polynomials for the special case of dividing by a linear factor
whose leading coefficient is 1.

p Example 1.2

Use the method of synthetic division to find the quotient and remainder when:

1 f(z) = 22 + 32® + = — 5is divided by z — 1.
2. g(z) = 62 + 2 — 42 + 5 is divided by 22 — 1.

Solutions

1. Recall the long division solution from Example 1.1 looked this this:
222 +52+6

z—1)22° + 32> +z -5
— (22 — 22?)
52° +
— (5z* — 5z)
6z — 5
— (6z — 6)
1

There is a lot of repetition in the long division. Let's see how we can simplify the process.

Synthetic division allows us to collapse the ‘table’ of long division by moving each of the rows up to
fill any vacant spots. Also, instead of dividing by —1, as we would in division of whole numbers,
then multiplying and subtracting the middle product, we change the sign of the ‘divisor’ to +1,
multiply and add.

This will become clearer by completing the example f(z) = 22° + 322 +x — 5divided by z — 1
using synthetic division.

The process starts by writing the constant term of the divisor with the opposite sign and the
coefficients of the polynomial. So the —1 constant term in the divisor becomes +1.

11231 -5

Bring down the leading coefficient then multiply this leading coefficient by the divisor and write
that answer in column 2.
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1 231 -5
2

2

Next, add the numbers in the second column and write this answer down. Next, multiply this
answer by the divisor and write the result in the third column and add the numbers in the third
column.

1 231 -5
256
2561

Once again, multiply this result of adding the numbers in the third column by the divisor and write
this number in the fourth column. Add the numbers in the fourth column. This final entry in the
last column is the remainder.

Using synthetic division the quotient is 242 4 52 4 6 and the remainder is 1 just as it was in
Example 1.1.

2. Inthis case we see that the coefficient of the divisor is not 1. To use synthetic division, the
coefficient of the divisor must be 1. So, we make the leading coefficient of the divisor equal to 1 by

dividing by a factor of 2 to get 2(z — %).

Now the —% constant term in the divisor becomes +%. The process for synthetic division will

follow the same steps as before.
1
;161 —45
1161 —45
2] 32 —1
64 —24

Using synthetic division the quotient is 6z2 + 4z — 2 = 2(3z? 4 2z — 1) and the remainder is 4. But,
we are not done yet. Remember, we wrote the divisor as 2(z — %) Now we need to rewrite the

expression to take it back to its original form.

1 1
6w3—|—a:2—4:1:+5:E-2(w—§)-2(3m2+2w—1)+4

1
:2(m—§)-(3w2+2m—1)+4

=2z —1)(32® +2z 1) +4

For a demonstration of the synthetic division method watch the video “Synthetic Division”.
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Synthetic Division (Duration: 05.20)

Synthetic division is an alternative that can only be used when the divisor is a binomial in the form z — k
where k is a real number. To use synthetic division, the coefficient of the divisor must be 1. Say, for example,
the divisor was 2z — 1. In this case, we make the leading coefficient of the divisor equal to 1 by rewriting it as

2(z — é). In synthetic division, only the coefficients are used in the division process.

"Q') Take note!

To divide two polynomials using synthetic division do the following:

1. Write k for the divisor.

Write the coefficients of the dividend.

Bring the lead coefficient down.

Multiply the lead coefficient by k. Write the product in the next column.
Add the terms of the second column.

Multiply the result by k. Write the product in the next column.

Repeat steps 5 and 6 for the remaining columns.

o N L

Use the last row of numbers to write the quotient. The number in the last column is the remainder
and has degree (. The next number from the right has degree 1, the next number from the right
has degree 9 and so on.

% Exercise 1.3

Find the quotient and remainder of the following by using synthetic division:

1. 223 — 322 4+ 4¢ + 5 divided by z + 2
2. 4z% +10a% — 6z — 20 divided by z — 2
3. 923 + 52 — 4divided by z — 1

The full solutions are at the end of the unit.
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Remainder theorem

Now that we know how to divide polynomials, we can use polynomial division to find the value of
polynomials using the remainder theorem.

Time required: 15 minutes

What you need:
a pen and paper

What to do:

Given the following functions:

f(z) = 23 + 32° + 4z + 12

dlz) =z -1

g(x) = 42 — 22 + 2z — 4

h(z) =2z +1

Determine @ and 9(z) .
d(z) h(z)

Write your answers in the form a(z) = b(z) - Q(z) + R(z).
1
Calculate f(1) and g(—g).

Compare your answers to question 1and 3. What do you notice?
Write a mathematical equation to describe your conclusions.

Complete the following sentence: a cubic function divided by a linear expression gives a quotient with
a degree of and a remainder with a degree of , Which is called a constant.

What did you find?

1. Using synthetic division or long division we get:
f) 2% +32% +4z+12
d(z) z—1

1 13412
148
14820

Quotient = 2% + 4z + 8
Remainder = 20
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g(z) _ 4z — 222 + 22 — 4
h(z) 2z +1
202 —22+2

4z° —22° + 22 — 4

—(42® + 22%)

— 4z’ + 2z

2+ 1 —( — 4a® — 22)

4r — 4

— (4z +2)

-6

Quotient = 2z% — 2z + 2

Remainder = —6

2. 234322tz +12=(z—1)(2® +42+8) +20
423 — 2% + 22 —4= (22 +1)(22° — 2z +2) — 6

F(1) = (1) +3(1)* +4(1) + 12
— 20

3 2
J=4(—5) —2-3) +2-3) -1

4. The remainders using division of the polynomials are the same as finding the function values
using the divisor.

5. If a polynomial is divided by z — a, the remainder may be found quickly by evaluating the
polynomial function at a.
So we can say R = p(a).

6. A cubic function divided by a linear expression gives a quotient with a degree of 2 and a remainder
with a degree of 0, which is called a constant.

The remainder theorem:

If a polynomial f(z) is divided by az — k, then the remainder is the value f (E>
a

You can also use the remainder theorem to solve for an unknown variable. This is shown in the next example.

p Example 1.3

Determine the value of ¢ if f(z) = x® + tx? + 4z + 2 gives a remainder of 16 when divided by 2z + 1.

Solution
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The remainder theorem tells us that the remainder when f(z) is divided by 2z + 1 can be found using

f(_%). We are also told that f(—%) = 16.

f(z) = 2> +ta?® + 4z + 2

1 1.3 1.2 1
— ) =(==) +t(—=) +4(-=)+2
f(=35)=(=3) +t(=5) +4(-3)

1 1

=——+t—242
8 4
1 1
:—t——
4 8

But f(—%) =16

) Exercise 1.4

1. Use the remainder theorem to determine the remainder when f(z) = 32% + 522 — z + 1 isdivided
by:
a. x+2
b. 2z -1
c. 3z+1

2. Calculate the value of m if 243 — 722 4 mg — 26 is divided by ¢ — 2 and gives a remainder of —24.

The full solutions are at the end of the unit.

Using the factor theorem to solve cubic polynomials
You can use the factor theorem to solve for the zeros or roots (x-intercepts) of a cubic function. The factor
theorem describes the relationship between the root of a polynomial and a factor of the polynomial.

You have seen in arithmetic division that if an integer a is divided by an integer p and the answer is g with
remainder r = (Q then p is a factor of a. For example, 27 divided by 9 is 3 with remainder (. Therefore, 9 is a
factor of 27. This is also true of polynomials.

Recall that if f(z) + (z — k) then f(z) = (z — k) - Q(z) + R(=).

If k is a root of the function, then the remainder R is zero and f (k) = 0. Therefore, f(z) = (z — k) - Q(z) + 0 or
f(z) = (z - k) - Q(2).

Written in this form, where the remainder is zero, we can say that  — k is a factor of f(z). We can conclude
if kis a zero of f(z), then z — k is a factor of f(z).
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Conversely, if z — k is a factor of f(x) then the remainder is 0.

Factor theorem:

a

If f(z) is divided by az — k and the remainder, given by f (k) isequal to 0, then ax — k is a factor of f(z)

Converse: If az — k is a factor of f(z) then f (E> =
a

Cubic polynomials are factorised by using long division, division by inspection or synthetic division. You may
use whichever method you are most comfortable with to factorise cubic polynomials. Remember that the
degree of the polynomial tells you how many roots the function will have at most. So, a cubic polynomial
will have at most three roots, a quadratic function at most two roots and so on.

p Example 1.4

Show that g 4 2 is a factor of g(z) = 2* — 62® — = + 30. Find the remaining factors of g(z). Use the factors
to determine the zeros of the cubic polynomial.

Solution

Use the remainder theorem to show that g(—2) = 0. Ifg(—2) = 0 then g + 2 is a factor of g(z).

(—2)* — 6(—2)> — (—2) + 30
—-8—-24+2+30
=0

9(-2)

Since g(—2) = 0 then z 4 2 is a factor of »3 _ 622 — 2 + 30.
Now, that we have a linear factor we can divide g(z) by z + 2 to find the quadratic factor.

You can use long division or synthetic division to factorise further but one of the quickest methods to
factorise a cubic polynomial is division by inspection.

We know that z® — 62% —z + 30 = (z + 2)(...)-

The first term in the second bracket must be ;2 to give ;3 when we multiply the brackets to make the
polynomial a cubic.

The last term in the second bracket must be 15 because 15 x 2 = 30. The middle termm must be some ax
term.

So far we have 2 — 62 — z + 30 = (z + 2)(2* + az + 15).

Now, we must find the coefficient of the middle term in the second bracket. When you multiply the

brackets out, the terms that you will multiply together and collect to get the _gz2 term are: 2 x 22 and

T X 0,1132~

(z +2)(2® + az + 15)

2x 2% +axz?=—6z
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Solve this simple equation (which can be done in your head without showing working) to find a.

222 + az® = —622
az’ = —8z2
S.a=—8

So the coefficient of the x-term is —8.
soxd — 62 — 2+ 30 = (z+2)(z® — 8z + 15)
We must factorise the quadratic factor further to fully factorise the cubic polynomial.

2 — 622 —x+30=(z+2)(z® — 8z + 15)
=(z+2)(z—3)(z-5)

The zeros of the function are found by solving the previous equation.

(z+2)(z—3)(x—5)=0
sx=-2,3o0rbd

('Q') Take note!

To factorise a cubic polynomial we do the following:

1. Find one linear factor by trial and error. Note: generally only try factors that would divide into the
constant term. For example, if the constant term is 3 then the only factors you need to try are
numbers that divide into 3 : —3,—1,1 and 3.

2. Use the factor theorem to confirm that your answer in question 1 is a factor by showing that
f(k) =0.
3. Divide the given cubic polynomial by your linear factor to get the quadratic factor.

4. Factorise the quadratic trinomial to find the other two factors of the cubic polynomial.

% Exercise 1.5

1. Factorise:
a. fx)=2+2>-9z—-9
b. g(z)=2a* 32> +4

2. f(z) =2a® +2® — 5z +2
a. Find f(1).

b. Factorise f(z) and list the zeros of the function.

The full solutions are at the end of the unit.
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Sometimes it is not possible to factorise a quadratic expression using inspection, in which case we use
the quadratic formula to fully factorise and solve the cubic equation.

Summary

In this unit you have learnt the following:

How to divide polynomials using long division to find the quotient and remainder.
How to divide polynomials using synthetic division to find the quotient and remainder.
How to use the remainder theorem to find the remainder of a polynomial.

How to use the remainder theorem to find an unknown value.

How to find a linear factor of a cubic polynomial using the factor theorem.

How to fully factorise a cubic polynomial using division by inspection.

How to solve equations with cubic polynomials.

Unit 1; Assessment

Suggested time to complete: 45 minutes
1. The volume of a rectangular solid is given by the polynomial 3z* — 323 — 3322 4+ 54z- The length is 32
and the width is ¢ — 2. Find the height, h.

2. When f(z) = 32° +p:c4 +102% — 212 + 12 is divided by ¢ — 2 it leaves a remainder of 10. Find the value
of p.

Solve g3 4+ 22 — 162 = 16-
4. Let g(x) be a polynomial in z.
a. If g(z) is divided by & — k, what does g(k) represent?
b. If g(k) = 0 what can be said about z — k?
5. The polynomial f(z) = ® + pa® — qx — 6 is exactly divisible by z2 1 5 — 2.
a. Factorise g2 4 5 — 2.

b. Calculate the values of pand q.

The full solutions are at the end of the unit.

Unit 1; Solutions

Exercise 1.1

1. False. It is not a polynomial since the exponent is not a whole number.
2. True.

3. True.
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4. False. A cubic polynomial is an expression with a degree of 3 and does not always have three terms.

Back to Exercise 1.1

Exercise 1.2
1.
a.
322 +2z-1

2m—1) 62° + 2> — 4z +5

—(62® — 32%)
42? — 4z

— ( 42* - 2z)

-2z +5

—(2z+1)

4

Q(z) =32 +2z — 1

R(z) =4

62 + 2 —dz+5=(2z—1) (32 + 22— 1) +4

22 +4a+3
x—l)w3+3m2 —z—3
—(® —2?)
42’ —
— (42 — 4z)
3z —3
— (3z —3)
0

Q(z) =2® +4z +3

R(z)=0

st 43’ —x—-3=(z—1)- (2> +42+3) +0

=(z—1) (2 +4z +3)
2. Since there is no remainder when 53 4 322 _ » — 3 is divided by (z — 1), we can factorise the divisor
multiplied by the quotient completely and we will get the dividend.
2 +322 —z—3=(zx—1)-(2* +4z +3)
=(z—1)(z+1)(z +3)

Back to Exercise 1.2

Exercise 1.3
1.
9 2 —345
—414 — 36
2 —718 —31
Quotient = 22® — 7z + 18
Remainder = —31
2.
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410 —6 —20
8 36 60
418 30 40
Quotient = 4z* + 18z + 30
Remainder = 40

2

Remember if a term is missing in the dividend we write the coefficient as 0.

1 205 —4
227
2273

Quotient = 222 + 2z + 7
Remainder = 3

Back to Exercise 1.3

Exercise 1.4

a.
f(z) =32° + 52> —z +1
F(=2) = 3(-2)° +5(-2)* — (-2) + 1
=-24+20+2+1
=1
b.
f(z) =32 + 522 —z + 1
1 1\? 1)\2 1
y=3(=) +5(=) (=) +1
13) (2) <2> (2)
_§+§_l+1
8 4 2
Y
8
C.
f(z) =32° + 522 —z +1
1 1.3 1.2 1
—2)=3(==) +5(-=) —(==)+1
f( y (3) ( y ( y
1 5 1
=4+ 4+ =-+1
9 9 3
16
9

Let g(z) = 22° — 72* + mz — 26

Then g(2) = —24

9(2) = 2(2)° = 7(2)" + m(2) 2
S.—24=16—-28+2m —2
S.o—2m =10
Som=—5

Back to Exercise 1.4
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Exercise 1.5

a. Find a factor by trial and error.
£(3)=(3)° +(3)* —9(3) - 9
=0
F(3)=0
.z — 3 is a factor of f(z)
Divide to find the other factors. Use division by inspection, long division or synthetic division.
2 +2?—9x—9=(z—3)(z> +azx+3)

22 = —32% + az?

4z? = az?

4=a

st 2 — 9z —9=(z—3)(z® + 4z +3)

=(x—-3)(z+1)(z+3)
To solve, let (z — 3)(z*> + 1)(z +3) =0
s.x=3,—1or -3

g(z) = 2> —32° +- 4
g(-1)=-1-3+14
=0
- (z+1) is a factor of g(z)
Remember to include the 0z term especially if using long division or synthetic division.
g(z) =2® —32° + 0z + 4
= (z+1)(2® + az + 4)
To find coefficient of the middle term:
z? + az? = —322
az® = —4z?
a=—4
2 — 322 +4=(z+1)(2* — 4z +4)
=(x+1)(z—-2)(z—-2)
Solve:
(z+1)(z—2)(z—2)=0

s.x=—1or2

(1) =2(1)° + (1) —5(1) + 2
=24+1-5+2
=0

x — 1is a factor of f(x)
22 + 22 — 52+ 2= (z — 1)(22* + az — 2)
—22° + az? = 2?
az’ = 3z°
sa=3
223 + 22 — 5z 4+ 2= (z —1)(22° + 3z — 2)
=(z-1)2z-1)(z+2)

The zeros of the function are 1, % or — 2
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Back to Exercise 1.5

Unit 1: Assessment

v=1-w-h
o3z — 323 — 3327 + 54z = 3z(z — 2)h

324 — 323 — 3322 + 54 3z(x® — 2% — 11z + 18
S(z—2)h= v 3w 33:6 totr ( 3 ):w3—332—1193+18

x x
2 — 22 — 11z + 18

T —2

(z —2)isafactorof 43 — 22 _ 11z + 18

Soh=

2 —z? — 11z 4+ 18 = (z — 2)(2* + az — 9)
=222 4 az? = —2*

o.az? = z?

Sa=1
st -2t -z +18 = (z—2)(z* +z —9)

. (z—2)(z® +z—9)

(z—2)
S h=z+z-9
2.
f(z) = 32° + pz* +102% — 21z + 12
But f(2) = 10
~.3(2)° +p(2)* +10(2)* — 21(2) + 12 =10
.96+ 16p+40—42+12=10
. 16p =10 — 106 = —96
S.p=—6
3.

22 +2*—162—16=0

Find a factor.

(4)° 4 (4)> —16(4) —16 =0
.z — 4 is factor

z® +2® — 162 — 16 = (z — 4)(2* + az + 4)
= (z — 4)(z® + 5z + 4)
=(z—4)(z+1)(z+4)
(z—4)(z+1)(z+4)=0
sx=4;—1and —4
4. Let g(x) be a polynomial in z.
a. g(k) represents the remainder.
b. Ifthen z — ks a factor of g(z).
5. The polynomial f(z) = z® + pa?® — qx — 6 is exactly divisible by z2 1 z — 2.
a.
2tz —2=(z+2)(z—1)
b.
f(-2)=0
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2 (=2)° +p(-2)" —g(-2) -6 =0
S.—8+4p+2¢g—-6=0
SAp+29—-14=0

S 2p4+q—T=0

f1)=0
()P4 p(1)? —g1) —6=0
S 14+p—qgq—6=0
Sp—qg—5=0
Solve simultaneously
2p+q—7=0(1)
p—qg—-5=0(2)

From (2):;p = ¢+ 5(3)
Substitute into (1):
5.2(g+5)+q—7=0
.29+ 10+9q—-7=0
S.3¢+3=0
Sg=—1

Substitute into (3):

p=—-1+5=4

Back to Unit 1: Assessment
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SUBJECT OUTCOME IV

FUNCTIONS AND ALGEBRA: USE A
VARIETY OF TECHNIQUES TO SKETCH
AND INTERPRET INFORMATION FOR
GRAPHS OF THE INVERSE OF A
FUNCTION

@ Subject outcome

Subject outcome 2.2: Use a variety of techniques to sketch and interpret information for graphs of the
inverse of a function theorems

‘g’ Learning outcomes

- Determine the equations of the inverses of the functions:

o Yy=ar+gq

o Yy= az’

o y=a",a>0(y=a” may be left with z as the subject of the formula. Note: No logarithms
required.)

- Sketch the graphs of the inverse of the functions:

o y=ar—+q
o Yy = ax?
o y=a",a>0
Note: Sketching the graphs using point by point plotting is an option.
- Obtain the equation of any of the following inverse graphs given as a sketch:
o Yy=axr+gq
oYy = ax?
- y=a",a>0
- |dentify characteristics as listed below with respect to the following functions and their inverses:

y=ar+gq
y:amz
y=a,a>0

- Domain and range

- Intercepts with axes

- Turning points, minima and maxima

- Asymptotes

- Shape and symmetry

- Functions or non-functions

. Continuous or discontinuous

- Intervals in which a function increases/decreases.
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‘g’ Unit 1 outcomes

By the end of this unit you will be able to:

Define an inverse function.

Find the inverse of y = ax + q.

Sketch the inverse of y = az + q.

Answer questions about the domain, range, shape, continuity and other characteristics of the

inverse graph.

‘g’ Unit 2 outcomes

By the end of this unit you will be able to:

Find the inverse of y = qz?.

Sketch the inverse of y = ga?.
Answer questions about the domain, range, shape, continuity and other characteristics of the

inverse graph.

‘g’ Unit 3 outcomes

By the end of this unit you will be able to:

Find the inverse of y = a® where g > 0.

Sketch the inverse of y = ¢® where g > 0.
Answer questions about the domain, range, shape, continuity and other characteristics of the

inverse graph.
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Unit 1: Determine and sketch the
inverse of a linear function

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Define an inverse function.

Find the inverse of y = ax + q.

Sketch the inverse of y = az + q.

Answer questions about the domain, range, shape, continuity and other characteristics of the

inverse graph.

What you should know

Before you start this unit, make sure you can:

Define a relation and a function. Refer to level 2 subject outcome 2.1 unit 1if you need help with this.
Sketch linear functions using the dual-intercept method. Refer to level 2 subject outcome 2.1 unit 1if

you need help with this.

Introduction

In levels 2 and 3 we learnt about the following functions:

Linear functions
y=az+q
y=mx+c

Quadratic functions
Y= ax® + q

2
y=a(z+p) +gq
y=az® +bx+c

Exponential function
y=a-b""P 4 q,b>0,b#1

Hyperbolic function

Yy= +4q

r+p
Trigonometric functions
y=asin(z +p) +gq
y = asinkz
y=acos(z+p)+q
y = acoskx
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- y=atan(z+p)+q
o y=atankx

We learnt about the characteristics of each function, how to sketch their graphs and how the values of
a,p,q,b and k affect the shape and position of these graphs. We also learnt how to find the equations of
these functions based on their graphs.

The important thing to note is that they were all functions.

Function revision

Relations are mathematical rules (equations) that associate each element of one set of numbers with at
least one element of another set of numbers. We can think of the first set of numbers as the input (or
independent variables) and the second set of numbers the output (or the dependent variables). We put an
input number into the relation rule or equation and get at least one output number. The value of the output
depends on the value of the input.

Functions are special types of relations. They are rules that associate each element of the input set with only
one element of the output set. Therefore, when we put an input number into the function rule or equation,
we only ever get one output number. Every function is a relation but not every relation is a function (see
Figure1).

elations

unctions

Figure 1: Relationship between relations and functions
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We call the set of input numbers or independent variables the domain. We call the set of output numbers
or dependent variables the range.

Relation:

A mathematical rule that associates each element of a set (A) with at least one element in another set
(B)-

Function:

A mathematical rule that uniquely associates elements of one set (A) with the elements of another set
(B) such that each element in a set (A) maps to only one element in the other set (B).

Some functions are one-to-one functions (see Figure 2). In one-to-one functions, each element of the input
set is uniquely associated with an output. In other words, each output is produced by only one input.

Input Output

200

672 *1627.40

Domain Range

Figure 2: A one-to-one function mapping

The linear function is an example of a one-to-one function. Each output value or y-value is produced by only
one input value or x-value (see Figure 3).
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Figure 3: Graph of the function f(z) = Ex +1

3

Some functions are many-to-one functions (see Figure 4). In many-to-one functions, each element of the
input set is associated with an output but not uniquely. In other words, an output can be produced by more
than one input.
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Input Output

Domain Range

Figure 4: A many-to-one function mapping

The quadratic function is an example of a many-to-one function. Each output value or y-value is produced
by two input values or x-values (see Figure 5).
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Figure 5: Graph of the function f(z) = ;ﬁ -2

The vertical line test

Because we know that for a relation to be a function each element of the input set must be associated with
only one element of the output set, we can use a simple visual test to see if a graph is the graph of a function
or not. This is the vertical line test.

If we can place a vertical line over the graph and have it cut the graph more than once, then we know that
there is an input value which produces more than one output value and so the graph is not the graph of a
function.

Figure 6 uses the vertical line test to confirm that y = Eﬁ — 2 is a function. At no point is any input value

associated with more than one output value.

N2 | NC(V) Mathematics 4



_3 o

Figure 6: Vertical line test confirming that y= Z 22 — 2isafunction
3

Figure 7 shows that y = +,/25 — ¢% is not a function. We can see that at least one input value is associated

with more than one output value. In fact, almost all the input values are associated with more than one
output value.
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Figure 7: Vertical line test confirming that ¢ — 4-,/25 — 2 is not a function

% Exercise 1.1

Use the vertical line test to determine whether the following graphs are graphs of functions or not:
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10.
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The full solutions are at the end of the unit.

Function notation

We know that we can use a special notation to represent functions, called function notation. For example,
in h(s) = 3s + 2 the function is called h and the independent variable is s. We say that ‘h of s is equal to three
s plus two'.

h(2) (h of two) means the function value (or the output value) when the input value is two. Therefore
h(2)=3(2)+2=28.

If h(s) = 1then 3s + 2 = 1. Therefore, s = 7%’

Unless a relation is a function, we may not represent it using function notation. From Figure 7, we know
that y = 4,/25 — % is not a function. Therefore, we cannot represent this relation using function notation as

f(z) = £+/25 — z*.

However, we can say that f(z) = +v/25 — 22 (see Figure 8) or that f(z) = —v/25 — 22 (see Figure 9) because,
once we restrict the output to being either the positive or negative root, the relation is a function.
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1
61y |
|
|
5 |
|
|
4 |
|
|
|
8 |
|
|
2 |
|
|
1 |
|
|
1 X
-7 -6 8 6 7 8 9 10
|
|
|
|
|
|
|
|
|
|
|

Unit 1: Determine and sketch the inverse of a linear function | 123

Figure 9: Graph of f(z) = —4/25 — z*



Inverse functions
If we have the function f(z) = 4z — 5, then we know that if we put z = 2 into the function, we will get the
output of y = 3.

The inverse of a function does the ‘reverse’ of a given function. The inverse of the function f will, therefore,
take the input of £ = 3 and produce the output of y = 2.

If a function is a one-to-one function, then its inverse will also be a function and we can represent the
inverse using inverse function notation. If the function is f(z), then the inverse function is denoted as f ! (z)

. Note that the —1 does not represent an exponent.
We say that functions whose inverses are also functions are invertible.

To find the inverse of a function, we simply need to swop the & and ¥y in the original function equation. If
f(z) = 4z — 5 then we know that y = 4z — 5. Therefore, the inverse of fisz = 4y — 5.

We then need to rearrange the inverse equation into the y = form.

r=4y—5
Sdy=zxz+5

o1 5
..y—ZII}-FZ

So, if f(z) =4z — 5 then we can say that f!(z) = igp + % Remember that we can only use the inverse

function notation because f is a one-to-one function and, therefore, f*1 (z) is also a function.

If we saw that f(2) = 3, check to make sure that f*1(3) =2

Take notel!

If the inverse of a function is also a function, that function is said to be invertible. Only one-to-one
functions are invertible.

Often, however, the inverse of a function is not a function. Let's look at the following example.

p Example 1.1

Find the inverse of g(z) = 22® — 8§ and state whether it is a function or not.

Solution

We start by writing the given function in y = form.
g(z) =22° -8
y=2z> -8

To find the inverse, we interchange the = and vy in the original function equation and get the new
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equation into y = form.

z=2y"—8
2 =z +8
y T
Sy =—=—+4
4 2
T
SLYy==x,/—+4
Y 2

We can see that for every input we put into the inverse of g we will get two outputs. Therefore, the
inverse of g is not a function and we cannot write it using inverse function notation.

Take notel!

Do not confuse inverse function notation with the reciprocal of a function.

If f(z) = 2z then:

the inverse of fis f~!(z) = %z
: _ a1 1
the reciprocal of fis [f(z)] " = % =5

The inverse of the linear function

Because linear functions are one-to-one functions, we know that their inverses will also be functions.

Therefore, linear functions are invertible.

p Example 1.2

Given h(z) = —2z + 3:

1. Determine h~!(z).
Sketch h(z) and h~!(z) on the same set of axes, showing the intercepts with the axes.

2
3. State the domain and range of h(z) and h_l(w)-
4

About what line are the graphs of h(z) and A~! (z) symmetrical?

Solutions

1. Step 1 Start by writing the original function in y = form.
y=—2x+3

Step 2: Interchange x and y and write the inverse equation in y = form.
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2=—z+3
1 +3
= ——Z —_
v 2 2

Step 3: Write the inverse using inverse function notation if it is also a function.
1 3
hi(z)=—=z+=
2 2

2. Here are the sketches of h(z) and h ! (z).

3. Domain of h(z): {z|z € R}
Range of h(z): {z|z € R}
Domain of A7 (z): {z|z € R}
Range of h!(z): {z|z € R}

4. The graphs of h(z) and h~!(z) are symmetrical about the line y = =.
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In Example 1.2, we saw that the graphs of h(z) and its inverse o~ (z) are symmetrical about the line y = z.
This makes sense given the fact that we found the equation for h—l(a;) by interchanging z and y.

This symmmetry was also visible in the intercepts of each graph with the axes. The y-intercept of h(z) became
the x-intercept of b ! (z) and the x-intercept of h(z) became the y-intercept of b~ (z).

% Exercise 1.2

1. Given f(z) = -2z + 3
a. Find f*(x)
b. Find [f(z)] !

2. Consider the relation y = %x + %:

a. Istherelation a function?
b. Determine the inverse of this relation.

c. Isthis relation an invertible function?
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3. Giveng(z) =2z + 1
a. Determine ¢! ().
b. Sketch the graphs of g(z) and ¢! (z) on the same system of axes.

c. If §(2,5)is a point on g(z), determine the coordinates of T'if T'is a point on ¢ *(z) and if § and
T are symmetrical.

4. Givent !(z) = -3z — 3
a. Determine t(z).
b. Determine the intercepts with the axes of ¢(z) and ¢t *(z).
c. Determine the coordinates of 4, the point of intersection of ¢(z) and ¢! (z).

5 If f(z) =3z —2,is ffl(gc) an increasing or decreasing function? Explain your answer.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

A relation is a mathematical rule that associates elements of one set (the inputs or independent
variables) with at least one element of a second set (the outputs or dependent variables).
The set of inputs is called the domain and the set of outputs is called the range.

A function is a special type of relation such that each input is associated with one and only one output.
Functions can be one-to-one or many-to one.

The inverse of a function performs the reverse operation of a function.
If the inverse of a function is also a function, then the function is said to be invertible.
If the inverse of a function f(z) is a function it can be represented with inverse function notation 7! (z)

Unit 1;: Assessment

Suggested time to complete: 15 minutes
Question T adapted from NC(V) Mathematics Level 4 Paper 1 November 2011

1. The diagram below represents the graph of f(z) = 2z + 3:

128 | NC(V) Mathematics 4



a. Determine f*l, the inverse of fin the form y =.

b. Draw the graph of f~1.
2. Given f(z) = %x — 1, find:

a. f(x)
b [f(2)]!
. 1 1 .
3. Givenh™*(z) = gw + 2:
a. Determine h(z).
b. Determine the intercepts with the axes of h(z) and A ™! (z).
c. Determine the coordinates of @ the point of intersection of h(z) and A~ (z).
d. State the domain and range of h(z) and h™*(z).

e. Sketch the graphs of h(z) and pt (z) on the same set of axes showing the intercepts with the axes
and the point of intersection.

f. Is h(z) an increasing or decreasing function?

The full solutions are at the end of the unit.
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Unit 1; Solutions

Exercise 1.1

1. Not a function

2. Function
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3. Function
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4. Function
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5. Not a function
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6. Function
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7. Not a function
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8. Not a function
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9. Function
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10. Function
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Back to Exercise 1.1

Exercise 1.2

1 flz)=—2z+3

a. y=-2zx+3
Inverse:

3 1
y 4 2

a. The relation is a linear function.
b.
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TV
31
..Zy—a:—i-g
dy=4z -2
42
Y=3773

c. The inverse of the function is also a function. Therefore, the relation is an invertible function.

3. g(z) =2z +1.

a. y=2x+1
Inverse:
r=2y+1
S 2y=z -1
1 1
SY=—-x— —
y 2 2
1 1
-1
T)=—ax— —
g (z) 575
b.

c. g¢(z)and ¢ !(z) are symmetrical about the line y = z. Therefore, T is the point (5, 2).
4. tH(z)=-3z-3
a. t(z)istheinverse of 71 (z).

y=—-3x—-3
Inverse:
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x-intercept (let t(z) = 0):
1

——z—-1=0
3
—zr=-1
3
S =-3
X-intercept is the point (-3, 0)
y-intercept (let z = 0):

#(0) = —%(0) 1
S 4(0) = 1

y-intercept is the point (0, —1)

t(z) = -3z -3

t~!(x) is the inverse of t(z). Therefore x-intercept of t~*(z) is (—1,0) and y-intercept of t~*(z) is
(0, -3).

Note: You could also have calculated the intercepts directly.

t(x) =t (2)
1
So——z—1=-3z—-3
3

s.—r—3=-9 -9

. 8x=—6
3
L= —=
4
()30
4 3 4
12
4
__3
4
. . 3 3
Ais the point (——, ——
(4 4)

5. f(z) = 3z — 2is an increasing function. Therefore, ! (z) is an increasing function as it is symmetrical
to f(z) about the line y = z, an increasing function.

Back to Exercise 1.2

Unit 1: Assessment

a. y=2x+3
Inverse:
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1
a =—x+2
Y73
h(z):
1
r=—y+2
3y
1
SLoy=x—2
331
S y=3z—6
S h(z)=3z—6
b. h(z):
x-intercept (let h(z) = 0):
3x—6=0
c.3z =6
Sr=2

x-intercept is the point (2, 0)
y-intercept (let ¢z = 0):
h(0) = 3(0) — 6
. h(0) = —6
y-intercept is the point (0, —6)
ht(z):
h~!(z) is the inverse of h(z). Therefore, the x-intercept of A ! (z) is (—6,0) and y-intercept of t~! () is
(0,2)

h(z) = h*(x)

1
S3r—6=—-x+2
3

C 92 —-18=x+6
S8 =24
=3

h(3)=3(3)—6
=9-6
=3

Q is the point (3, 3).

d. Domain of h(z): {z|z € R}
Range of h(z): {z|z € R}
Domain of A7 (z): {z|z € R}
Domain of p 7! (z): {z|z € R}
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f. h(z) is anincreasing function. The function value increase as x increases.

Back to Unit 1: Assessment
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Unit 2: Determine and sketch the
inverse of a quadratic function

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Find the inverse of y = qz?.

Sketch the inverse of y = ga?.
Answer questions about the domain, range, shape, continuity and other characteristics of the

inverse graph.

What you should know

Before you start this unit, make sure you can:

Determine the inverse of a function. Refer to unit 1if you need help with this.
Determine if a relation is a function or not using the vertical line test. Refer to unit 1if you need help

with this.
Determine if a function is invertible or not. Refer to unit 1if you need help with this.

Sketch a quadratic function. Refer to level 2 subject outcome 2.1 unit 2 if you need help with this.

Introduction

We saw in the previous unit that linear functions are one-to-one functions and, therefore, are invertible —
their inverses are also functions. However, is the same true for quadratic functions of the form y = ax?? Are
quadratic functions of the form ¢ = ax? invertible? Is the inverse of a quadratic function of the form y= ax?
also a function? If not, is there a way for us to make the inverse of a quadratic function of the form y = g2 a

function?

These are the questions we will answer in this unit.

The inverse of the quadratic function

Let's explore the inverse of quadratic functions of the form y = ga?.
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Time required: 30 minutes

What you need:

a blank piece of paper or graph paper
a pen or pencil
aruler

What to do:

If you don’t have a piece of graph paper, start by drawing a Cartesian plane on your piece of paper. Use
a scale of about 1 ¢m per unit.

W

N o ouoA

Plot the function f(z) = z?%. If you need to, you can create a table of values and plot point-by-point

with at least five points.
Now, determine the inverse of fin the form ‘y =",

Plot the inverse of f on your Cartesian plane. You could do this by creating a table of values and
plotting point-by-point with at least five points.

Is the inverse of f a function? Use the vertical line test to make sure.
What is the domain and range of f and of the inverse of f?
About what line are the graphs of f and the inverse of f symmetrical?

What could you do to the function f(z) = z? to make sure that its inverse was a function?

What did you find?

1

Here is a table of suitable values.

T -3 -2 -1 0 1 2 3

fz)y=2* |9 4 1 0 1 4 9
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-7 -6 -5 —4 -3 -2 -1 0{(0, 0)1 2 3 4 5 6 7 8
11

Inverse:
r = y2

Sy=Eyz

3. Hereis a table of suitable values.
x 0 1 4 9
y=+tyx 0 +1 +2 +3
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4. Theinverse of fis not a function, as demonstrated by the vertical line test.
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5. Domain of f: {z|z € R}
Range of f: {y|y € R,y > 0}
Domain of inverse of f: {z|z € R,z > 0}
Range of inverse of f: {y|ly € R}

6. The graphs of f and the inverse of f are symmmetrical about the liney = .
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7. We can see that both the graphs of f and the inverse of f have two ‘arms.. It is these two ‘arms’
that mean that the inverse of f is not a function. If we could remove one of the ‘arms’ of f, then the
inverse of f would also only have one ‘arm’ and would be a function.

We can remove one of the ‘arms’ of f by restricting the domain. We can either restrict the domain
to {z|]z € R,z <0} or{z|lz € R,z >0} .

If we restrict the domain to {z|z € R,z < 0} , the graphs of f and the inverse of f are as follows.
Notice that because the inverse of f is now a function we can use the f~!(z) notation.
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If we restrict the domain to {z|z € R,z > 0} , the graphs of f and the inverse of f are as follows.
Notice that because the inverse of f is now a function we can use the f~!(z) notation.

Unit 2: Determine and sketch the inverse of a quadratic function | 153



8 -2 -1 0[(0,0)! 2 3 4 5 6 7 8 9 10 11 12

/ -3

In Activity 2.1, we saw that ordinarily, the quadratic function of the form ¢ = az? is not invertible because its
inverse is not also a function. However, if we restrict the domainto z < 0 or z > 0, we can make the inverse a
function and, hence, make the original quadratic invertible. What we are really doing when we restrict the
domain like this is making the function a one-to-one function.

We also saw that, like the linear function, the quadratic function and its inverse are symmetrical about the
line y = . Every point (z,y) on the original function, has a corresponding symmetrical point (y,z) on the

inverse.

Finally, we saw that the domain of the original function becomes the range of the inverse and vice versa
(see Figure 1). This remains true even when we restrict the domain of the original function. The domain of
f(z) = 22,2 > 0, for example, is {z|z € R,z > 0} and the rangeis {y|ly € R,y > 0} . The domain and range of

the inverse of f(z) = 2?,2 > 0 are {z|z € R,z > 0} and {y|y € R,y > 0} respectively.
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Function Inverse

Figure 1: Relationship between the domain and range of a function and its inverse

IC@ Example 2.1

Given g(z) = 3z%

Determine the inverse of g.

—

Sketch g and the inverse of g on the same system of axes.

State the domain and range of g and of the inverse of g.

A owon

Is the inverse of g a function?

Solutions

1 g(z) = 322. Therefore, we can write the function equation as y= 322. To find the inverse, we

interchange z and v.

Inverse:
z = 3y°
1
2
Y ==
Y73

1
LY==+, —x
YTV

Unit 2: Determine and sketch the inverse of a quadratic function | 155



/s
Y=z
b ’ =
g(x) = 322 e
p
4
s
rd
’
rd
/s
td
/s
rd
4
e
s
.
/
e
(1,3) ’
’ 1
s Y= —T
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3. Domain of g: {z|z € R}
Range of g: {y|y € R,y > 0}
Domain of inverse of g: {z|z € R,z > 0}
Range of inverse g: {y|y € R}
4. The inverse of g is not a function. It does not pass the vertical line test. We would need to restrict
the domain of g in order to make its inverse a function.

é© Example 2.2

Given r(z) = —2z%

1. State the domain and range of r.

2. How must the domain be restricted so that r is invertible?
3. Find ¢! (aj)

4. State the domain and range of 1.

5

Sketch the graphs of r and »~1 on the same set of axes.

Solutions

1. Domain r: {z|z € R}
Range of r: {y|y € R,y < 0}
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2. The domain of r must be restricted to {z|z € R,z < 0} or {z|z € R,z > 0} in order for the inverse
to be a function and hence for r to be invertible.

3. Option 1: Restrict the domain of r to {z|z € R,z < 0} .
Y= —Zmz,w <0

Inverse:
r=—27
2y2:_$
L2z
LY 5
. o x
Sy = 2
crt=— -2
2

Remember that the domain of r becomes the range of ,~1. The domain of r was restricted to
{z|z € R,z < 0} , therefore, the range of 1 will be {yly € R,y < 0} . Because the function values
are restricted to y < 0, we chose the negative square root.

X
Also note that 4 /—5 is only defined for z < 0. However, the range of the original function r is

{yly € R,y < 0} . The range of r becomes the domain of ~1. Hence the domain of 1 is

{z|z € R,z <0} andso, /*2 is defined.

Option 2: Restrict the domain of r to {z|z € R,z > 0} .
y=—-2z%,2>0

Inverse:
x = —2

. 2y2 =—x

L2 T

LY 2
. — + w
Y= 2
o _z

Remember that the domain of » becomes the range of »~1. The domain of r was restricted to
{z|z € R,z > 0} , therefore, the range of »~! will be {y|y € R,y > 0} . Because the function values
are restricted to y > 0, we chose the positive square root.

T
Also note that /*5 is only defined for z < 0. However, the range of the original function r is

{yly € R,y < 0} . The range of r becomes the domain of »~1. Hence the domain of =1 is
{z|lz € R,z <0} andso /—g is defined.

4. Option
Domain of p~1: {z|z € R,z < 0} -thiswastherange ofr
Range of p~1: {yly € R,y < 0} -this was the restricted domain of r
Option 2:
Domain of p~1: {z|z € R,z < 0} —thiswastherangeofr
Range of p~1: {yly € R,y > 0} —this was the restricted domain of r
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5. Hereis a sketch for option 1 where the domain r is restricted to {z|z € R,z < 0} . It is usually
easiest to plot these graphs using a table of suitable values and point-by-point plotting. Sketching
the axis of symmmetry (the line y = ) also helps you to get the shapes of the graphs correct.

y R

Here is a sketch for option 2 where the domain r is restricted to {z|z € R,z > 0} .
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1. Determine the inverse for each of the following, leaving your answer in ‘y =' form:

5
a. = —X
¥=3
b. z* +3y=0

C. by+4+10z2 =0
d. 2y—25=(z+4)(z—4)

2. Given the function f(z) = %gﬂ forz <0:

Find the inverse of f.
b. State the domain and range of f and the inverse of f.

c. Draw fand the inverse of f on the same set of axes, showing at least three points on each
graph.

d. Istheinverse of fafunction? Explain your answer.
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e. Determine the point of intersection of f and the inverse of f.
3. Given the graph of the parabola g(z) = az? with z > 0 and passing through A(1, —4):
y

(©,0)

-2
-3

—4 A(1,-4)

-5

-6 g(x) = az?

a. Determine the equation of the parabola g(z).

b. Determine the equation of the inverse of g.

o

Is the inverse of g a function?

a

Give the coordinates of the point B on the inverse of g and symmetrical to A.

e. Determine the point of intersection of g and the inverse of g.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

The inverse of the quadratic function of the form ¢ — ax? is not a function and therefore Y= ax? is not
invertible.

We can make y = qz? invertible by restricting the domain to either {z|z < 0,z € R} or {z|z > 0,z € R}.
The quadratic function ¢ = az? and its inverse are symmetrical about the liney = .

The domain of the quadratic function y = ax’ becomes the range of its inverse.

The range of the quadratic function y = ax’ becomes the domain of its inverse.
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Unit 2; Assessment

Suggested time to complete: 20 minutes

Question 1 adapted from NC(V) Mathematics Level 4 Paper 1 November 2015 question 4.4

1. Given f(z) = 2*:

a.
b.
C.
d.

e.

Draw a sketch graph of f, showing the coordinates of at least three points on the graph.
Determine f~!(z) if the domain of f is restricted to {z|z > 0,z € R}.

Sketch the graph of f*l on the same set of axes as f.

Determine algebraically the coordinates of the point(s) of intersection of fand f=1.

Write down the domain of f~1.

Question 2 adapted from NC(V) Mathematics Level 4 Paper 1 October 2014 question 4.4

2. Given f(z) = 2z forz > 0

a.

b.

Determine the equation which defines the inverse of f in the form ‘y =".

Draw sketch graphs of f and the inverse of f on the same set of axes. Clearly label the graphs and
indicate at least three points on each graph.

Determine algebraically the intersection of the two graphs.
Is the inverse of f a function or a non-function? Give a reason for your answer.

Write down the range of the inverse of f.

The full solutions are at the end of the unit.

Unit 2: Solutions

Exercise 2.1
1.
5
a. = —
Y73
Inverse:
5 5
= —
331
3
V=2
3
=3,/=-z
Y 5
b.
z* + 3y=20
L3y = —z?
1,
=——z
Y=73
Inverse:
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xT=—=
3y
. ,y2 = -3z
Sy =1+/-3z
C.
5y + 10z2 =0
- by = —1022
Sy = -2z’
Inverse:
T = —2y2
1
2
=—=z
y 2
n 1
= ——X
y 2
d.

2y—25=(z+4)(z—4))
S 2y—25=a%—-16

S 2y=ax2+9

1, 9

SYy=-zt 4+
¥=5 2

Inverse:

Inverse:
1

r = §y2
Sy =3z
c.y = —/3z  Original domain was z < 0 so inverse range will be y < 0
b. Domain of f: {z|z <0,z € R}
Range of f: {yly > 0,y € R}
Domain of inverse of f: {z|z > 0,z € R}
Range of inverse of f: {yly < 0,y € R}
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. (3, -3)

-5

-7

-10

d. Theinverse of fis a function as there is only ever one output value for each input value. Any vertical
line will intercept the graph only once.

e.
fl@)=f"(=x)
1
" gmz = —\/%
1
2zt =3z
9
st —2Te =0
s —27)=0

sx=0orz® =27
Sx=0o0orz=3
But the domain of f(z) is restricted to z < 0. Therefore, ¢ = 0 is the only solution.

f(0) = %(0)2 = 0. Therefore, the point of intersection is (0, 0).

a. g(z) = az? and passes through (1, —4). Therefore:
g9(1) = —4

b. Y= —43;2
Inverse:
= —4y

1
T P

1
fzrv Original domain was = > 0 so inverse range will be y > 0

<
Il
+
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c. Theinverse of g is a function.

d. Bsymmetrical to 4 about y = z. Therefore, B(—4,1).

e.
g(z) =g ' (z)
1
4z’ =, [z
4
1
16zt = -z
4
64zt +z2=0

sz(64z® +1) =0

x=0o0rz®=——

64
1
sx=0orx=——
4

But the domain of g(z) is restricted to & > 0. Therefore, z = 0 is the only solution.
g(0) = _4(0)2 = (. Therefore, the point of intersection is (0, 0).

Back to Exercise 2.1

Unit 2: Assessment

f(;If) = ;'1?2

(2,4)

(1.1)

Note that the domain was not restricted, therefore, the full parabola must be sketched.

b. Domain of f is restricted to {z|z > 0,z € R}
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y=a’
Inverse:

m:yZ

..y =+4/x Original domain was £ > 0 so inverse range will be y > 0

C.
d.
f@) = (@)
¢ =z
nat=g
szt —z=0
sz —-1)=0

Lz=0o0rz’=1

Sz=0o0rz=1
The restricted domain of f allows both solutions.
Therefore, the points of intersection are (0,0) and (1, 1).

e. Domain of f~1: {z|z > 0,z € R}
2. Given f(z) = 22> forz > 0

a. f(,r) = 23}‘2 or Y= 2;1;2

Inverse:

T = 2y2
L2 T
LY 9

=+, lg Domain of f(z) is > 0, therefore, range is y > 0
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8 (2,8) s

’ @1

Y

-1 1 2 3 4 5 6 7 8 8 10

- 41:4 _

- 8zt =

S8t —z =0
sz8z®—1)=0

1
x=0o0rz®=2=
8

1
Sx=0o0rz=—
2
The restricted domain of f allows both solutions.

Therefore, the points of intersection are (0,0) and (1, %)

d. Theinverse of fis a function. Each input value is associated with one and only one output value.

e. Rangeof f~1: {yly >0,y € R}

Back to Unit 2: Assessment
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Unit 3;: Determine and sketch the
inverse of the exponential function

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Find the inverse of y = ¢® where g > 0.

Sketch the inverse of y = a® where g > 0.
Answer questions about the domain, range, shape, continuity and other characteristics of the

inverse graph.

What you should know

Before you start this unit, make sure you can:

Determine the inverse of a function. Refer to unit 1if you need help with this.
Determine if a relation is a function or not using the vertical line test. Refer to unit 1if you need help

with this.
Determine if a function is invertible or not. Refer to unit 1if you need help with this.
Sketch an exponential function. Refer to level 2 Subject outcome 2.1 unit 4 if you need help with this.

Introduction

We saw in unit 1 that linear functions are one-to-one functions and, therefore, are invertible — their inverses
are also functions. We saw in unit 2 that if we restrict the domain of quadratic functions of the form y = ax?
to be either z < 0 or z > 0, we can make the quadratic function one-to-one and hence make the inverse a

function as well.

However, is the same true for exponential functions of the form y = a",a > 0? Are these exponential
functions invertible? If not, is there a way for us to make the inverse of an exponential function of the form

y = a®,a > 0 afunction?

These are the questions we will answer in this unit.

The inverse of the exponential function

Let's explore the inverse of exponential functions of the form y = a”,a > 0.
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Time required: 30 minutes

What you need:

a blank piece of paper or graph paper
a pen or pencil
aruler

What to do:

Start by drawing a Cartesian plane on your piece of paper. Use a scale of about 1 ¢cm per unit.

o U

Plot the function f(z) = 2°. If you need to, you can create a table of values and use a point-by-point
plot with at least five points.

Now, determine the inverse of f in the form ‘z ="

Plot the inverse of f on your Cartesian plane. It is suggested you create a table of values and plot
point-by-point with at least five points.

Does the inverse of f have an asymptote? If so, what is it and how does it relate to the asymptote
of f?

Is the inverse of f a function? Use the vertical line test to make sure.
What are the domain and range of f and of the inverse of f?

About what line are the graphs of f and the inverse of f symmetrical?
Is the function f increasing or decreasing?

Is the inverse of f increasing or decreasing?

What did you find?

1.

Here is a table of suitable values.

z -3 -2 -1 0 1 2 3

- 1
f(z) =2 g

N
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(-3,0.125)

. {- ) -
(2270297 T 2 3 4 5 6 7 8 9 10 1 12

-2

Remember that the exponential function has a horizontal asymptote, in this case the line y = 0.

y=2"
Inverse:
r = 2¥. We can leave the inverse with z as the subject of the formula. We have no way of

rearranging this equation to make y the subject of the equation.
Here is a table of suitable values. In this case, because z is still the subject of the equation, it is
easier to choose and substitute in different values for y.

1 1 1
- — - 1 2 4 8
8 4 2

yif x =2Y
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(0.125, -3)

4. The inverse of f does have an asymptote of ¢ = 0. The asymptote of the original function fisy = 0.
Therefore, the asymptotes are symmetrical about the liney = x.

5. Theinverse of fis a function. It cuts the vertical line only once.
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r =2

10 1 12

y ) (0.25, -2)
, s
it -3 19(0.125, -3)
, ’
7 ’ -4

- = = = ey = = = = — -
~l
@
[{=]

6. Domain of f: {z|z € R}
Range of f: {y|ly € R,y > 0} —-remember that the line y = 0 is a horizontal asymptote. The function
approaches this value but never reaches it. Therefore, the range cannot include zero.
Domain of inverse of f: {z|z € R,z > 0} —the range of the function is the domain of the inverse.
Range of inverse of f: {y|ly € R} —the domain of the function is the range of the inverse.

7. The graphs of f and the inverse of f are symmmetrical about the line y = . This is the same line of
symmetry for all inverses we have studied.

8. The function fis increasing. This means that as x increases the function increases.

9. Theinverse of fis also increasing. Once again, as z increases, the function value increases.

In Activity 3.1 we saw that the inverse of the exponential function ¢y = ¢® is also a function. Therefore, the
exponential function is invertible.

Like the inverses of the linear and quadratic functions, the inverse of the exponential function is symmmetrical
to the original function about the line y = z. This symmetry extends to the intercepts with the axes and the
asymptotes.

The y-intercept of the function becomes the x-intercept of the inverse. Where the exponential function of
the form y = a®,a > 0 has a horizontal asymptote of y = 0, its inverse has a vertical asymptote of z = 0.

Also, the domain of the original function becomes the range of the inverse function and the range of the
original function becomes the domain of the inverse function. This is also the same as the inverses for the
linear and quadratic functions.

Unit 3: Determine and sketch the inverse of the exponential function | 173



However, we were not able to write the equation for the inverse of the exponential function in the normal ‘
y ='form. We had to leave it with = as the subject.

Did you know?

There is a way to rewrite the inverse of an exponential function, = g% as 'y ='". To do so, mathematicians
defined the logarithm (or log). It is defined as follows:
If £ = ¥, then y = log,x.

This means that ¢z = g% and y = log,xz are both expressions for the inverse of the function y = a®.
Logarithms are not part of the NC(V) curriculum.

In Activity 3.1, we dealt with f(z) = 2% and we saw that the function and its inverse were increasing. In other
words, as z increases, the function value increases. This is always the case for ¢ > 1 (see Figure1).

Figure 1: The increasing exponential function and its inverse when g > 1

However, we know that if ) < a < 1 then the exponential function is decreasing. As z increases, the function
value decreases. The inverse of the exponential function where (0 < ¢ < 1 is also decreasing (see Figure 2).
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y=a"0<a<l1 ,

r=a’,0<a<l1

Figure 2: The decreasing exponential function and its inverse when ) < q < 1

p Example 3.1

Given f(z) = 3%

—_

Is f an increasing or decreasing function?
State the domain and range of f.

Determine f~!, leaving the equation as ‘z =".
Is f*l an increasing or decreasing function?

State the domain and range of f*l.

o oA WN

Draw sketches of fand f~1 on the same system of axes and mark the intercepts with the axes, at
least one other point on the graph, and the asymptotes.

Solutions

1. a > 1. Therefore, fis an increasing function.

Unit 3: Determine and sketch the inverse of the exponential function | 175



2. Domain of f: {z|z € R}
Range of f: {yly € R,y > 0}

3. y = 31"
Inverse:
z=3Y

4. a > 1. Therefore, f—lis an increasing function.

Domain of f~1: {z|z € R,z > 0}
Range of f1: {yly € R}

% Exercise 3.1

1 xz
1. Given f(z) = (5) :
a. Is fanincreasing or decreasing function?
b. State the domain and range of f.

c. Determine f71, leaving the equation as ‘z ='.
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d. Is f~1 anincreasing or decreasing function?
e. State the domain and range of f*l.

f. Draw sketches of fand f~1 on the same system of axes and mark the intercepts with the axes,
at least one other point on the graph, and the asymptotes.

2. The graph below shows an exponential function of the form g(z) = a”,a > 0. It passes through

A(-1,3).
y=0
—6 -5 4 5 6 7 8 9 10
-1
-2 1
_3 4
_4.

a. Determine the equation of the function g(z).

b. Determine the equation of the inverse of g.

o

Is the inverse of g a function?

a

Give the coordinates of the point B on the inverse of g and symmetrical to A.

e. Isthe inverse of g increasing or decreasing?

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:
The exponential function of the form y = a”,a < 0 is invertible - its inverse is also a function.

When q > 1, the exponential function and its inverse are increasing — the function value increases as «
increases.
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When 0 < a < 1, the exponential function and its inverse are decreasing — the function value decreases
as z increases.

The function y = a”,a < 0 and its inverse are symmetrical about the liney = z.

The y-intercept of the function y = a®,a < 0 becomes the x-intercept of the inverse.

The function y = a”,a < 0 has a horizontal asymptote of y = 0 and its inverse has a vertical asymptote
of z = 0.

Unit 3; Assessment

Suggested time to complete: 15 minutes

Question adapted from NC(V) Mathematics Level 4 Paper 1 November 2016 question 2.3

Given: f(z) = 4*

—_

P(a,4) is a point on f. Determine the value of a.

Make a neat sketch graph of f, showing clearly the point P and other key features.
Write down the range of the function f.

Write down the equation(s) of any asymptote(s) of f.

Determine f*l and write your answer in the form ‘'z ="

Using your graph in 2, write down the coordinates of two points that lie on f*l.
On the same set of axes as the graph of f, sketch the graph of f~1.

Is f*l a function or non-function? Give a reason for your answer.

S N L A

The graphs of f and f~are symmetrical about a line. Write down the equation of this line.

The full solutions are at the end of the unit.

Unit 3;: Solutions

Exercise 3.1

a. 0 < a < 1. Therefore, fis a decreasing function.

b. Domain of f: {z|z € R}
Range of f: {y|ly € R,y > 0}

1 x
c. y=|[=
i (2>
Inverse:
1 Yy
z=|—
()
d. 0 < a < 1. Therefore, f*l is a decreasing function.

e. Domain of f~1: {z|z € R,z > 0}
Range of f~1: {yly € R}
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a” and passes through A(—1, 3). Therefore:
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c. Theinverse of g is a function.
d. Bissymmetrical to 4 about y = z. Therefore B(3, —1).

e. Theinverse of g is a decreasing functionsince () < a < 1.

Back to Exercise 3.1

Unit 3: Assessment
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P(1,4)

fla) =4

Range of f: {yly > 0}
4. Horizontal asymptote of fisy = 0.
y=4
Inverse:
x=4Y

6. (1,0)and (4,1)
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fla)=4" .

4
s Y=2xa
r
s
e
g
7/
rd
4
i
r
s
e
i
7/
P(1,4) e
Fd
7/
e
e
g
7/
rd
Fa
e r=4
(1+0) y=0
-6 2 3 4 5 6 7 8 9 10

8. f*l is a function. Each input produces one and only one output.

9. y==x

Back to Unit 3: Assessment
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SUBJECT OUTCOME V

FUNCTIONS AND ALGEBRA: USE
MATHEMATICAL MODELS TO

INVESTIGATE LINEAR PROGRAMMING
PROBLEMS

@ Subject outcome

Subject outcome 2.3: Use mathematical models to investigate linear programming problems

Learning outcomes

- Find and formulate the linear constraints from a given problem.

- Solve linear programming problems by optimising a function in two variables, subject to one or
more linear constraints, using the search line method.

‘?’ Unit 1 outcomes

By the end of this unit you will be able to:

- Determine the linear constraints for a given problem.
- Sketch the linear constraints.

- Find the feasible region.
- Use a search line to optimise the constraints.
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Unit 1: Solve linear programming
problems by optimising a function

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Determine the linear constraints for a given problem.
Sketch the linear constraints.

Find the feasible region.

Use a search line to optimise the constraints.

What you should know

Before you start this unit, make sure you can:

Simplify algebraic expressions including those with fractions. Refer to level 2 subject outcome 2.2 unit 1
and 3 if you need help with this.

Solve linear equations. Refer to level 2 subject outcomes 2.3 unit 1if you need help with this.

Solve linear inequalities. Refer to level 3 subject outcome 2.3 unit 3 if you need help with this.

Sketch graphs of linear functions. Refer to level 2 subject outcome 2.1 unit 1if you need help with this.
Sketch constraints given as linear inequalities. Refer to level 3 subject outcome 2.4 unit 1if you need
help with this.

Find the feasible region defined by the given constraints. Refer to level 3 subject outcome 2.4 unit 1if
you need help with this.

Define an objective function and optimise this objective function. Refer to level 3 subject outcome 2.4
unit 1if you need help with this.

Introduction

In level 3 subject outcome 2.4 we were introduced to Qhubeka, the bicycle company that makes and
donates bicycles to children in rural areas to make things such as getting to and from school easier and
quicker.

We saw how, given a set of constraints, we could optimise how many of each of two types of bicycles the
company should make in order to achieve the lowest costs. We called these kinds of problems optimisation
problems — considering several given constraints that all need to be taken into account to find an optimal
solution.

We also saw that an excellent way to solve optimisation problems was using a graphical technique called
linear programming. Linear programming involves:

1. assigning variables to the unknowns which we would like to optimise (in the Qhubeka example this

was the number of each type of bicycle that should be produced to minimise costs)
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2. determining and expressing the various constraints in terms of these variables (usually as inequalities)

3. sketching these constraints on a graph

4. determining the feasible region (the set of all the variables that obey or fulfil all the constraints at the
same time)
determining the objective function or search line to optimise the constraints,

6. finding the optimal solution.

In level 3, the expressions for the constraints were always given to you. In this unit, you will need to interpret
the given information to determine and express these constraints for yourself. Other than that, everything

is the same as you learnt in level 3.

Did you know?

Linear programming is just one of many mathematical modelling techniques. A mathematical model
is simply a description of a real-world system or problem using mathematical concepts and language
that helps to solve problems, make decisions or predict what might happen in the future.

Watch this informative video that describes mathematical modelling in a little more detail,
“What is Math Modeling?”.

What is Math Modeling? (Duration: 3.12)

Solve optimisation problems graphically using linear programming

The best way to learn how to solve optimisation problems using linear programming is to work through a
few examples before trying some questions on your own.

p Example 1.1

A group of learners plans to sell hamburgers and chicken burgers at a rugby match. Their butcher has a
total of 300 hamburger patties and 400 chicken burger patties. Each burger needs to be sold in a packet
but there are only 500 packets available. Based on past events, the group predicts that demand is likely
to be such that the number of chicken burgers sold will be at least half the number of hamburgers sold.

1. Write the constraint inequalities and draw a graph of the feasible region.

2. Looking at the cost of ingredients, the group plans to make a profit of R3.00 on each hamburger
and R2.00 on each chicken burger sold. Write an equation which represents the total profit p.
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3. How many of each type of burger should the group plan to sell if they want to maximise their
profits?

Solutions

1. We need to write down mathematical expressions of the constraints and draw the feasible region.

Step 1: Assign variables

In this problem, there are two types of burgers to be sold and we want to find out how many of each
kind should be made and sold. We need to assign a variable to each type of burger. You can assign
any variables you like but, because we will be sketching linear functions, it is often simplest to use z
and y.

Let the number of hamburgers be z.
Let the number of chicken burgers be y.

In both cases, the values of x and y are limited to natural numbers. We cannot sell a fraction of a
burger. Therefore {z|z € N} and {y|y € N}.

Step 2: Express the constraints
In level 4, you need to interpret the information given to you to express your own mathematical
statements of the constraints.

We know that the butcher only has 300 hamburger patties and 400 chicken burger patties.
Therefore, our first two constraints are z < 300 and y < 400.

We also know that the total number of burgers sold is limited by the number of packets available.
Therefore, our next constraint is z 4+ y < 500.

Finally, the group makes a prediction that at least half as many chicken burgers as hamburgers will

be sold. Therefore, our final constraint is z < 2y (or %a} <y

Step 3: Graph the constraints
It is time to start graphing our constraints so that we can optimise the objective function. Here they
are again.

z < 300
y <400
z +y <500
<2y

Here are these constraints graphed. The feasible region is that contained by points 4, B, C, Dand E
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y < 400

£00 o0 200 w0 1000 1100

2. Nowy, if a profit of R3.00 is made on each hamburger sold and a profit of R2.00 is made on each
chicken burger sold, the profit equation will be P = 3z + 2y

3. Tofind the maximum profit (the optimum solution), we need to graph our profit function (also
called the objective function or the search line) to find what the maximum values for x and y are
such that the objective function is still within the feasible region.

To sketch the objective function/search line, it is normally best to get the function into standard

form.
P=3x+2y

s 2y=-3z+ P
.3 P
..y——gsc—i—g

In this form, we can see that to maximise the value of p we need to maximise the value of the y-
intercept of this straight line. We do not yet know what the value of p is but we do know that the

gradient of the graph ism = _; Therefore, we need to sketch any straight line with m = _g and

then move this line up or down until we get the greatest y-intercept while still having the line pass
through at least one point in the feasible region.

Here is the objective function/search line graphed such that the profit is maximised. In order to
maximise P, while still remaining in the feasible region, the objective function must pass through
the point C(300, 200).
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off the y-intercept of the function and hence determine the value of p.

Substituting C(300, 200):
P = 3(300) + 2(200)
=900 + 400
=1 300

Reading off the y-intercept:
y-intercept is 650

P
.. — =650
2
. P=1300

This means that to make a maximum profit, the group must sell 300 hamburgers and 200 chicken
burgers. This will generate a maximum profit of R1 300.00.

Note

If you would like to play with an interactive version of the solution to Example 1.1, please visit this link.

p Example 1.2
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Question adapted from NC(V) Mathematics Level 4 Paper 1 October 2013 question 4.5

A patient is required to take at least 18 grams of protein, 6 milligrams of vitamin C, and 5 milligrams
of iron per meal which consists of two types of food, A and B. Type A contains 9 grams of protein, 6
milligrams of vitamin C and no iron per mass unit. Type B contains 3 grams of protein, 2 milligrams of
vitamin C and 5 milligrams of iron per mass unit. The energy value of A is 800 kilojoules and that of B is
400 kilojoules per mass unit. A patient is not allowed to have more than 4 mass units of A and 5 mass
units of B. There are £ mass units of A and ¥ mass units of B on the patient’s plate. The patient cannot
eat a fraction of a mass unit of either type of food.

Write down all the constraints with respect to the above information in terms of z and y.

2. What is the kilojoule intake per meal?

3. Represent the constraints graphically.

4, Deduce from the graphs the values of x and y that give the minimum kilojoule intake per meal for
the patient.

Solutions

1. We are told that the mass units of food type A are z and the mass units of food type B are y. We are
also told that the patient can have at most 4 mass units of A and 5 mass units of B. Therefore, z < 4
and y < 5. Remember, however, that we cannot have fractions of mass units. Therefore, € N and
yeN
We are also told about the nutrient content of each food and how much of each nutrient the
patient needs. The patient needs at least 18 grams of protein per meal. Food type A gives 9 grams
and food type B gives 3 grams. Therefore, 9z + 3y > 18.
The patient needs at least 6 milligrams of vitamin C per meal. Food type A gives 6 milligrams and
food type B gives 2 milligrams. Therefore, 6z + 2y > 6.
Finally, the patient needs at least 5 milligrams of iron per meal. Food type A gives (0 milligrams and
food type B gives 5 milligrams. Therefore, 5y > 5

2. Food type A has 800 kilojoules and food type B has 400 kilojoules. Therefore, the total energy (E)
intake is E = 800z + 400y.

3. It makes it easier to sketch the constraints if they are all in standard form.

9z 4 3y > 18
23y > —9z +18
Sy>-—3z+6

6x + 2y > 6
S 2y> —6z+6
Sy=> -3z +3

5y >5

sy>1

Here are these constraints graphed. The feasible region is that contained by points 4, B, C and D.
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4. We have an equation for the kilojoule intake (the objective function) and we are asked to find the
minimum intake. In other words, we need to minimise the function. If we write the objective
function in standard form, we will see that the minimum value for E corresponds to the minimum
y-intercept that the function or search line can achieve while still passing through the feasible
region. Here is the objective function in standard form.

E = 800z + 400y
.. 400y = —800z + E
E
SYy=—2z+ 100
Here is a plot of the objective function. We can see that the minimum value is achieved when the
function passes through A4.
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However, we need to remember that ¢ € N and y € N. Point A represents a value of z that is not an
integer, therefore, we need to move the objective function so that it passes through the next
available point in the feasible region where both coordinates are integers. This is represented by

point E(2,1).
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Once again, we can determine what the minimum value of E is by substituting the coordinates of
point E into the objective function or by determining the y-intercept and then using the fact that

. . E
the y-intercept is equal to —.
400

Substituting E(2, 1):

E = 800(2) +400(1)
=1 600 + 400
=2 000

Reading off the y-intercept:
y-interceptis 5

E
=5
400
< E =2 000

The minimum kilojoule intake the patient can have is 2 000 kilojoules and this corresponds to eating
2 mass units of food type A and 1 mass unit of food type B.

If you would like to play with an interactive version of the solution to example 1.2, please visit this link.
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Question 1 adapted from NC(V) Mathematics Level 4 Paper 1 November 2016 question 3

1. Asmall sugar company produces brown sugar and white sugar. In order for the company to be
economically viable, it must produce at least 200 boxes of sugar daily. The company can produce a
maximum of 500 boxes of sugar daily. At least 100 boxes of brown sugar are to be produced per
day. At least 50 boxes and at most 300 boxes of white sugar must be produced daily.

Let z be the number of boxes of brown sugar and y be the number of boxes of white sugar that are
produced each day.

a. Write down all the algebraic inequalities (in terms of £ and y) which describe the constraints
related to the production of sugar.

b. Represent the inequalities in a. graphically and clearly indicate (shade and label) the feasible
region.

c. A profit of R20.00 is made on a box of brown sugar and profit of R30.00 on a box of white sugar.
Use this information to draw, on the graph for b., a profit search-line.

d. Use the profit search-line to calculate the minimum and maximum profit the company can
make each day.

Question 2 adapted from NC(V) Mathematics Level 4 Paper 1 November 2015 question 5

2. Atransport company uses buses and minibuses to transport a minimum of 400 passengers and a
maximum of 600 passengers each day. At least 200 passengers per day must be transported by
bus. The number of passengers travelling by bus cannot be more than three times the number of
passengers travelling by minibus. Let  represent the number of passengers transported by bus
and y be the number of passengers transported by minibus.

Determine the constraints, in terms of x and y, under which the transport company operates.
b. Represent the constraints graphically and clearly indicate the feasible region.

c. The profit per day per passenger travelling by bus is R2.00 and the profit per day per
passenger travelling by minibus is R1.60. Determine from your graph by means of a search
line, the values of £ and y that will yield a maximum profit.

d. Calculate the maximum possible profit per day.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:
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How to determine and express the constraints for a given problem as linear inequalities.
How to sketch the constraints on a Cartesian plane.

How to find and mark the feasible region.
How to define the objective function (or search line) from given information
How to use this objective function (or search line) to determine the optimal solution.

Unit 1; Assessment

Suggested time to complete: 15 minutes

Question 1adapted from NC(V) Mathematics Level 4 Paper 1 November 2012 question 1.3

1. A carpenter makes two types of tables, A and B.

He has 400 m?2 of floor space available.

Each table A requires 30 m? of floor space and each table B requires 40 m? of floor space.

He does not have enough skilled labourers to make more than 8 tables of type A and 6 of type
B.

According to public demand he has to make at most two type A tables for each type B table.
Let z be the number of tables of type A and y the number of tables of type B.

b. Write the constraints with respect to the above information in terms of x and y.
Represent graphically ALL the constraint inequalities and clearly indicate the feasible region.

If the profit made on each table is the same, determine by means of a search line, how many of
each type of table should be made for maximum profit.

Question 2 adapted from NC(V) Mathematics Level 4 Paper 1 November 2011 question 1.3
2. Jackson's clothing factory manufactures jackets and jerseys. A maximum of 60 jackets and 40 jerseys

can be manufactured daily while in total not more than 70 pieces of clothing can be manufactured per

day. It takes 5 hours to manufacture a jacket and 10 hours to manufacture a jersey, while there are at
most 500 working hours available per day.

Let z represent the number of jackets and y represents the number of jerseys manufactured per day.

a. Write down the constraints with respect to the above information in terms of z and y.

b. Represent all the constraint inequalities on the grid and clearly indicate the feasible region.
c. Ifthe profitis R15 on a jacket and R25 on a jersey, give the equation that indicates the profit.
d.

Using the search line method, determine how many jackets and how many jerseys should be
manufactured in order to obtain the maximum profit?
e. Determine the maximum profit.

Question 3 adapted from NC(V) Mathematics Level 4 Paper 1 October 2014 question 5

3. Atrucking company wants to purchase a maximum of 15 new trucks that will provide at least 36 tons

of additional shipping capacity. A model A truck holds 2 tons and costs R150 000. A model B truck
holds 3 tons and costs R240 000.

Let z be the number of model A trucks and let y be the number of model B trucks.
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Write down the constraints that represent the above information.

b. Represent the system of constraints on the grid indicating the feasible region by means of
shading.

c. How many trucks of each model should the company purchase in order to provide the additional
shipping capacity at minimum cost?

d. Calculate the minimum cost.

The full solutions are at the end of the unit.

Unit 1;: Solutions

Exercise 1.1

a. Number of boxes of brown sugarisz, x € N
Number of boxes of white sugarisy,y € N
Minimum number of boxes of sugar: z + y > 200
Maximum number of boxes of sugar: z + y < 500
Minimum number of boxes of brown sugar: z > 100
Minimum number of boxes of white sugar: y > 50
Maximum number of boxes of white sugar: y < 300

b. The feasible region is bound by points 4, B, C, D, and E.
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P =20z + 30y
.30y = —20x + P
2 P
..y——§w+%

Therefore, the minimum profit is:
P =20(150) + 30(50)

=3 000+ 1 500

=4 500

Minimum profit occurs when the objective function or search line passes through B(150, 50).
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Maximum profit occurs when the objective function or search line passes through D(200, 300).
Therefore, maximum profit is:
P =20(200) + 30(300)

=4 000+ 9 000

=13 000
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Visit the interactive solution.

a. Passengers transported by busis, z € N
Passengers transported by minibusisy,y € N
Minimum number of passengers per day: z + y > 400
Maximum number of passengers per day: z + y < 600
Minimum number of bus passengers: z > 200
Bus passengers cannot be more than three times minibus passengers: z < 3y

b. Feasible region is bound by points 4, B, C and D.
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P =2z + 1.6y
L 1l6by=—-2z+ P
_ 2 T+ P
V=16 T 1
5 n p
VT 16
Maximum profit will occur when the objective function or search lines passes through point
B(450,150).
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50 100 150

d. The maximum profit is:
P = 2(450) + 1.6(150)
=900 + 240
=1 140

Visit the interactive solution.

Back to Exercise 1.1

Unit 1: Assessment

a. TabletypeAisz, ¢z € N
Tabletype Bisy,y € N
Floor space available: 30z + 40y < 400
Maximum type A tables: z < 8
Maximum type B tables: y < 6
At most two type A tables for each type B table: 2z > y

b. Feasible region is bound by points 4, B, C, D and E.
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P=xz+y
Sy=—x+P
Maximum profit occurs when the objective function or search line passes through C(8, 4).
Therefore, 8 units of table A and 4 units of table B should be made to maximise profit.
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1

Visit the interactive solution.

a. Number of jacketsisz, x € N
Number of jerseysisy,y € N
Maximum jackets: z < 60
Maximum jerseys: y < 40
Maximum pieces of clothing: z +y < 70
Working hours available: 5z + 10y < 500

b. Feasible region is bound by points A, B, C, D, E and F.
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c. P=15z+ 25y

d.
P = 15z + 25y
.25y =—15z + P
o3 P
..y——gw-}-g

Profit is at a maximum when the objective function of the search line passes through D(40, 30).
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P =15(40) + 25(30)
= 600 + 750
=1 350
The maximum profit is R1 350.00.

Visit the interactive solution.

Number of model Atrucksisz, x € N
Number of model B trucksisy, y € N
Maximum number of trucks: z + y < 15
Minimum shipping capacity: 2z + 3y > 36

Feasible region is bound by points 4, Band C.
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c. The total cost of the trucks will be C' = 150 000z + 240 000y. To plot and minimise this objective
function we get it into standard form.

C = 150 000z + 240 000y
.. 240 000y = —150 000z + C
R C
V=3 a0 000
Cost is at a minimum when the objective function passes through B(9,6). 9 model A trucks and 6
model B trucks should be purchased to minimise the cost.
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240 000

2x 4 3y > 36

N W kR O N O © O

z+y<15

0 1 2 3 4 5 6 7 8 9 10 1 1213141&171%222324

C = 150 000(9) + 240 000(6)
=1 350 000 + 1 440 000
=2 790 000
The minimum cost will be R2 790 000.

iy

X

Visit the interactive solution.

Back to Unit 1: Assessment

Media Attributions
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SUBJECT OUTCOME VI

FUNCTIONS AND ALGEBRA: INVESTIGATE
AND USE INSTANTANEOUS RATE OF
CHANGE OF A VARIABLE WHEN
INTERPRETING MODELS BOTH IN
MATHEMATICAL AND REAL LIFE
SITUATIONS

@ Subject outcome

Subject outcome 2.4: Investigate and use instantaneous rate of change of a variable when interpreting
models both in mathematical and real life situations

‘@’ Learning outcomes

- Establish the derivatives of the following functions from first principles:

1 a
© f@) =b f(2) =aztbf(2) =az’ +b;f(2) = 2" f(2) = 0z’ f (2) = —5 f (2) = —
Note: The binomial theorem does not form part of the curriculum.
- Find the derivatives of the functions in the form:

o f(z) =az"
o f(z)=alnkz
o f(2)=ae*
- f(z) = asinkz
- f(z) = acoskz
o f(z) = atankz
Where
- f(z) = az" f (z) = naz™?
© f(z) =alnkz f (x)zg
o f(z) = aet® I (z) = ke
o f(z) = asinkz f' (z) = kacos kz
o f(z) = acoskz "(z) = —kasinkzx

Examples to include are:
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. 3t —; — i; 21In 3x; l15'_2””; 2sin3x; lcos 2; — 4tanz; etc.
z3 NEd 2 3 2

Use the constant, sum and/or difference, product, quotient and chain rules for differentiation.

Note: Combinations of rules in the same problem are excluded.

Find the equation of the tangent to a graph at a specific point.

Solve practical problems involving rates of change. Note: velocity and acceleration may be

included.

Draw graphs of cubic functions by determining:

. y-intercept

- roots (x-intercepts)

- turning points using derivatives
Determine/prove maximum and minimum turning points by making use of second order
derivatives (Only: quadratic and cubic functions)
Determine the point of inflection of cubic graphs by using second order derivatives.

‘g’ Unit 1 outcomes

By t

he end of this unit you will be able to:

Define the derivative using limits.
Calculate the derivative from first principles.

‘g’ Unit 2 outcomes

By t

he end of this unit you will be able to:

Use various forms of notation to represent the derivative.
Apply the power rule.

Find the derivative of a constant.

Find the derivative of a constant multiplied by a function.
Find the derivative of a sum/difference.

Find the derivative of a product.

Find the derivative of a quotient.

Apply the chain rule.

‘g’ Unit 3 outcomes

By t

he end of this unit you will be able to:
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Define a tangent line.
Determine the gradient of the tangent at a point.
Find the equation of a tangent.

‘g’ Unit 4 outcomes

By the end of this unit you will be able to:

Solve practical problems involving rates of change.

‘?’ Unit 5 outcomes

By the end of this unit you will be able to:

Determine the shape of a cubic function.

Determine the x and y intercepts.

Find the turning points of the graph.

Find the maximum and minimum values of the graph.

Find the point of inflection and discuss concavity using second derivatives.

Functions and algebra: Investigate and use instantaneous rate of change of a variable when interpreting models both in
mathematical and real life situations | 211






Unit 1: Use first principles to find the
derivative

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Define the derivative using limits.
Calculate the derivative from first principles.

What you should know

Before you start this unit, make sure you can:

Find limits of a function as shown in level 3 subject outcome 2.5 unit 1. You may also watch this video to
revise limits, “Introduction to limits”.

Introduction to limits (Duration: 04.16)

Find the average gradient of a function. To revise this refer to level 3 subject outcome 2.5 unit 2.

Introduction
Cheetahs are the fastest land animal, reaching speeds of up to 113 km/h. But, cheetahs do not run at their
top speed at every instant. So, how do we calculate their speed at any given instant?

Before calculus was invented there was no way to calculate instantaneous speed. Calculus makes the study
of the smallest rates of change possible. Key to the concept of calculus is finding the limits of functions.

The type of limit we use to find the slope of the tangent line to a function at a point has many applications. It
allows us to get the most or the best, out of any deal. This limit occurs so frequently that we give it a special
name; the derivative. The process of finding a derivative is called differentiation.
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Limits revised

In level 3 subject outcome 2.5 unit 1, we saw that when a function approaches the same y-value from the left
and from the right, the limit exists. The limit of a function is shown with the following notation: alclglll f(z)=1L

p Example 1.1

2 _
Find lim &2
z—=3 x —3
Solution

If you substitute ¢ = 3 directly into the expression you will get %, which is undefined. To find the limit

we must first simplify the expression.

sy Ty

z—3 1 — z—
= lim (z + 3)
z—3
—6

p Example 1.2

2
Find: lim M
z—o0  3Jx — 2

Solution

If the degree of the numerator is greater than the degree of the denominator, then the limit will either
be positive infinity or negative infinity. We have to look at the signs of the terms with the largest
exponents in both the numerator and denominator.

222 +

lim ——— =+
z—oo 3 — 2

This is because both ;2 in the numerator and 3z in the denominator are positive.

2 _r.3 _
While lim u = —oo0 because —5 is negative.
z—00 3 — 2 3

Revise limits by completing the following exercise.

Exercise 1.1
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Calculate:

. h*+4h
1 lim ———
h—0 h

2+h)? -4
2. lim L
h—0 h

222 +1
3. lim s
—00 $2 _|_1

The full solutions are at the end of the unit.

Average rate of change

Remember that the gradient of a line passing through the points A(za; y, ) and B(zp;yg) is found using the
formula:

The gradient of a linear function is constant.

With curved graphs the gradient changes at every point on the curve so we need to work with the average
gradient. Remember that the average gradient between two points is equal to the gradient of a straight
line, called a secant, drawn between the two points.

To find the average gradient between any two points on a curve we calculate the gradient of the secant line
that passes through both points.

The average rate of change tells us whether the new change produced an increase, decrease or no
change and how fast the change occurred, on average.

The average rate of change or average gradient of a function between A(z,;y, ) and B(zp; yg) is given by:

Ay Y —Wa
Az TB —Za

f(zp) — f(za)

IB — A

Remember that f(zg) = yp
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Figure 1: Average gradient

If we let the change in  values equal h then zgp — 4 = h. Therefore, zg = h + 4.

So, the average rate of change of a function between A(za;y,) and B(zp;yg) can be rewritten as
fl@a+h)— fza)
h

p Example 1.3

h) —
Use the formula i+ h) — fz1) to determine the average gradient of the curve f(z) =z (z + 3)

h
between z = 5and ¢ = 3.

Solution

Method 1:

f(z) =2* + 3z

f(x1+h)=f(5+h)
= (5+h)’ +3(5+h)
=25+ 10h + h® + 15+ 3h
=h? +13h + 40
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f(5) = 5% + 3(5)
=40

fl@i+h) — f(z1)  h*+13h+40—40
h B h
h? +13h
h
h(h +13)
h
h+13

Find ,

h = B — LA

=3-5

=-2
Substitute the value of b, = —2 into the average gradient expression and the average gradientis —2 + 13
, Which is equal to 11.

Method 2:

a+h)— f(a a+h)— f(a
We can rewrite the average gradient formula as: i )~ fa) = A )~/ )where a is the x-
(a+h)—a h

value we start from,and h = zg — £ 4 as in method 1.
Find an expression for the average gradient.

f(z) = 2% + 3z
fla+h)—fla) (a+h)*+3(a+h)—(a®+ 3a)

h h
a®+2ah+h® +3a+3h—a®—3a
h
2ah + h? + 3h
h
H(2a+h+3)

)%

=2a+h+3

Note: we start at z; = a = 5 therefore substitute g = 5.

h=xzp — Ty
=3-5
=-2

Average gradient = 2a + h + 3
=2(5)—2+3
=11

The average rate of change gives the average or net change of a function over an interval and is useful, for
example, in the study of climate change, population growth and economics.

% Exercise 1.2

Unit 1: Use first principles to find the derivative | 217



fla+h) - f(a)
h
with the following x-coordinates:

Use the formula to find the average gradient of f(z) = z? — x — 2 between the points

1. zy=2andzy; =5
2. zy=5andzy =2

3. T = —2and To = -1

The full solutions are at the end of the unit.

[\ [e} (=}

This ‘Applet’ gives an interactive demonstration of gradient between two points.

Gradient at a point

The way a function changes at a single point has even more uses than the average rate of change between
two points. The way a function changes at a particular instant is known as the instantaneous rate of change
at the point. Limits are used to calculate the gradient of a function at a specific point on a curve.

Make sure you have revised limits of a function (level 3 subject outcome 2.5 unit 1) where the limit is defined.
We saw in level 3 subject outcome 2.5 unit 2 that the gradient of any curve at any point is the same as the
gradient of the tangent at that point.

Let's revise what you learnt in level 3 subject outcome 2.5 unit 2 activity 2.1.

Imagine that there is a point B that moves closer and closer to a fixed point A(1,6) as shown in figure 2.
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(1.25,6.19) 4 5 g 25)
(2,6)
(2.25, 5.69)

B = (2.5, 5.25)

-5 -4 =3 -2 1 0 1 2 3 5 6 7 8 9 10 1" 12
f

Figure 2: Gradient at a point

We can find the average gradient between any two points as B moves closer to A. This is shown in the
following table:

Points Average gradient
5.25 -6
m=———
A(1,6) and (2.5, 5.25) 25—-1
=-0.5
m— 5.69 — 6
A(1,6) and (2.25, 5.69) S 2251
=—-0.25
m— 6—6
A(1,6)and (2, 6) T 9_1
=0
6.25 — 6
m=——
A(1,6)and (1.5, 6.25) 1.5-1
=0.5
6.19 — 6
m=——
A(1,6) and (1.25, 6.19) 1.25 -1
=0.76

If b is the distance between the x-values at point A and point B then p approaches () as B moves closer and
closer to A. As point B approaches point A the average gradient changes as shown in the table and graph
below:
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10 1 2 2] 5
1

Figure 3: Average gradient changes as B moves closer to A.

At the point where A and B overlap, the straight line passes through only one point on the curve. This line is
known as a tangent to the curve. Therefore, the gradient at a point on a curve is the same as the gradient
of the tangent to the curve at the given point.

We see that as point B approaches point A, h gets closer to Q. If point B lies on point A, then , = 0 and the
formula for average gradient is undefined.

We use our knowledge of limits to let 4 tend to 0 and determine the gradient of the curve at point A. The

gradient at point A as ,lg(l) is given by:

. fla+h)—f(a)
my =lim ———M8M ———
h—0 at+h—a

fla+h) — fla)

= lim

h—0 h

When you have access to the internet you can click on this link to view an interactive graph, which
shows how the gradient of the straight line through points A and B changes as B moves closer to A.

p Example 1.4
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Given f(z) = — 222, determine the gradient of the curve at point A where z = 3.

Solution

The expression below is used to find the average gradient.

fla+h)—f(a) —2(a+h)’ - (—2a)°
(a+h)—a B h
—2a% — 4ah — 2h? + 2a?
h
—4ah — 2h?
h
h(—4a — 2h)

h
= —4a — 2h

Now, to find the gradient at point A we must add in the limit.

my = lim (—4a — 2h)
h—0

At point A: ¢ = 3 therefore g = 3 as this is the point where we want to find the gradient. At that point
on the curve p, = () so the gradient is:

—4(3) — 2(0) = —12.

The gradient of a curve at any point is called the derivative of the function. As we have seen, the derivative
of a function at a given point gives us the slope of the tangent line to the function at that point.

p Example 1.5

Given the function f(z) = 322 + z — 2, determine the gradient of the tangent to the curve at the point

Solution

Step 1: Write down the formula for the gradient at a point.

. fla+h) - f(a)
h=0 (a4 h)—a

Step 2: Find f(a + h) andf(a).

We need to find the gradient of the tangent to the curve at ¢ = 1, therefore we let ¢ = 1:
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fla+h)=f(1+h)

=3(1+h)>+(1+h)—2
=3(1+2h+h*)+h-1
=3+6h+3h* +h—1
=3h% +Th+2
fla) = f(1)
=3(1)>+1-2
=2

Step 3: Substitute into the formula and simplify.

_ fla+h)—fla) _ BR*+Th+2-—(2)
lim = lim
h—0 h h—0 h

iy 3P TR

I h

H(Bh+7)
=lim F—«—
h—0 }{
=7

Step 4: Write the final answer.

The gradient of the tangent to the curve f(z) = 322 + ¢ — 2atthe pointz = 1is 7.

% Exercise 1.3

1. Given f(z) = z° + z, determine the gradient of the curve at point Awhere z = —1.

2. Given the function g(z) = 2% — 2, determine the gradient of the tangent to the curve at the point
Tr = 3.

The full solutions are at the end of the unit.

Differentiation from first principles

We know that the gradient of the tangent to a curve with equation y = f(z) at ¢ = a can be determined

using the formula: lim w.
h—0 h

We can use this formula to determine an expression that describes the gradient of the graph (or the
gradient of the tangent to the graph) at any point on the graph.

The derivative of a function f (z) is written as f'(z) and is defined as: f/(z) = ;lzim M
—0
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We use the formula f'(z) = lim to find the derivative of a function. This method is called

h—0
differentiation from first principles, or using the definition.

flz+h) - f(z)
h

p Example 1.6

Calculate the derivative of f(z) = 4z — 5 from first principles.

Solution

Step 1. Write down the formula for finding the derivative using first principles.

o) — i 1@ 1)

h—0 h
Step 2: Determinef(z + h).

flz+h)=4(zx+h)—5
=4z +4h -5

Step 3: Substitute into the formula and simplify.

, . 4z +4h—5— (4z —b)
() = lim d
Y
o Az H4h—5—do 45
i h

Step 4: Write the final answer.

f(z) =4

p Example 1.7

Given f(z) = 2z

1. Find the derivative of f(z).

2. Determine f'(—1) and interpret the answer.

Solutions

Step 1: Write down the formula for finding the derivative from first principles.

z+h)— f(x
o) = 7D IO

Step 2: Substitute into the formula and simplify.
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2(z + h)® — 223

, .
f'(z) = lim .
o 2(z® + 322h + 3zh® + hP) — 22°
= lim h
i 22% + 62%h + 6zh? + 2R3 — 223
h—0 h
i 6z%h + 6zh® + 2R®
h—0 h
y M (622 + 6xh + 2h?)
= lim

h—0 }{

= 6z

Step 3: Calculate f/(—1) and interpret the answer.

The gradient of the tangent to the curve f(z) at the point ¢ = —1is 6.

OR

The gradient of the function f(z) atz = —1is 6.

% Exercise 1.4

1. Find the derivative of g(z) = l from first principles.
T

2. Use the definition to find f/(z) of f(z) = 22% — 2z + 1.

3. Determine f'(2) from first principles if f(z) = —322.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to find the limit of a function.

How limits are applied to average gradient to find the derivative of a function.
How to find the gradient of a curve at a point.

How to find the derivative by using first principles.
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Unit 1; Assessment

Suggested time to complete: 30 minutes

) (z+3)

1. Determine: lim .
-3 22 _0

VE— 2

2. Determine: lim
z—2 x— 2

3. Use first principles to find f'(z) whenf(z) = 9.

4. Given g(z) = E find ¢’ (z)using the definition.
X

5. Given f(z) = l —9,find f’(;c)using the definition of the derivative.
X

6. If f(x) = %m?’I

a. Determinef’(z)from first principles.

b. Calculate the gradient of the tangent to f(z)at the point ¢ = —2.

The full solutions are at the end of the unit.

Unit 1;: Solutions

Exercise 1.1

h? + 4h iy h(h+4)

lim = lim
h—0 h h—0 h
=4
2.
. @+h? -4 4i14h+ R4
hm _— = hm S E—
h—0 h h—0 h
H(4+h)
—
=4
3.
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.22t +1 . x2 2
lim = lim
T—00 332 +1 T—00 .CE2 1
22z
1
24+ —
:132
= lim
T—00 1
1+ —
:132
240
1+0
=2

(If the degree of denominator is equal to the numerator, then divide the coefficients of the terms with
the highest powers.)

Back to Exercise 1.1

Exercise 1.2
Find an expression for the average gradient that you will use to answer the questions.

fla+h)—f(@) (a+h)?—(a+h)—2

h h
a®+2ah+h* —a—h—2—(a® —a—2)
B h
_ 2ah+h’—h
B h
H(2a+h—1)
=2a+h-1

Average gradient = 2(2) +3 —1

=6
2.
Average gradient = 2(5) + (—3) — 1
=6
3.

Average gradient = 2(—2) +1—1
— 4

Back to Exercise 1.2

Exercise 1.3
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flath)=fa) (h=1)"+(h—1) = [(-1)* + (-1)]

lim = lim
h—0 h h—0 h
h* —2h+1+h—1—(0)
= lim
h—0 h

H(h=1)
_h—>0 }{

=-1
2.
gla+h)—gla) ~ (3+h)’—2-13)* -2
lim ——— "~ — lim
h—0 h h—0 h
9+6h+h>—2—(7)
= lim
h—0 h
K (6+h)
—
=6

The gradient of the tangent to the curve at the point ¢ = 3 is 6.

Back to Exercise 1.3

Exercise 1.4

1 1
_ gl+h)—gx)  z+h =z
im ———— = lim ——
h—0 h h—0 h
z— (z+h)
z(z + h)
=lim ——
h—0 h
z—(z+h)
=lim ——— Rewrite denominator

h=0  zh(z+ h)

X

h—0 $}{(£C+h)
-1
=y
2.
f(z +h) — f(z) 2z +h)® —2(x+h)+1— (22% — 2z + 1)
lim —— "~ — lim
h—0 h h—0 h
2(z® 4+ 2¢h + h?) — 2z —2h +1 —22% + 2z — 1
= lim
h—0 h
. 222 + dzh + 2K — 2h — 222
= lim
h—0 h
. 4xzh +2h% —2h
=lim ——~— =
h—0 h
K (4z + 2h — 2)
= }llin(l) T
—
=4z — 2
3.
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o fle+h)—f=)  —3(z+h)? —(—3z?)
hm e hm
h—0 h h—0 h

. —3z% — 6zh — 3h% + 322
= lim

h—0 h
. —6zh — 3h?

= hm _—
h—0 h

. N (—6x — 3h)

h—0 }{

= —6z

F(2) =-12

Back to Exercise 1.4

Unit 1: Assessment

@ty T

lim m —
r——3 $2 — 9 r——3 (Z‘ o 3)M

_ 1
-6
2.
VB~ V2 Lo—72)
ling 5 = hné
T— — Tx—
’ ( 2) (Vz +v2)
- 1
2v2
3.
f(z+h) - f(z)
/ T
f(z) = lim .
~9-9
h
=0
4,
(&) = lim g(z + h) — g(z)
gi&) =1 h
2 2
) r+h <«
=lim ——
h—0 h
2z — 2(z + h)
z(z + h)
= lim
h—0 h
. 2z —2z—2h
=lim ——
h=0  zh(z+ h)
. —2
=lim ———
h=0 z(x + h)
= lim —2
h=0 g2 4+ zh
- -2
T
5.
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o f(z+h) - f(z)

/ _
f(J:) h—0 h
1 1
(29
. x+h z
= lim
h—0 h
1
. r+h <«
=lim ——
h—0 h
. r—x—h
= lim ———
h=0 zh(z + h)
-1
T2
6.
a.
f(z +h) - f(z)
/ — 1 S\ I\
f(z) = lim h
1.3 2 2 3 1 3
7 (@ +32°h + 3zh” + 1°) — =
= lim
h—0 h
1 3 3 9 3 2 1,3 1 3
et grtht Sxht + Sht — S
= lim
h—0 h
—1lim 2424 3 12
7;1113(1) 5T +2xh+2h
_ 3.2
b.

The gradient of the tangent to f(z)at the pointz = —2is %(—2)2 = 6.

Back to Unit 1: Assessment

Media Attributions

Fig 1 Avg gradient © DHET is licensed under a CC BY (Attribution) license
Fig 2 Gradient at a point © DHET is licensed under a CC BY (Attribution) license
Fig 3 Avg gradient changing © DHET is licensed under a CC BY (Attribution) license
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Unit 2: Work with rules for
differentiation

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Use various forms of notation to represent the derivative.
Apply the power rule.

Find the derivative of a constant.

Find the derivative of a constant multiplied by a function.
Find the derivative of a sum/difference.

Find the derivative of a product.

Find the derivative of a quotient.

Apply the chain rule.

What you should know

Before you start this unit, make sure you can:

Find the derivative by applying the constant and sum and difference rules taught in level 3 subject
outcome 2.5 unit 3.

Try the following questions to see if you are ready for this unit.
Use the rules of differentiation to find the derivative of the following:

2
1. -
g(z) =323 —4z+10
z? — 5z + 6
2. fla)= T 22E0
z—3
3 1
3 y=vzel+ —
33
Solutions
1.
2
g(z)=3z3 —4z+10
2
/ 2 __1
g(z):3x§m3 —4
2
== 4
1
x3
2.
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f(z) = — 3 Factorise and cancel
(z—3)(z—2)
- (®-3)
=r—2
fl(x) — 1 1-1 — 1
3.
1
3
y=vz + —
33
5 1
=x2 + gm_3 Get rid of roots and variables in denominator
3 1
| — 2.2 _ —4
Y 5 T T
1
2 24
Introduction

Finding derivatives of functions by using first principles can be tedious. So, we use rules for differentiation
to make the process of differentiating simpler.

As we saw in level 3 there are different notations used for derivatives. If we use the common notation
y = f(x) where the dependent variable is ¥ and the independent variable is z, then some alternative

notations for the derivative are:

W _d

f'@) =y = = = —[f(@)] = Df(a) = Duy

The symbols p and di are called differential operators because they tell us that we are differentiating
X

whenever see them.

Here is a reminder of the rules of differentiation that you should know by now.

The power rule:

If f(z) = 2" then f'(z) = na" ' wheren € R, n #0.

The sum/difference rule:

d

(@) £ 9(0)] = = f(a) £ =_g(o)

d
dz

In this unit we build on the differentiation rules you learnt in level 3 to include the product, quotient and
chain rules. But, before we look at those there are some derivative functions that need a special mention.
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The exponential and natural logarithm functions

The constant e is a special type of exponent, known as Euler's number, which has many real-life applications.
f(z) = €° is called the natural exponential function, and it is its own derivative.

Note

You can learn more about the uses of the natural exponent, e, by watching the video “e and Compound
Interest”.

e and Compound Interest (Duration: 11.38)

EE
O

The inverse of an exponential function is a logarithmic function. The inverse of the natural exponential
function is the natural logarithmic function In z. The base of the natural logarithmic function is e, so In z is

actually In.z. The derivative of the natural logarithm function is l
x

d 1
—Inz = — where x > 0,2 # 0
dz x

Derivatives of trigonometric functions
The trigonometric functions have the following derivatives:

—sinx = cosx
dz

—cosx = —sinx
dz

—tanx = sec“x
dr

p Example 2.1
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Find the derivative of:

1. e®

2. y=lnz
3. 2sinz 4+ 2cosz

4. f(z) =tanz

Solutions
1.
iez — et
dz
2.
y =—
x
3.
d ) d_ . d . .
= (2sinz + 2cosz) = d—2 sinz + d—2 cos T apply the sum rule for differentiation
x T x
=2cosx —2sinzx
4.

f'(x) = sec’z

The product rule

Now, we are ready for some of the more advanced rules of differentiation. Using the product rule we can
find the derivative of the product of two functions.

%[f(w) -g(@)] = f'(z) - g(z) + ¢ () - f(z)
OR

If wuand v are functions of ¢, and y = u - v, then:

dy du dv
— =v— +tu—"-
dzr dz dzr

é© Example 2.2

Differentiate with respect to «:
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3. y=lhz-e"
Solutions

1. h(z)==x-cosz
o f(z) =z and g(z) = cosz

(o) = = [f() - 9(e)
= f'(z)-g(z) + 4 (z)- f(z) by the product rule

d d
= (—x)cosx + (—coszx)x
(dm ) (dw )
=cosz + (—sinz)z
=cosx —xsinz
2. y:w2_em
u=2z?and v=¢€"
d
il = (iwz) e’ + (iez) z2
dz dz dz

=2z-€° +¢é° - z?

3. y=Inz-€°
u=Inz and v =¢€"

| = (ilnm> e® + (iez> Inz
y dz dz
1

I

|
®
+
®

8
—
B
8

% Exercise 2.1

Use the product rule to differentiate with respect to x:

1L y=2z-/z

The full solutions are at the end of the unit.

The quotient rule

Now that you understand the product rule, we will move onto differentiating quotients of functions.
Remember that the answer to division of quantities is called a quotient. So the quotient rule is what we use
to find the derivative of functions that are divided.
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i) = T then hi(e) = L@ (@) F@)

g(x) (9(x))?

p Example 2.3

Use the quotient rule to differentiate:

2 2
1 h(z) = —=
(z—3)
3r—1
2. y=
y 2¢+ 3
Solutions

1 f(z) =22% and g(z) =z — 3
d d
E(Z:ﬁ) (z—3) —2z? - E(m -3)

(z - 3)*
Since the terms in the numerator are separated by a negative sign, you must be careful and use
brackets to avoid mistakes.
4z(z — 3) — 22%(1)
(@ - 3)*
4z% — 12z — 222
(2 —3)*

2% — 122

(@ —3)°

2z(z — 6)

(@ - 3)*
2. f(z) =3z —1and g(z) =2x+3

h'(z) =

B (z) =

(2z + 3)di(3w —1)— 3z — 1)di(2m +3)

dy z z
dz (2 + 3)?

_ (2z+3)(3) — 3z — 1)(2)

(2 + 3)?
_ 6z +9 — 6x + 2
(2z + 3)°
__u
(2 + 3)?

Exercise 2.2
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Use the quotient rule to differentiate:

T

e
1. h(z) =
(z) =D
5 _ sin x
tanx
T
3 g(ﬁ):e—w

The full solutions are at the end of the unit.

The chain rule

So far we have differentiated functions using the following rules for differentiation: sum and difference rule,
constant rule, power rule, product rule and quotient rule. However, these techniques do not allow us to
differentiate compositions of functions, such as y = sin(xz). To differentiate composite functions we must
use the chain rule. But, what are composite functions?

[\ [e} (=}

You can watch this animation of the chain rule for an ‘intuitive notion of the chain rule’.

y = f(g()) is a composite function or a function of a function. Consider the function gin 2. You should be
able to see that this expression is different from the normal sin z function since x is squared.

This is a function of function with f(z) = sinz and g(z) = z*.
So f(g(z)) = f(z*)-

Substitute & with ;2 and you get:

f(9(z)) = f(2?) = sinz®.

We can think of the derivative of this function as the rate of change of Sin(:1:2) relative to the change in . We
want to know how sin(wz) changes as x changes. Any change in z leads a chain reaction; as x changes, ;2
changes, which leads Sin(.’l}z) to change too.

To differentiate a composite function y = f(g(z)):

1. Substitute u for g(z) to get y = f(u). Soy is a function of v and u is a function of z.

2. Apply the chain rule.
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Chain rule:

If yis a function of u and u is a function of z, then ﬁ — ﬁ . @
dx du dz

When applying the chain rule to the composition of functions, we work our way from the outside function
in.

p Example 2.4

Differentiate y = sin(z?).

Solution

Let ¢ = 22 then y = sin(u).

d d
—u = 92¢ and —y = CcosUu
dr du
From the chain rule @ = ﬁ . d_u
dz du dzx
d
Y cosu - (2z)
dz
= 2z cos z°

In the last step we substituted ¢ — 2.

We can expand on the basic trigonometric derivative rules to include composite functions as shown in the
box below.

iasinl’.:ac =k-acoskx
T

d
—acoskr = —k-asinkx
T

d
—a tannz = k - asec’kx
dz

p Example 2.5

Find the derivative of y = (22 — 1)°.

Solution
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You may be tempted to say just multiply out the brackets to derive, but to multiply out the brackets
would take a long time and it is easy to make a mistake with so many terms. So we will treat this as a
function of a function. Let 4 = 2z — 1 then y = u®.

Then du =2and ﬁ = 5zt
dz du
From the chain rule ﬁ = ﬁ . d_“
dz du dz
dy 4
Soweget dr 5z (2)
=10z*

Here is a summary of the rules of differentiation for simple functions and composite functions.

Simple functions

Composite functions

ik: =0, where k is a constant.
dx

d
d—km" =n-kz" !, where k is a constant.
x

where k is a constant.

d w
@) = k[ f(E)]",
= kenlf@)] - (@)

%ew — ¢ %ef(w) = f'(z)- @
d d _ Ly
%Inw =2 aln[f(w)] = (@) f(z)

—sinxz = cosx
dzr

d = f'(z) - cos f(z
d—smf(w) = f'(z) - cos f()

XL

—cosx = —sinz
T

d . ,
~cos f(z) = —sin (@) £ (z)

T

—tanz = sec’z
dz

Exercise 2.3

Differentiate the following functions:

1 fe) = VAE

2. g(z) =3tan2z
3 y= esin2(2z)

4. s =cose™

5. h(z) =In(sinz)

The full solutions are at the end of the unit.
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Summary

In this unit you have learnt the following:
How to apply the product rule for differentiation.
How to apply the quotient rule for differentiation.

How to define composite functions.
How to apply the chain rule.

Unit 2; Assessment

Suggested time to complete: 35 minutes

Differentiate with respect to z:

1
1. y=—=(2z+3
Yy x(w+)

2. f(z) = cos2z
3. y=In3z
4. y = A/ T — ]_
5 g(z)=¢€"-In3z
6. h(z)=¢€" -z
7. y==ztan2z
2z
eI —_ e*.’l)
x
9 ¥=———
222 + 1

The full solutions are at the end of the unit.

Unit 2;: Solutions

Exercise 2.1
1.
, 1 d 1
y=—x-2+—x2- -2
i XL
%4—1 7%
=T —T - X
2
1 11
=2 + —x2
2
3
= —\/x
2\/_
2.
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dy e .
— = —e¢" -sinx + —sinz-e€
de dz dz

=¢e®-sinx +cosz-e”

3.
k(z) =Ilnz-tanz
, d d
K (z) = —Ilnz-tanz +lnz- —tanz
x dx
tanz 9
= + Inzsec”z
x
4.
eI
h — e -1
(z) —=cz
d d
b (z) = —e" -2t + —az !¢
(@) = — T [
e’ -2\
=— + (—z%)e
et e
=5 o

Back to Exercise 2.1

Exercise 2.2

d
(z—1)—e®" —e*—(x—1)
h'(af:) _ dzx 2
(@-1)
_ (z —1)e* —e*(1)
(e 1)
-
_ ze® — 2e”
(2 1)
_ e’ (z — 2)
(@ —1)°
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d . . d
tanx—sinx — sinz—tanx
d d

/ X XL
Yy = 2
(tanz)
tan z(cos z) — sin z(sec’z) L ) o -
= 5 simplify using trig identities
(tanz)
sinx (COS 50) sinx
COS T 1 (;052 x .
= find an LCD in the numerator and subtract terms
( sinz )2
cos T
_ sin zcos’z —sinz M
M sin’z
—sinz(1 — cos’z)
sin’z
_ —sin®z
sin’z
= —sinz
3.
d d
e’ d—m - md—ez
z T
g (z)=

(1)~ a(e”)
(ev)?
_ e*(1—z)
eZz
1l-=

el‘

Back to Exercise 2.2

Exercise 2.3

. d . .
Determine 2¥ for the following functions.
dx

1
f@) = (@ +1)2
1
fe) = 5@ +1) 2 2@

1
= 2@ ) 2 (20)

=
- z2 +1
2.
d (z) = 3(2sec?2x)
= 6sec?2x
3.
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) d
y/ _ esm2(21‘) . —[SlIl(21')]2
dz

= ein’(22) 2(sin 2z)" - isin 2z
dz

= in’(20) . 2(sin 2z) - (cos 2z) - i(23:)
x

= e°(2%) . 9(sin 2z) - (cos 2z) - 2
— 2¢5°(22) . 96in 22 cos 22 Note: sin2A4 — 2sin A cos A

= 2esm2(2w) sin 4z

4,
d
s = —sine® . —e®
T
= —sine® - 3%
= —3e* sine®
5.
, 1
h'(z) = ——(cosz)
sinz
cos T
sin x

Back to Exercise 2.3

Unit 2: Assessment

1.
d d 1
‘= —z ' (22+3)+—(2x+3)- =
V= ( ) dm( )=
—(2z+3) 2
:—+—
x? x
2z -3+2z
T2
-3
T
2.
f'(z) = —2sin2z
3.
3
I
y_3w
1
oz
4.,
y=a—1
Let u=2z—1
d
du _
dzr
Yo u2
P -1
w_1.7
du
, 1
oy =
2y —1
5.
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3
gd(z)=¢€"In3z+ —-€°
3z

T
— ¢ In3zc+ =
z

B (z) = 2€** -z + (1)e*®

= 2ze?® + ¥

Y = tan 2z + 2zsec’2x

8.
d 2z (x —z T —z\ 2z
—€ e’ —e — —(e" —e e
 d ( )— ¢ )
Yy = 2
(e =)

2e2z(ez _ efz) _ eZz(ex + efz)

) (¢ — o)’

23m7261763276z
2

(e —e)
e — 3¢

(e —e ey

1
d d =
— (/22 +1) —2z— (222 +1)2
dx dx

Y = S
(/222 +1)

1
V2z2+1-— :6[5(2.%2 +1)
B 222 +1
272

Vort b1 — =
222 +1
B 222 + 1

2
( 2x2+1) — 272 )
92?41

L
2 (42)]

222 4+ 1
—2z2

222 +1

Back to Unit 2: Assessment
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Unit 3: Find the equation of a tangent
to a curve

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Define a tangent line.
Determine the gradient of the tangent at a point.
Find the equation of a tangent.

What you should know

Before you start this unit, make sure you can:

Use the rules of differentiation to find the derivative. Revise differentiation rules in unit 2 of this subject
outcome and level 3 subject outcome 2.5 unit 3.

Introduction

We have seen that the straight line that touches a curve at one point is a tangent to the curve at that point.
In unit 1 we also saw that the gradient at a point on a curve is the same as the gradient of the tangent to the
curve at the given point.

Gradients and tangents

If we zoom in on a tangent drawn to a curve, as shown in figure 1, we can see that the tangent touches the
curve at a point A.

Unit 3: Find the equation of a tangent to a curve | 245



Figure 1: Tangent drawn to a
curve

However, further away from point A it is possible for the straight line to cut the curve again, as shown in
figure 2.

.

Figure 2 Tangent to a curve zoomed out

As we can see it is possible for the straight line to be tangential at point A on the curve but intersect the
curve again at another point.
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Take note!

The tangent to the curve f(z) at the point A(z;;y,) is the straight line through A with gradient
m = f’(ml).

Note

For a visual exploration of the tangent line to a curve at a point you can play around with the points
found here when you have access to the internet.

p Example 3.1

Find the gradient of the tangent to the curve f(z) = —2® 4 1 at the point A(1;0).

Solution
The gradient of the tangent at point A is the same as the gradient of the curve at that point.

So, we must find the gradient of f(z) at point A and that will give us the gradient of the tangent to the
curve.

To find an expression for the gradient of the curve we find the derivative.
f (@) = —3a*

Next, substitute the x-value of point A into the derivative and this gives the gradient of the curve at
point A.

£1(1) =-3(1)°

Therefore, the gradient of the tangent to f(z) at point A(1;0) is also —3.

p Example 3.2

Find the point B on the curve f(z) = z2 — 4 at which the gradient of the tangent to the curve is 6.
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Solution

The gradient of the tangent at point B is the same as the gradient of the curve. Therefore, the gradient
of the curve is also 6 at point B.

fl(z)=6
C.2x=6
=3

To find the y-value at B:

f3)=(3)" -4
=5

Therefore, point B is (3;5).

Exercise 3.1

1. Find the gradient of the tangent to the curve y = —z® 4+ x — 2 at the point (1; —2).
2. Determine the point where the gradient of the tangent to the curve:
a. f(z) =3z — 2z — lisequalto 3.
b. y=a®—az? -5z 4+ 2isequalto.
3. Determine the point(s) on the curve f(z) = (2z — 1)2 where the tangent is parallel to the line

y=4x —2.

The full solutions are at the end of the unit.

Equation of a tangent to a curve

A tangent line is a straight line, therefore its equation will be of the form y = mz + ¢. Remember that to find
the equation of a straight line, you need its gradient m and the y-intercept c.

To determine the equation of a tangent to a curve:

1. Find the derivative using the rules of differentiation.

2. Substitute the x-coordinate of the given point into the derivative to calculate the gradient of the
tangent.

3. Substitute the gradient of the tangent and the coordinates of the given point into an appropriate form
of the straight line equation.

4. Make y the subject of the formula to write the equation in standard form.

p Example 3.3
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Find the equation of the tangent to the curve f(z) = —z* + 1 at the point A(1;0).
Solution

Step 1. Find the derivative.

f (@) = —3a*

Step 2: Find the gradient of the tangent.

Substitute the x-coordinate of the given point into the derivative to calculate the gradient of the
tangent.

F1(1) = -3(1)*
= -3

Step 3: Determine the equation of the tangent.

Substitute the gradient of the tangent and the coordinates of the given point into an appropriate form
of the straight line equation.

y=mx—+c
m=—3

Find the y-intercept ¢ by substituting A(1;0).

y=—-3z+c
0=-3(1)+c¢
s.e=3

Step 4: Write the equation in standard form.
Make y the subject of the formula.

y=-3z+3

p Example 3.4

Given g(z) = (z + 2)(2z + 1)2, determine the equation of the tangent to the curve at = —1.

Solution

Step 1. Determine the y-coordinate of the point.

9(=1) = (-1 +2)(2(-1) +1)*
=1

Therefore, the tangent to the curve passes through the point (—1;1).

Step 2: Expand and simplify the given function.
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g(z) = (z +2)(2z +1)°
= (z +2)(42® + 4z +1)
=42% + 42> + z + 82% + 8z + 2
=423 +122% + 9z + 2

Step 3: Find the derivative.
d(z) =122° + 242 + 9
Step 4: Calculate the gradient of the tangent.

g (x) =12(=1)% +24(—1) +9
=-3
Som= -3

Step 5: Determine the equation of the tangent.

You can substitute the gradient of the tangent and the coordinates of the point into the gradient point
form of the straight line equation.

y—y =m(z— 1)

y—1=-3(z—-(-1))
y=-3z—3+1
y=—-3z—2

% Exercise 3.2

1. Find the equation of the tangent to the curve zy = 9 at (3; 3).

2. Given the function f(z) = —2? + 4z — 3, find the equation of the tangent at:

a. they-intercept of f.

b. the turning point of f.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:
How to find the gradient of a tangent to a curve at a point.

How to find the point where the tangent touches the curve.
How to find the equation of the tangent to a curve.
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Unit 3; Assessment

Suggested time to complete: 20 minutes

1.
a. isparalleltotheliney =2z — 1.

b. is perpendicular to the liney = 2z — 1.

Determine the point where the tangent to the curve g(z) = z? — 4z — 5

2. Find the equation of the tangent to the curve f(z) = 2° + 222 + 7z + 1atz = 2.

3. Find the equation of the line perpendicular to the tangent to the curve f(z) = 222 — ¢ + 3 at the point

(2;9).

The full solutions are at the end of the unit.

Unit 3; Solutions

Exercise 3.1

y = —3z? + 1is the gradient of the tangent to the curve at any point.

To find the gradient of the tangent at (1; —2) substitute the x-value into the gradient equation.

y(1)=-3(1)" +1

-2
2.
a.
fl(z) =6z —2
f(z)=3
bxr —2 =
5
T=—
6
Substitute back into f(x) to find the y-value
5 57 5
Z)=3(2) —2(2) -1
1(5)-2G) ()
_
12
. . . .. (5 7
The point at which the gradientis 3 is E; 1)
b.

y =322 -2z -5
32> —2z-5=0
(Bz—5)(z+1)=0

r=—orz=—1
3
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GRONGEOR

27
F(=1) = (-1)° = (=1)* = 5(~1) +2
=5

The gradient of the tangent is equal to 0 at (g, —122) and (—1;5).

Parallel lines have equal gradients.
Therefore, the gradient of the tangent is 4.
f(z) = 42® — 4z +1

fl(z) =8z —4
8r—4=4
z=1
F(1) =4(1)* —4(1) +1
=1

The gradient of the tangent is equal to 4 at (1;1).

Back to Exercise 3.1

Exercise 3.2
1.
9
y=—
r
=9z !
y/ _ —9:13_2
_ -9
T2
-9
®)=—
(3)
=-1

Equation of the tangent:
y—3=-1(z—-3)
y=—-x+6

a. they-intercept of fis (0; —3)
fl(z)=—-2z+4
f(=3)=-2(-3) +4
=10
Equation of the tangent:
y—(=3)=10(z —0)
y=10z — 3
b. theturning point of f:
fl(z)y=-2z+4=0
T =2
F2)=—(2) +4(2) -3
=1
The gradient of the tangent at the turning point is zero:
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The equation of the tangent:
y—1=0(z—2)
y=1

Back to Exercise 3.2

Unit 3: Assessment

a. Gradients of parallel lines are equal.

g(z) =2
20 —4 =2
r=3

Find the y-value.
9(3) = (3)° —4(3) -5
=-8
There is a tangent at the point (3; 8).
b. The product of the gradients of perpendicular lines is equal to —1.

mi ><m2:71

Therefore, the gradient of the tangent is —% since _% X 2=—1.

-1
/
) =—
g (z) 5
2:c—4:_—1
2
7
r=—
4

Find the y-value.

/()-G) )+

~ —143
16
There is a tangent at the point (Z; %:3) .

Find the equation of the tangent to the curve f(z) = ® 4 22> + 7z + 1atz = 2.
f2)=(2°%+22)%+72) +1
=31
fl(z) =32 + 4z + 7
F(2) =327 +4(2)+7
=27
Equation of the tangent:
y—31=27(z —2)
y=2Tx — 54+ 31
y =27z — 23
. The product of the gradients of perpendicular lines equals —1. So, the gradient of the tangent will be
the negative reciprocal of the perpendicular line.

fl(z)=4z—1
72)=42) -1
—7

Gradient of perpendicular line is —%. Use the point (2;9)to find the equation.
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1

—9=—Z(z—2
Yy 7( )
1, 65

= ——X —_—
y=TRrT

Back to Unit 3: Assessment

Media Attributions

Fig 1 Tangent to a curve © DHET is licensed under a CC BY (Attribution) license
Fig 2 Tangent zoomed out © DHET is licensed under a CC BY (Attribution) license
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Unit 4. Derivatives as rates of change

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Solve practical problems involving rates of change.

What you should know

Before you start this unit, make sure you can:

Find the derivative by using the rules of differentiation. To revise the rules of differentiation refer to
level 3 subject outcome 2.5 and unit 2 of this subject outcome.

Introduction

What makes calculus so useful is the application of the derivative to determine how fast (the rate) things are
changing in relation to each other. We have seen that the derivative may be thought of as the instantaneous
rate of change of a function.

From graphs we can see the rate at which the function values change as the independent (input) variable
changes. This rate of change is described by the gradient of the graph, and is found by calculating the
derivative.

We have learnt how to find the average gradient of a curve and how to determine the gradient of a curve at
a given point. These concepts are also referred to as the average rate of change and the instantaneous rate
of change.

f(z +h) - f(z)
h
f(z+h) — f(z)
h

Average rate of change =
Instantaneous rate of change = }llin(l]
5

When we mention rate of change, the instantaneous rate of change (the derivative) is implied. When
average rate of change is required, it will be specifically referred to as the average rate of change.

Applications of rate of change

Velocity is the rate of change of distance over a corresponding change in time. If we take the derivative
of the velocity, we can find the acceleration, or the rate of change of velocity. Velocity is one of the most
common forms of rate of change.

If the function s(t) gives the position of an object at time ¢ then:

Unit 4: Derivatives as rates of change | 255



ds

1. The velocity of the object at time ¢ is given by v(t) = — = §'(¢).

d_ti

2. The acceleration of the object at t is given by a(t) = v’(t) = s"(t)-

d©) Example 4.1

A ball is hit up into the air. Its height (in metres) ¢ seconds later is given by s(t) = —5t2 4 20t. Determine:

1.

oA wN

Solutions

2.

The average velocity of the ball during the first two seconds.
The velocity of the ball after 1.5 seconds.

The time at which the velocity is zero.

The velocity with which the ball hits the ground.

The acceleration of the ball.

s(2) — s(0)

Vave = 2-0
[=5(2) + 20(2)] — [—5(0)* + 20(0)]
2

20
2

=10 m.s™?

Calculate the instantaneous velocity.
v(t) = $'(t)
=—10t 4+ 20
s'(1.5) = —10(1.5) + 20

=5 m.s!

v(t) =0

—10t+20=0

t=2
Therefore, the velocity is zero after 2 seconds.

The ball hits the ground when s(t) = 0.

s(t)=0

—5t2 +20t =0

—5t(t —4) =0
t=0ort=4

The balls hits the ground after 4 seconds. The velocity after 4 seconds will be:

v(4) =s'(4)

= —10(4) + 20

=—-20ms!
The ball hits the ground at a speed of _20 m.s~ 1. The sign of the velocity is negative, which means
that the ball is moving downward (a positive velocity is used for upwards motion).
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5. Acceleration is the derivative of velocity.
a(t) =o' (t) = s’ (t)

= —10 m.s2

é© Example 4.2

A particle moves along a coordinate axis in the positive direction to the right. Its position at time ¢t is
given by s(t) = t* — 4t + 2. Find v(1) and a(1), and use these values to answer the following questions:

1. Is the particle moving from left to right or from right to left at time ¢t = 1?

2. lIsthe particle speeding up or slowing down attime ¢t = 1?

Solutions
Begin by finding v(t) and a(t).

v(t) = §'(¢)

=3t -4

a(t) =o' (t) = ¢ (t)
= 6t

Calculate v(1) and a(1).

v(1) = 3(1)% — 4 and a(1) = 6(1)

1. Since v(1) < 0, the particle is moving from right to left.

2. Sincea(l) > 0andv(1) < 0, velocity and acceleration are acting in opposite directions. In other
words, the particle is decelerating or slowing down.

In addition to velocity, speed, acceleration and position, we can use derivatives to analyse various types of
populations, including bacteria colonies and cities. We can use a current population, together with a growth
rate, to estimate the size of a population in the future. The population growth rate is the rate of change of a
population and can therefore be represented by the derivative of the size of the population.

p Example 4.3

In a small town the rate of change of the town’s population (measured in thousands of people) can be

modelled by the function P (t) = —§t3 + 64t + 3000, where t is measured in years.

1. Find the rate of change of population function.
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2. Find P'(1), P'(2), P'(3) and P'(4) . Interpret what the results mean for the town'’s population.

Solutions

1 P (t)=—t*+64
2.

T
oo

T
&

!
—_~ o~~~
>~ Do
~— O — —
I Il
B Ot O O
(=)

T
o

The town's population is decreasing.

% Exercise 4.1

1. Asoccer ball is kicked vertically into the air and its motion is represented by the equation
D(t) =1+ 18t — 3t2, where D is the distance in metres and ¢t is the time elapsed in seconds.

a. Determine the initial height of the ball at the moment it is being kicked.

b. Find the initial velocity of the ball.

c. Determine the velocity of the ball after 1.5 s.

d. Calculate the maximum height of the ball.

e. Determine the acceleration of the ball after 1 second and explain the meaning of the answer.
2. If the displacement s (in metres) of a particle at time ¢ (in seconds) is given by the equation

s(t) = %t3 — 9¢, find its acceleration after two seconds.

3. During an experiment the temperature T (in degrees Celsius) varies with time ¢ (in hours)

according to the formula T'(t) = 30 + 4¢ — %tz, t € [1;10]

a. Determine an expression for the rate of change of temperature with time.

b. During which time interval was the temperature dropping?

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to find the rate of change of different functions.
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Unit 4; Assessment

Suggested time to complete: 45 minutes

1. Arocket is fired vertically upward from the ground. The distance s in metres that the rocket travels
from the ground after ¢ seconds is given by s (t) = —16t* 4 560t.

a. Find the velocity of the rocket 3 seconds after being fired.
b. Find the acceleration of the rocket 3 seconds after being fired.

2. A particle moves along a coordinate axis in such a way that its position at time ¢ is given by for
0 < t < 360°. At what times is the particle at rest?

3. A water reservoir has both an inlet and an outlet pipe to regulate the depth of the water in the
reservoir. The depth is given by the function D(h) = 3 + %h — ih:", where D is the depth in metres and
h is the hours after 06h00.
a. Determine the rate at which the depth of the water is changing at 10h00.
b. Isthe depth of the water increasing or decreasing?

c. At what time will the inflow of water be the same as the outflow?

The full solutions are at the end of the unit.

Unit 4: Solutions

Exercise 4.1

D(t) =1+ 18t — 3¢*

a. The initial height of the ball is found when ¢t = (.
D(0) =1+ 18(0) — 3(0)

=1m
b. Initial velocity is found when t = 0.
D'(t) =18 — 6t
D'(0) =18 m.s™*
c. D'(1.5)=9ms!

d. The maximum height of the ball is found at the turning point where D'(t) = 0.

18—6t=0
t=3
D(3) =1+ 18(3) — 3(3)°
=28 m

e. After1second:
D'(t) = —6 ms2
This means the ball is decelerating.
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a. T't)=4—t

b. The temperature drops when T"(¢) < 0
4-t<0
—t< —4
St>4
The temperature was dropping during ¢t € (4;10].

Back to Exercise 4.1

Unit 4: Assessment

a.
s’ (t) = —32t + 560
s'(3) = —32(3) + 560
=464 m.s*
b.
s (t) = —32t
s'"(3) = —32(3)
= —96 m.s >

2. The particle is at rest when s'(t) = v(t) = 0.

So we must solve 2cost — 1 =0for0 < ¢ < 360° .
1

cost = —
2

t = 60° and t = 300°
Thus the particle is at rest at times ¢ = 60° and ¢ = 300°-

1, 1
a. D(h)=3+—-h——h®
2 4
Dwgzl—ﬁﬁ
2 4
1 3
D'(4) == — 2(4)?
(4)=5-5

= —11.5 m per hour

b. The water is decreasing as D'(h) < 0.

C.
1
D(h)=+-3p =0
2 4

§h2:l
4 2
=2
3

he /2

3
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There are 60 minutes in an hour, so find the number of minutes in order to find the time after
06h00 .

\/gx 60 ~ 49 min

Therefore, at 06h49 the inflow will equal the outflow.

Back to Unit 4: Assessment
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Unit 5;: Sketch cubic functions

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Determine the shape of a cubic function.

Determine the x and y intercepts.

Find the turning points of the graph.

Find the maximum and minimum values of the graph.

Find the point of inflection and discuss concavity using second derivatives.

What you should know

Before you start this unit, make sure you can:

Find the derivative by using the rules of differentiation.
Sketch and interpret information from graphs of functions. Revise level 3 subject outcome 2.1 for a
refresher on functions.

Introduction

We have worked with cubic polynomials in this subject outcome. Cubic functions are of the form
y= az® + bz? + cx + d. The highest power or degree of a cubic function is three. This also tells us that the

graph will have at most three x-intercepts.
There are two general shapes for cubic functions depending on the value of a the co-efficient of ;3.

When q > 0, the graph starts out concave down (sad N) and ends up concave up (happy U).
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a > (0

Figure 1: Graph of a cubic function when g > ()

When g < 0 the graph starts out concave up (happy) and ends up concave down (sad).

a <0

Figure 2: Graph of a cubic function when q < (
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Sketching a cubic function

To sketch a cubic function you need the:
shape
X- intercepts
y-intercept
turning points.

To find the x-intercepts:

1. lety=0
2. factorise by using the factor theorem

3. solve.
To find the y-intercept:

1. let £ = 0 and solve for y.

p Example 5.1

Find the x and y-intercepts of f(z) = —z® + 4z + = — 4.

Solution

To find the y-intercept let £ = 0 and solve for y.

£(0) = —(0)* + 4(0)* + (0) — 4
=—4

The coordinates of the y-intercept are(0; —4).

To find the x-intercepts you will need to use the factor theorem since we must factorise a cubic
expression.

f(z) = —a® +42°> + = — 4

We use trial and error to find factors of f(z). Remember that a factor will leave no remainder when it
divides into an expression.

F) =~ +41)* + (1) -4
=0

z = 1 leaves no remainder so one factor of the expression is (z — 1).
Factorise further by inspection (or other methods as shown in level 4 subject outcome 2.1).

f(z) = —a® +42° +z — 4
= —(2® —4a® —z +4)
= —(z—1)(2® — 3z —4)
=—(z—-1)(z—4(z+1)

To find the x-intercepts let f(z) = 0 and solve for z.
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0= —(z 1)z —4)(=+1)
z=1, z=4orz=-1

The coordinates of the x-intercepts are (—1;0), (1;0) and (4;0) .

% Exercise 5.1

Determine the x and y-intercepts of the following functions:

1 f(z) = —2® — 52? + 9z + 45
2. y=a®+32% — 10z
3 y=2z®—32

The full solutions are at the end of the unit.

Stationary points

The turning points of a graph are called the stationary points. A cubic graph will have at most two turning
points. At the stationary points a tangent drawn to graph will have gradient of zero, therefore the gradient
of the graph is zero and the derivative also will be zero. You can think of a stationary point as a point where
the function stops increasing or decreasing.

There are three types of stationary points; local maximum (maxima), local minimum (minima) and
horizontal points of inflection.

Local maxima or minima are called relative minimum and maximum values, as there are other points on
the graph with lower and higher function values.

The gradient of the function changes on either side of local maxima or minima values as shown in figure
3. The function changes from decreasing to increasing at the local minima and changes from increasing to
decreasing at the local maxima.
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local maximum

negative gradient negative gradient

positive gradient

local minimum

Figure 3: Relative maxima and minima

The gradient on either side of a horizontal point of inflection stays constant as shown in figure 4. The graph
is increasing on either side of the point of inflection.
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positive gradient
fl(x) =0

point of inflection

fi(x) =0

positive gradient
fllz) >0

Figure 4: Horizontal point of inflection

To determine the coordinates of the stationary point(s) of f (z):

1. Find the derivative.

2. Let f'(z) = 0 and solve for the x-coordinate(s) of the stationary point(s).

3. Substitute value(s) of z into f (z) to calculate the y-coordinate(s) of the stationary point(s).

j© Example 5.2

Calculate the stationary point(s) of the graph f(z) = —z® + 42® + 3z — 4.

Solution

Step 1: Determine the derivative of f (z).

f'(z) = —3z> + 8z +3

Step 2: Let f' (z) = 0 and solve for the x-values of the turning point(s).

—322+82+3=0
322 -8z —-3=0
Bz+1)(z—-3)=0

1
r=——and x =3
3
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Step 3: Substitute the x-values into f (z) to calculate the corresponding y-coordinates of the stationary

points.
1 1 3 2
fleg)=—(-5) +4(-3) +3(-5) 4
_ 1z
27

F3) = —(3)° +4(3)" +3(3) — 4
=14
Step 4: Write the final answer.

The stationary points are (—%;-%72) and (3;14).

Exercise 5.2

Find the turning points of the following functions:

1 f(z) = —2® — 32> +92 — 10
2. y=1+32> — 10z
3. y=2z" — 54z + 40

The full solutions are at the end of the unit.

Now, we are ready to sketch a cubic function.

General method for sketching cubic graphs:

Use the sign of a to determine the general shape of the graph.

—_

Determine the y-intercept by letting 2 = 0.
Determine the x-intercepts by letting y = 0 and solving for z.

Find the x-coordinates of the turning points by letting f/ (z) = 0 and solving for z.

Determine the y-coordinates of the turning points by substituting their x-values into f(z).

o 0 WN

Plot the points and join as a smooth curve.

p Example 5.3

Sketch the graph f(z) = —z® — 322 4+ 9z + 27

Solution

Step 1: Determine the shape of the graph.
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The coefficient of the 43 term is less than zero, therefore the graph will have the following shape:

a <0

Figure 2: Graph of a cubic function when q < 0

Step 2: Determine the intercepts.
To find the y-intercept let £ = 0 and solve for y.

f(0) = —2® — 32 + 9z + 27
=27

y-intercept: (0;27)
Find the x-intercepts by letting f(z) = 0 and solving for z:

—z® — 322 4+ 9z +27=0
2> +322 —92-27=0
(x+3)(z> —9)=0
(z+3)(z+3)(xz—3)=0

z=—-3orz=3
x-intercepts: (—3;0)and (3;0)
Step 3: Calculate the stationary/turning points.

f(z) =32 —6z+9
—322 —6z+9=0

2’ +22-3=0
(z+3)(z—1)=0
z=-3, z=1
F(=3) = —(=3)* — 3(=3)* +9(—3) + 27
=0
F(1) = —(1)* = 3(1)* +9(1) + 27
=32

Turning points: (—3;0) and (1;32)
Step 4: Draw a neat sketch (not necessarily drawn to scale).

Show all key points on the graph.
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—10 -

% Exercise 5.3

1. Given f(z) = z* + 2° — 5z + 3

a. Showthat (z — 1) is a factor of f(z) and hence find the x-intercepts.
b. Determine the y-intercept and turning points.
c. Sketch the graph.

2. Sketch the graph of f(z) = —2% + 422 + 112 — 30. Show all the turning points and intercepts with
the axes.

The full solutions are at the end of the unit.

Second derivative and concavity

A change in the sign of the second derivative shows that there is a change in the direction of the gradient of
the original function. To find the second derivative of a function you take the derivative of the first derivative.

The second derivative tells us about the concavity of a graph. Concavity relates to the rate of change of
a function's derivative. Concavity indicates whether the gradient of a curve is increasing, decreasing or
constant.
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('Q') Take notel!

If f”(a:) < 0,the graph is concave down and there is a local maximum. Tangent lines drawn to the graph

lie above the graph. The gradient of the curve decreases as « increases.

If f’/(ac) > 0, the graph is concave up and there is a local minimum. Tangent lines lie below the graph.

The gradient of the curve increases as x increases.

If f”(;c) = 0, the graph may have a point of inflection. If f”(z) changes sign from one side of the point

of inflection to the other, the concavity changes. For a cubic function, the graph will have a point of
inflection when ' () = 0.

Figure 5 shows how the concavity tells us about the shape of a graph.

Concave down: f"(m) <0
Concave up: f'(z) > 0.

Point of inflection: f”(;c) — 0 and changes sign at this point.

concave down

point of inflection
Vg

concave up

Figure 5: Concavity and shape of a curve

% Exercise 5.4

Determine if the following graphs have a local maximum, minimum or point of inflection at the given
points, by finding the second derivative:

1 f(z) = —2® —32% + 9z —10atz =1
2. y=21+32> —10zatz = —1
3. y=223 — b4z +40atz =3

The full solutions are at the end of the unit.

272 | NC(V) Mathematics 4



Summary

In this unit you have learnt the following:

How to identify the shape of a cubic function.

How to find the x and y-intercepts of a cubic function.
How to find the stationary points.

How to find the point of inflection of a cubic function.
How to test concavity.

How to sketch a cubic function.

Unit 5; Assessment

Suggested time to complete: 45 minutes

1. Given g(z) = z* — 22 — 3z + 6:
a. Determine the intercepts with the axes.
b. Find the stationary points.
c. Calculate the point of inflection.
d. Sketch the graph.

2. Answer the following questions for f(z) = (z — 2)3:

a. Determine the concavity of the graph.
b. Find the inflection point.
c. Sketch the graph.

The full solutions are at the end of the unit.

Unit 5; Solutions

Exercise 5.1

f(z) = —x® — 52® + 9z + 45
f3)=0
-.(z — 3) is a factor
f(z) = —(2* + 52 — 9z — 45)
= —(z —3)(z* + 8z + 15)
=—(z-3)(z+3)(z+5)
Find the x-intercepts:
—(z-3)(z+3)(z+5)=0
sx=3, —3or —5
x-intercepts :
(=5;0), (—3;0) and (3;0)
y-intercept: (0; 45).
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y=2°+ 32> — 10z
= z(z® + 3z — 10)
=z(z+5)(z—2)
x-intercepts:
(0;0), (2;0) and (—5;0)
y-intercept: (0;0).

Y= 2z° — 32z
= 2z(z* — 16)
= 2z(z — 4)(z +4)
x-intercepts:
(0;0), (—4;0) and (4;0)
y-intercept: (0;0).

Back to Exercise 5.1

Exercise 5.2

f'(z) =32 —6z+9
—322 —624+9=0

22 +2x—-3=0
(z4+3)(z—1)=0
r=-3, z=1
F(=3) = —(=3)" = 3(~3)" +9(~3) ~ 10
=-37
F(1) = —(1)* = 3(1)* +9(1) — 10
— 5
Turning points: (—3; —37) and (1; —5)
2.
Y = 3z% + 6z — 10
3z + 6z — 10 =0
—b+ /b* — dac
= 2a
—644/(6)* — 4(3)(—10)
- 2(3)
-3++39
-—
-3 ++/39 -3 —+/39
Ty YT T
z = 0.180... or z = —3.081...
f(0.180...) = —6.04
#(—3.081...) = 30.04
Turning points: (0.18; —6.04) and (—3.08;30.04)
3.
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Y =6z — 54

2 —9=0
z=3, z=-3
£(3) = 2(3)* — 54(3) + 40
— —68
f(—3) = 2(—3)* — 54(—3) + 40
= 148

Turning points: (3; —68) and (—3;148)

Back to Exercise 5.2

Exercise 5.3

T f(z)=2*+2> —5z+3
a.
F1) =@ +(1)° = 5(1) +3
=0
.. (z—1) is a factor

2 +a? —br+3=(z—1)(2*+2zx—3)

(x—1)(z> +22-3)=0
(—1)*(z+3)=0
z=1lorz=-3
x-intercepts: (1;0) and (—3;0)
b. y-intercept (0;3)
f'(z) =3z + 2z — 5
Bz +5)(x—1)=0

5
zr=——andz=1
3

f(—g) — 948
f1)=o0

5
Turning points: (75;9.48) and (1;0)
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21y
(-1.69,9.48) _ |

2. f(z)=—2® +42® + 11z — 30

VY aG67, 1481

(5,0) 10 15 20

(-1, -36)

anm |
Back to Exercise 5.3
Exercise 5.4

T f(z) =32 —6z+9
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f'(x) = -6z —6
f'1)=-6(1)-6
=-12

(1) <o

.. local maximum at z =1

2.y =32 + 62— 10

y' =6x+6
y'(-1)=0
.. there is a point of inflection at z = —1

Note: we can make the above statement since y is a cubic function.

3.y =62® —54

' =12z
y'(3) = 36
y'(3)>0

.. local minimum at z = 3

Back to Exercise 5.4

Unit 5: Assessment

a.
9(0) =6
y-intercept (0;6)
9(2)=0
.. (z —2) is a factor
2 — 222 — 4z 4+ 6= (z—2)(z* - 3)
z=2o0rxz==++3
x-intercepts: (2;0), (1.73;0) and (—1.73;0)
b.
d(z) =3z — 4z -3
322 — 4z —3=0 Use the quadratic formula
z = —0.54 or 1.87
9(—0.54) = 6.88
9(1.87) = —0.06
Stationary points: (—0.54;6.88) and (1.87; —0.06)
C.
! 2
g(z)=3z" —4z -4
d'(x) =6z —4
Note: since g is a cubic function we can let ¢’ (z) = 0 to find the point of inflection.
g'(@)=0
6x—4=0
2
T ==
3
Point of inflection:
2
—;3.41
(533.41)
d.
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.
(-0.54, 6.88)

(-1.73, 0) (1.73, Q)‘.‘,(Q, 0)

1 2 3
(1.87, -0.06)

¢ )
2.
a.
(=) =3(z —2)*(1)
= 3(2? — 4z +4)
=3z — 12z + 12

1 (z) = 6z — 12
For z < 2, the graph is concave down.
For « > 2, the graph is concave up.

Note that the function is a cubic:
f'(z) = 6z — 12

=0
ST =2
f(2)=0

point of inflection: (2;0)
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Back to Unit 5: Assessment

Media Attributions

Figure 1 positive cubic © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license

Figure 2 negative cubic © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license
Figure 3 maxima and minima © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license
Figure 4 point of inflection © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license
Figure 6 Example 5.3 © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license

Figure 5 concavity © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license

Exercise 5.3 Q1 © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license

Exercise 5.3 Q2 © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license

Assess Q1 Ans © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license

Assess Q2 Ans © Geogebra is licensed under a CC BY-SA (Attribution ShareAlike) license
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SUBJECT OUTCOME VIl

FUNCTIONS AND ALGEBRA: ANALYSE
AND REPRESENT MATHEMATICAL AND
CONTEXTUAL SITUATIONS USING
INTEGRALS AND FIND AREAS UNDER
CURVES BY USING INTEGRATION RULES

@ Subject outcome

Subject outcome 2.5: Analyse and represent mathematical and contextual situations using integrals
and find areas under curves by using integration rules

‘g’ Learning outcomes

- Find the integrals of the following:

/ azdz; / %da:; / aefdz ; / asinkzdz ; / acoskzdzx ; / asec’kzdzx

Where:
amn+1

az"dr = +c

n+1
a
—dz =alnz +c
T

kx

ae
aek*dz = +c
k
. —acoskx
asinkzdzr =
asinkz
acoskrdx =

— — — — —

z

ote:

- Simplifications may be required where necessary.

- Integrals of polynomials may be assessed.

. Integration by parts is excluded.
- Use the upper and lower limits to calculate definite integrals.
- Determine the area under a curve by:

- Working from a given graph or by sketching a graph.
- Working with an area bounded by a curve, the x-axis, an upper and a lower limit.
- Splitting the area into two intervals when the graph crosses the x-axis.

Note:

= Integrals with respect to the x-axis only.
= Areas between two curves are excluded.
= The y-axis (x = 0) may be used as an upper or lower limit.

Functions and algebra: Analyse and represent
mathematical and contextual situations using integrals and
find areas under curves by using integration rules | 281



‘g’ Unit 1 outcomes

By the end of this unit you will be able to:

Understand the relationship between differentiation and integration (anti-derivative).
Define integration as the approximate area under curves.

‘g’ Unit 2 outcomes

By the end of this unit you will be able to:

Apply the rules of integration to various functions.
Calculate the definite integral.

‘g’ Unit 3 outcomes

By the end of this unit you will be able to:

Find the area under a curve between two points and bound by the x-axis.
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Unit 1: Introduction to integration

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Understand the relationship between differentiation and integration (anti-derivative).
Define integration as the approximate area under curves.

What you should know

Before you start this unit, make sure you can:

Use the various techniques for differentiation as shown in level 4 subject outcome 2.4.
Use sigma notation to calculate the sum of a series.

Try these questions to make sure you are ready to start integration.

1. Find Jim 2

z—00 I

2. Differentiate with respect to «:

a. y=In2z
b. y=sin2z
12
3. Calculate y (4 + 2i).

i=1

Solutions
2
1 lim —=0
T—00 I
2.
a.
d 1
—In2z=—- i2ac
T 2¢ dz
1
- .92
2z
1
Tz
b.
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/

Y i(sin 2z) - i2:c

dz dzx

d
— (sin 2z) = cos 2z
dz

d
—2z =2
dx
.y =2cos2z
12
303 (4+20)
i=1
4+ 2(1); 44 2(2); 4+2(3)...

6;8;10...

a=6; d=2; n=12
12

D (a+2i) = 2(2(6) + (12 - 1)2)

=1
= 6(34)
=204

Introduction

We live in a world that is in constant motion and changing every instant. It is not static so most ‘real world’
problems need mathematical techniques that can keep up with these instantaneous rates of change.
Calculus is the mathematical language that was invented to describe the dynamic nature of our universe.

Calculus is divided into two branches; differential calculus and integral calculus.

In differential calculus you find instantaneous rates of change by dividing something up into infinitely many
small slices. In integral calculus, you glue together all these little slices to get back to the bigger picture. The
word ‘integration’ means to combine or bring things together. Integration as a mathematical concept has
similar meaning.

How do you think integration and differentiation are related?

Mathematically, integration can be thought of in two ways:

Finding the area under curves.
Finding the anti-derivative (i.e. undoing differentiation).

In this unit we will discuss both of these approaches to integration.

Estimating areas

Suppose we want to find the area of a circle but do not know the formula. How could we find its area?

One way we could find the area is to place a grid of squares over the circle. Then we can calculate the area of
each square and add all of these areas together to estimate the area of the circle. We say it is an estimate of
the area because some of the squares will not be completely inside the circle. These squares are highlighted
with the blue line in figure 1. Should we count these squares or leave them out?
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T T
Figure 1: Estimating the area of a circle with a grid

If we add together all the squares that contain any small part of the circle, we will arrive at an overestimate
of the area. If we ignore all the squares that do not completely overlap with the circle, then we will
underestimate the area.

However, we now have two limits on the area of the circle — an upper one and a lower one. To ‘squeeze’ the
area of the circle ever tighter between an upper limit and a lower limit, we would need to make the squares
in the grid smaller and smaller. Then the parts that were included or discarded would be, in total, smaller
and smaller. The smaller the squares on the grid paper, the better the estimate of the area of the circle. This
is called the method of exhaustion.

Figure 2: Estimating the area of a circle with a grid of smaller
squares

As you can see in figure 2, by dividing a region into many small shapes that have a known area, we can sum
these areas and obtain a reasonable estimate of the true area of the circle.

Integration and area under curves

If we know how fast a vehicle is moving, we can use integration to determine how far it travels. Finding
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distance from velocity is just one of many applications of integration. In fact, integrals are used in a variety
of mechanical and physical applications.

In this section, we will learn how to estimate the area under curves. We will come back to the actual
calculation of area under curves using integrals in a later unit.

By now you are familiar with finding the area of regular polygons such as squares, rectangles,
parallelograms and triangles. Even when these shapes are combined into irregular shapes, it is possible to
find the total area by finding the area of the individual shapes and adding those areas together.

For example, you could calculate the area of the ‘tangram man’ in figure 3 by dividing him into several
regular shapes as shown in figure 4.

Figure 3: The tangram man
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Figure 4: The tangram man split into regular shapes

We can extend that idea to find the area bound by the x-axis and any function between two values as seen
in figure 5.

J,r.l.

f(x)
\—_—

¥

Figure 5: The area bound by f(z) and the x-axis between two points
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Say we have a function, f(z), and we want to find the area under this curve over a given interval. That means
we need to find the area enclosed by the curve f(z), the x-axis and the vertical lines ¢ = a and z = b (a shown
in figure 5). Is there a formula we can use to calculate this area?

The curve produces a very irregular shape and the height of the curve is constantly changing as you move
between x = aand ¢ = b. Since this shape is not a polygon (a closed shape formed with straight edges) there
is no area formula we can use. We need a new technique to find the area under the curve. Integral calculus
provides this new technique.

Did you know?

There is a long-standing debate over who invented calculus. It is generally accepted that both Isaac
Newton and Gottfried Leibniz invented this revolutionary mathematical idea. For a crash course on

the history and development of calculus you can watch this video, Newton and Leibniz: Crash Course
History of Science #17.

Newton and Leibniz: Crash Course History of Science #17 (Duration: 13.49)

Think back to how we estimated the area of a circle by adding together the area of all the squares that
covered the shape. We can approximate the area of this curved shape in a similar way, using rectangles.

As we did with the circle and squares, we can add rectangles over the area of the curve we want to estimate.

}T"

f(x)

L J

Figure 6: Estimating the area under the curve using rectangles

As you can see in figure 6, the big rectangles we have placed do not give the best approximation and
over-estimate the area under the curve as they stick out above the curve. But we can make the rectangles

‘narrower’ and place more of them on the diagram. More rectangles mean a better approximation of the
area.
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1
Y

L J

Figure 7: Estimating the area under the curve using narrow
rectangles

The ‘narrower’ the rectangles, the less they stick out above the curve and the better they approximate with
the area under the curve.

yl

f(x)

\J

Figure 8: Estimating the area under the curve using narrower rectangles

If we take the limit of an infinite number of really narrow rectangles we will be able to get the precise area
under the curve. Let us explore this idea quantitatively with the function f(z) = z2.
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Figure 9: The function f(z) = x*
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Figure 10: Calculating the area under f(z) = 22 between (0;0) and (1,1)

Say we would like to find the area under the curve f(z) = z* between the points (0;0) and (1,1) as shown in

figure 10.

We label the area that we are interested in, R. We know that area R will have some value between zero and
one. This is because a square, P, in figure 10, with sides of length one unit will have an area of one. Therefore,
we can say that 0 < R < 1. We will add rectangles to the diagram to see what estimates we get for area R.

First, we divide area R using four rectangles. The width of each of the four rectangles will be (.25 or i units.

We can easily calculate the area of each of these rectangles by finding the height of the rectangles from the
function. Every point on the curve has co-ordinates (z, m2).
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; (1, 1)

2

Figure 11: Calculating the area under f(g;) — gx° using rectangles

2
For example, the point G (in figure 11) will have co-ordinates (l, (l) ) You substitute the x-value into the
4 4

function to find the y-value. So G is the point(i, 1i6) The height of the first rectangle is % and the width is

l. Therefore, the first rectangle’s area is l X 1_16 = 6i4 We continue this way to find the height and area of
the remaining three rectangles.
Try finding the areas of each of the other three rectangles yourself.

To find the total area under the curve we add all of the areas together.

Number of rectangles Area under the curve

11 1 1 1 9 1

X =)+ (5 X))+ (= X =)+ (= x 1) = 0.46875
4 (4X16)+(4X4)+(4X16)+(4X )

We know this first approximation is too high because the rectangles stick out above the curve.

Next, we use 10 rectangles. These will each have a width of (.1 or 1—10 This is narrower than the width of

the four rectangles used previously. Once again, we can calculate the heights of each rectangle using the
function.

292 | NC(V) Mathematics 4



—t

(1,1)

]

0 0.

Figure 12: Calculating the area under f(z) = z

0.2 0

0.5 06 0.7

2 using 10 rectangles

3 0.4

0.8 0.9 1

Approximate area under the curve

Number of rectangles Add the area of each rectangle
1 1 1 1 1 9 1
— X — — — X — —x1 4
4 (4><16)+(4><4)+(4><16)+(4>< ) | 0.46875
(0.1 x 0.01) + (0.1 x 0.04) + (0.1 x 0.09)
+(0.1 x 0.16) 4 (0.1 x 0.25) + (0.1 x 0.36
10 ( )+ )+ ) 0.385
+(0.1 x 0.49) + (0.1 x 0.64) 4 (0.1 x 0.81)

+(0.1 x 1)

The rectangles do not stick out as much above the curve so this must be much closer to the actual area but
this is still an over-estimate. If we use 100 rectangles the rectangles will be much narrower at 0.01 units in

width. The narrower the rectangles, the closer we will get to the precise area.
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7
b
??
fl
it
7
A
H
i
i:‘ Number of Approximate area under
}?a"' rectangles the curve
A 4 0.46875
of
A 10 0.385
A 100 0.33835
!",
i"Fp
0 1

Figure 13: Calculating the area under f(x) = 22 using 100 rectangles

We will not show all of the divisions and calculations, but the table below shows what happens as we

increase the number of rectangles all the way to 1 000 rectangles. What number is the area under the curve
approaching?

Number of rectangles Approximate area under the curve
4 0.46875

10 0.385

100 0.33835

1000 0.33383

. . 1 . . .
We can clearly see that area is getting closer and closer to 3 You will remember from differential calculus

that the word we use to indicate ‘getting closer and closer to a specific number’ is, limit.

Actually we can show, and do show in the next unit, that if we take the limit of an infinite number of

. . 1 . . .
rectangles, the sum of the areas of the tiny rectangles will be exactly E While we will not show the working

here, the area R under the curve f(z) = z? between the points (0;0) and (1,1) is in fact equal to %

We can apply this technique to find the area between two values under any function. We can represent the
sum of the areas of rectangles using sigma notation.
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e—— A zlimif(xf)ﬂuc

&
L J

Y

Figure 14: The sum of the areas of rectangles using sigma notation

"Q') Take note!

A = lim

n—co
Sigma means add up the Ax = width of
series of terms that : each rectangle
follow from1ton f(x;) = height of

each rectangle

This tells us that we are finding the sum of areas of rectangles.

Taking the T}E{)lo of the sum of an infinite number of rectangles gives the exact area under the curve.

Integration allows us to find the area under a curve. We introduced this idea using sigma notation, but
integral notation is much more compact to use when we refer to areas under curves.

Did you know?
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Calculus is the foundation of modern science. This animated video explains how integral calculus
relates to velocity and time (Duration: 19.03).
[link: https://www.youtube.com/watch?v=rjLJIVoQxz4.]

Animated video (Duration: 19.03)

Integral notation

In differentiation there are special notations and instructional symbols used to indicate the derivative.
Similarly, we use special notation and symbols when referring to integrals.

The integral sign / which looks like a long ‘s’ is called ‘summa’, the Latin word for sum. When we integrate

a function, we use special notation /f(a:)d:c. Each part of integral notation has a name.

@ Take note!

limits of integration (where to start

integral sign @ and where to stop adding rectangles)

represents the ( )
limit of the sums f X dx
of the rectangles / \

shows the variable of
integration and must be
included whenever the integral
sign is used

integrand: shows
the function being
integrated

This is
called the definite integral and represents the area under a curve for a given interval.

Let us compare sigma notation to integral notation. Which notation would be quicker to write down and
easier to work with?
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1 b
A=limY faAy | ], S0

As you can see it is definitely quicker to use integral notation. While both give the area under the curve it is
important to note that these notations are only equivalent when we include n — co in the sigma notation,
as shown above. For all other values of n the sigma notation only approximates the value of the definite

b n
integral. We use / instead of lim to show that we are calculating the area under a curve.
n—oo
a =1

K3

1
In the next unit we will show that / 22dr = 1 This is the same as showing that the area under the curve
0 3

f(z) = z* between the points (0;0) and (1,1) is equal to é

Time required: 5 minutes

What you need:
an internet connection

What to do:
Use the limit of the upper sum of a function to explore the integral.

Click on this link to go to the “Exploring the integral activity*.

The following screen should appear:
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Q@ 1= x+2)(x—27+2 N
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n=10 :
O 0 —@ 100 (5)
) a = UpperSum(f,x(A),x(B),n) :
= 3201
+

I=
m

&
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o
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|

&
ta

I

o
Q)

Press play on the slider n to increase and decrease the number of rectangles over the given
interval. Note how the sum of the areas of the rectangles, represented by ‘a =' on the graph,
change. You can change the speed of the rectangles appearing by clicking <« or > above the play
button.

Click the circle next to ‘UpperSum’ to hide the rectangles from the visual. Note: The ‘UpperSum’
gives you the estimate of the area under the curve for different values of n .

Next, enter the command ‘Integral(f, x(A) ,x(B))" in the box with the + (input) sign and press enter to
display the actual area between f(z) and the x-axis over the given interval. The area will be
displayed as ‘b =’ on the graph. This gives the definite integral under the curve over the interval. If
you have entered the command correctly it will display a solid shaded region under the curve
between A and B. Make sure that the tiny rectangles are hidden or you will not see the area of the
definite integral.

To display the rectangles again, click the circle to the left of ‘UpperSum’. As you change the values
of n, zoom in on the graph to see how much the rectangles stick out above the curve.

Drag and hold the points 4 and B to move the values along the x-axis.

What did you find?
As n increases to 100 what value does the sum of the areas of the rectangles approach?
Is the area b displayed using the integral commmand, Integral(f, x(A) ,x(B)) , close to the sum of the

area a of the rectangles as n — 1007?
Did you get the area of the definite integral b = 29.33?
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Did you get the sum of the areas of the tiny rectangles ¢ = 29.71 when n = 1007?
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A B
2 3 4 5 6 7 3 g 1C

The area using summation and the area using the definite integral are close in value (¢ = 29.71
and b = 29.33). The summation of rectangles helps to approximate the definite integral. As the
value of n approaches infinity the area found using the sum of the tiny rectangles will be equal to
the area found using the definite integral.

Did you see that the more rectangles you use the less the rectangles stick out above the curve?

Integration reverses differentiation

For a known function f(z) we differentiate to find its derivative f'(z). The reverse of this process is to find
the original function F(z) from its derivative. In the 17th century the founders of calculus, Isaac Newton
and Gottfried Leibniz discovered that integration is the inverse process of differentiation. They proved
that evaluating the anti-derivative is equivalent to finding the sum of the areas of an infinite number
of rectangles under a curve. So, rather than finding the sum of the areas of an infinite number of tiny
rectangles all we have to do to evaluate an integral is invert the process of differentiation.

If we differentiate the function f(z) = z® then its derivative f'(z) = 2z. So, the integral of 2z takes us back to
the original function 2. We can represent this as shown in figure 15.
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/ differentiate \

Figure 15: Integration reverses differentiation.

Are there other functions that will give us the same derivative of 22?

There are lots of functions that will have a derivative of 2z. For example, 2% + 2, 2% + %, z2 — 5 all have the

same derivative 2. This is because when you differentiate the functions, the derivative of the constant terms
will be zero. When we reverse the process of differentiation, we have no idea what the constant term may
have been. So we include in the answer a constant of integration, this is an unknown constant, which we
call c¢. Therefore, we say the integral or anti-derivative of 2z is 22 + ¢ and this accounts for all the possible
values of the constant term of the function.

"Q') Take note!

integral symbol 2.1,' dx —_ xz + C

constant of

integrand integration
shows the variable g

of integration

To complete the integral sign there is a term of the form dz, which must always be included. It shows

the variable involved, in this case z. We read /Zz dz as the integral of 2 with respect to z.

The function being integrated is called the integrand. Integrals of this form are called indefinite
integrals, to distinguish them from definite integrals, which we will discuss in the next unit.

Indefinite integrals do not have the upper and lower limits of integration as we are finding a function
and not the area under a curve. When you find indefinite integrals, your answer must contain a
constant of integration.

"Q') Take note!
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Integration is simply the evaluation of anti-derivatives. This video called “Fundamental theorem of
calculus”, explains how integration and differentiation are fundamentally linked.

Fundamental theorem of calculu (Duration: 00.00)

Let's look at an example to explore this further.

é© Example 1.1

Find the derivatives of f(z)=2% f(z)=2>+2; f(z) =2° -4 From there, deduce that
/szdaz =z}t

Solutions

f(z) = z*and f'(z) = 32

f(z) =2® +2and f'(z) = 32

f(z) =2 —4and f'(z) = 32°

The derivatives of all three functions are equal.

/3:c2d:c =23 +e¢

Any constant will become zero when differentiated so the constant of integration must be included to
cover all possible indefinite integrals.

Rules for integration

There are a number of different rules that are used to make the process of integration simple. In this unit we
will focus on the following two rules; the power rule for integrals and the constant coefficient rule.

Power rule for integrals n # —1

xn+1
/m"dw: +c
n-+1

Remember from the power rule for differentiation that the derivative of z” is p, . z7~1. To get the anti-
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derivative we must reverse this process by increasing the exponent by one and then divide the result
by the new exponent.

Constant coefficient rule:

/kf(a:) dz = k/f(w) dz

A constant in an integral can be moved outside the integral sign.

p Example 1.2

Find:

1. /4 dz
2. /m dz
3. /21:2 dz

Solutions

Here we integrate a constant — the variable has a power of zero.

/4dz:/4m0dm

4m0+1
041
=4z +c

+c

By using the power rule for integration, we increase the power by one and then divide the result
by the new power.

/2:v2 dm:2/:c2 dx
221
=2 +c
(5=3)

23
= —+c
3

Keep the constant coefficient.
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Note: Since integration is the inverse of differentiation, a way to quickly check your solutions is to derive
and see that you arrive at the original expressions.

% Exercise 1.1

Find the indefinite integrals of:

1. /5$ dz
2. /7 dt
/ Y’ dy

1
4., — dx
24

. /\/idw

W

)]

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:
How to define the integral as the area under a curve.
The notation used to represent the definite and indefinite integral.
The relationship between integration and differentiation.
How to defined integration as the anti-derivative.

How to use the power rule for integrals.
How to use the constant coefficient rule for integrals.

Unit 1; Assessment

Suggested time to complete: 20 minutes

1. Use five rectangles to estimate the area under the curve f(z) = z? between the points (0;0) and (1,1)

(Hint: the width of each rectangle is % ).

2. Find the following integrals:

a. /3y2dy
b. /3 dt
2
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C. /\/5_a:da:
d. /\3/8_mdm

1
e. /y dt Write the answer in root form.
t

The full solutions are at the end of the unit.

Unit 1;: Solutions

Exercise 1.1

21+
/59: dx = +c
1+1
52
= —+4c
2
2.
7t0+1
7Tdt=——+c .
0+1 Integrate with respectto ¢
=Tt+c
3.
4
Yy
3
dy=—++c¢c
[
4.,
1 . . .
/—4 dr = /w"l dx Rewrite the integrand using exponents as 4
T
4+l
—4+1
23
= ——+c
3
5.
1
/ﬁ dz = /332 dz
1
—+1
2
= +c
3 +1
3
x2
= e

2
= %\/?—I—c

Back to Exercise 1.1
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Unit 1: Assessment

Number of rectangles Coordinates Area under the curve
1 1
(g:g)
2 4
(37%)
5 (E,i) (%x%)ﬂ%x%)ﬂéx% +(%x£)+(%x1):0444
5 25
4 16
(gag)
(1,1)
2.
a.
/3y2dy= ¥+
b.
t 1
/— dtzf—t dt
2 2
1/
2\ 2
t2
= — +C
4
C.
1
/\/5.% dz = | /522 dz
3
T2
VT
2
3
24/5z 2
= \/_ +c
3
d.
1
/\3/8.27 dm:/2a¢3 dz
4
_o| 2%
4
3
4
3z3 N
= c
2
e.
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4
=8
3
Back to Unit 1: Assessment
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Unit 2: Rules for integration

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Apply the rules of integration to various functions.
Calculate the definite integral.

What you should know

Before you start this unit, make sure you can:

Define integration. To revise this, refer to unit 1 of this subject outcome.

Apply the various techniques of differentiation by rule. To revise this, refer back to level 4 subject
outcome 2.4 unit 1.

Evaluate simple integrals by reversing the process of differentiation.

Try the following questions to make sure you are ready for this unit.

Find the indefinite integrals of:

2. /ﬁ dz
3 /\3/8.7: dx
Solutions
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Introduction

Integration and differentiation are inverse processes. The inverse relationship between differentiation and
integration means that, for every statement about differentiation, there is a corresponding statement about
integration. Finding the antiderivative is the same as finding an indefinite integral. The answer to an
indefinite integral will always be some function.

@ Take note!

Given a derivative function /' (x)
The antiderivative = F'(x)

Finding the derivative of the antiderivative
will take you back to the original function

F'(x) = f(x)

If %(F(z)) = f(z) then /f(w)da; = F(z).
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In other words, if the derivative of F(z) is f(z) , then an indefinite integral of f(z) with respect to z is

Note: we say an indefinite integral, not the indefinite integral. This is because an indefinite integral is
not unique.

In unit 1 you learnt how to apply the power and constant coefficient rules for integration. These rules were
fairly straightforward but there are many other integration rules, which get more complicated the more
complex the functions become. In this unit we will go over the strategies that you will use when integrating
different types of functions.

Integral rules

You have already seen, in the previous unit, that there are lots of functions with the same derivative. For

example, 2% + 2, %+ i, 22 — 5 all have the same derivative 2. This is because when you differentiate the

functions, the derivative of the constant terms will be zero. When we reverse the process of differentiation,
we have no idea what the constant termm may have been. So, we include in the answer a constant of
integration. This is an unknown constant, which we call cTherefore, we say the indefinite integral or
antiderivative of 2z is 2 4 ¢ and this accounts for all the possible values of the constant term of the function.

We have defined integration as the inverse of differentiation but more precisely it is an indefinite integral
that is the inverse of differentiation.

@ Take note!

integral symbol ZJC dx —_ xz +

C

integrand ntegration
shows the variable 8

of integration

The above integral is called an indefinite integral. Given a function f(z), an indefinite integral of 'f" is its
most general antiderivative. If F(z) is an antiderivative of ' f' then /f(z)dz = F(z) + c¢. The act of finding

the antiderivatives of a function is referred to as integrating.

The rules for integration of functions are derived from the rules for differentiation.

Sum and difference rule:

Unit 2: Rules for integration | 311



[ @) £ g(ede = [ fla)do = [ gla)de

It sometimes helps to understand and remember rules like this if you state it in words. The above rule states
that the integral of the sum (or difference) of two functions is the sum (or difference) of their integrals. We
can easily extend this rule to include more than two terms.

For example,/(5ac3 — 72 + 3z + 4)dz = /5x3dac —/7w2dw+/3wdw+/4dm.

Take notel!

You have already applied the following rules in the previous unit.

Power rule for integrals n # —1:
xn-&-l
/m" dx = +c

Constant coefficient rule:

/kf(m) dz = k/f(:c) dx

p Example 2.1

Find the following indefinite integrals:
1. /(53:3 — 72® + 3z + 4)dz

22 + 4.z
2. /—\/_dz

x

Solutions

1. Using properties of indefinite integrals, we can integrate each of the four terms in the integrand
separately.

/(53:3 —72® + 3z + 4)dz :/5z3dz—/7x2dm+/3mdw+/4dm

From the constant coefficient rule each coefficient can be written in front of the integral sign.

/5x3dx—/7m2d:c+/3md:c+/4d$:5/m3dw—7/m2dm+3/wd.’c+4/1dw

Using the power rule for integrals, we get:

5/x3dm—7/m2dx—|—3/acdm+4/1dfc:%m4—gm3+gm2+4m+c

Note: We do not repeat the ‘c’ for each term, we use one ‘c’ for the entire integral.
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2. Rewrite the integrand to simplify the exponents.
z? + 4z 2 4AYz
/ TAAE L / @ W
T x x

Then, to evaluate the integral, integrate each of these terms separately.
1

2 437 2 3
/17_+ \/_dm:/w_dm+/4$
X X xr X

—2
:/wdw+/4m3 dz
-2

3 !

1

=z’ +4 mz— +c
2 —+1

dz

1
1 J—
253324-12:63 +c

A Exercise 2.1

Find the following integrals using the rules for integration:
1. /(2m3 +2? — 2z)dz
1 2
2. [y(=+y)dy
Y
3. /(\/5+\/3m)dx

The full solutions are at the end of the unit.

Differentiation rules make integrating simple

The key to understanding integration is to understand differentiation. Integration becomes easier when you
learn to recognise a given function as the derivative of another function. However, this does not mean you
must memorise integration formulae from a table of integrals. There is no need to memorise the integration
formulae if you know the differentiation ones.

A good way to become better at integrating is to become familiar with the list of derivatives and to practise
recognising a function as the derivative of another function. All you need to do to integrate a function is to
recall the way in which an integral is defined as an antiderivative.

Every time you integrate a function, pause and check your answer by differentiating it to see if you get
back the original function. This is a very important habit to develop and will help you spot careless mistakes
quickly.

For example, say we want to find /cos zdz, how can we do this using only what we know about derivatives?

Unit 2: Rules for integration | 313



We know that di(sinm) =cosz, SO F(z) =sinz is an antiderivative of cosz. Therefore, every indefinite
X

integral of cos z has the form F(z) = sinz + ¢ and every function of the form sin 2 + ¢ is an indefinite integral
of cosz.

Take notel!

When integrating trigonometric functions, the angle is generally measured in radians.
You can convert between radians and degrees by recalling that:

360° = 27
5. 180° =7

Let us look at one more example where knowing the derivative helps you find the integral.

p Example 2.2

Find / tanz ..

coszT
Solution

First, rewrite the integrand.

tanx 1
/ dr = / tanzx - dzx
cos T cos T

= /tan T sec zdx

Next, you need to think back to the derivative rules (subject outcome 2.4) or look at your formula sheet,
to see if you recognise tan z sec x as a derivative of another function.

- d
From the derivative rules we see that d—sec:c = tan x sec x.
xXr

/tan:csec:cdw =secx +c¢

The natural logarithm

1 . . . . .
The /—dm needs special mention. How do we integrate the function l? You may be tempted to rewrite
T z

n+1
the function as ;~1 and apply the power rule for integration. However, /gg" dr = + cis not valid when
n+
n = —1. Why? Well, this is because the denominator would become zero and we cannot divide by (.

In differential calculus (subject outcome 2.4) you learnt that the derivative of the natural logarithm function

Inzis l Since integration is the inverse of differentiation / —dz should be a function whose derivative is l
x T xr
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. S0, this must mean /—dm = Inz + c. However, if z is negative then ln z is undefined so we must restrict
X

. 1
to positive valuesonly. Forz >0, | —dz=Inz + ¢
T

Take notel!

Using derivatives, we can arrive at the following indefinite integrals when the functions are multiplied
by some constant.

Differentiation rule Indefinite integral

kazﬂ [kdx = [kx%dx =kx +c

L ax" = n-ax™1 axm+i

dx [ax™dx = +c forn#+-1

n+1

d a
@) =25 x>0 j'gdx=alnx+c;x:>0

4 KXy _ rokx ki g, ae

—(ae’™) = ke [ae®dx = —+c

d . inkx
aasmkx=k-acoskx facoskxdx=asm +c
d .

—acoskx = —k-asinkx . —acoskx

dx fasmkxdx=%+c
d tankx
aatankx=k-asec2kx faseczkxdx=%+c

Let us have a look at another example.

p Example 2.3

With the use of derivative functions, integrate the following.

1. /e’”da:
2. /sin zdx
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3 / sec’zdx

Solutions

1. Since di(ew) = ¢” then F(z) = €” is an antiderivative of ¢. Therefore, every indefinite integral of ¢*
L

has the form F(z) = e” + ¢ and every function of the form ¢ ¢ is an indefinite integral of ¢?.

.'_/emdw:e”” +ec

d
2. —(cosz) = —sinz
dx

/sinmdm = —cosxz+c

Note: /— sinzdx = cosx + ¢

—(tanz) = sec’z
dx

/seczmdm =tanz +c

Now try this exercise.

% Exercise 2.2

1. Each of the following statements is of the form /fa:dx = F(x) + cVerify that each statement is

correct by showing that F'(z) = f(z):
T 1 2 T

a. [(z+e )d:z;=§9: +e" +c

b. /mezdw =ze® —e" +¢

C. /:::cosxdz =gxsinz +cosx + ¢

2. Find the following indefinite integrals:

a. /tan z cos zdx

1
b. /——i—wdm
22
c. f(z) =5z* +42° +2
1
d f(z)=—
x

o
N
)
w0
@

a

[\
8
_|_
|
N——
U
8
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f. /(:c — l)2dar; (Hint: Expand the integrand expression.)
x

The full solutions are at the end of the unit.

Definite integrals

In Unit 1: Introduction to integration, we saw that we could represent the area under a curve using

n
summation notation A = lim Zf(wi)Am. A sum of this form is called a Riemann sum, named after the
n—o0
i1

19th-century mathematician Bernhard Riemann, who developed the idea.

Did you know?

Riemann sums are the formal application of the method of exhaustion. You have seen the area under
a curve defined in terms of Riemann sums. You can click on this link for a graphical illustration of the
definition of Riemann sums.

We saw in unit 1 that since differentiation and integration are inverses, we can easily find the area under a
curve by finding definite integrals.

@ Take note!
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limits of integration (where to start

. . O and where to stop adding rectangles)
integral sign

represents the ( )
limit of the sums f X dx

of the rectangles /

integrand: shows
the function being
integrated

shows the variable of
integration and must be
included whenever the integral
sign is used

This is
called the definite integral and represents the area under a curve, over a given interval and bound by
the x-axis.

We have shown that we represent the area under a curve between the x-axis and over a given interval by

b
the definite integral / f(z)dz- Will the answer to the definite integral be a value or a function?
a

The answer to the definite integral will be a numerical value because it is giving us the value of the area of a
curve between the lower and upper limits of an interval.

yl

f(x)

\J

Figure 1: The area of a curve between the lower and upper limits of an interval
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b
| f@de = F0) - Fla)

b
/ f(z)d=x tells us that we need to integrate the function f(z) with respect to x over the intervala to b.

F(b) — F(a) means we need to find the value of the antiderivative at the upper limit b and subtract from
that the value of the antiderivative at the lower limit a. The limits of integration are the x-values or the
independent values.

We often use the notation F(x)\z to denote the expression F(b) — F(a). We use the vertical bar and
associated limits a and b to indicate that we should evaluate the function F(z) at the upper limit and
subtract the value of the function F(z)at the lower limit.

Time required: 15 minutes

What you need:

a pen and paper
an internet connection

What to do:

b
Find / (333 9222 4z + 10)dz for different values of a and b.

Step 1: Click on this link to go to the activity.

The following screen should appear.
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B=(22)

e

—

— a = Integral(f, x(A), x{

— 21.75

s 4 fiz 0 2 4 8 8

b
Step 2: From the graph drawn in Geogebra, what is the value of / (m3 — 222 4z + 10)dz between
A(-1;11) and B(2;2)? (Hint: This is the value shown as ‘Area a’ on the graph.)

2

Step 3: Calculate / (z3 — 222 — 4z + 10)dz. Show all working. What have you calculated?
-1

Step 4: Using the graph, drag and move point A to (0; 10) and drag and move B to (1; 5). You can achieve

the same result by just entering the coordinates of A and B on the left of the Geogebra screen as shown
here:

@ A-=(0 10

O B-=(15)

What are the limits of integration now?

Step 5: From the graph, read off the integral at the new limits of integration. What does this tell you?

1
Step 6: Calculate / (x3 — 22 —dx + 10)dz- Show all working. Compare this to your answer from the
0

graph. What do you notice?

What did you find?

b
From the graph you can read off the value of/ (g;3 — 22 _dx+ 10)dz, whereg = —1and p = 2.
a

We see that the area between A(—1;11) and B(2;2) is 21.75.
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2
Using the rules for integration we can calculate / (:133 — 222 —dz + 10)dz as follows:
-1

2
T

2 4 3 2
2 4
/ (28— 22% —de +10)de = — — 22 2T 1 102
-1 4 3 2

-1

3 4 3
_ lﬁ 2O s 10(2)] - [% R L)

You have calculated that the area under the curve between the x-axis and points A(—1;11)and
B(2;2) is 21.75. This is the same as the answer from the graph.

The limits of integration are the x-values of the co-ordinates of A and B. Therefore,q = 0and b =1
are the limits of integration.

From the graph we read that the area is 7.58. This means that the area under the curve and above
the x-axis between (0;10) and (1;5) is 7.58.

Use the rules of integration to integrate and then evaluate.

1 4 3 9 1
2 4
/(.’/E372w274m+10)d$:$—7i7i+10$
0 4 3 2 0
14 201)° ,
= |5 - —2(1)* +10(1) | [0
- T o 10| - [
91
12
~ 7.58

The answer we calculated is the same as the one shown on the graph as we are also calculating the
integral between (0;10) and (1;5). So we have confirmed that area under the curve and above the x-axis
between (0;10) and (1;5) is7.58.

1
You may recall from unit 1that we promised to show that / 22dr = l This is the same as showing that the
0 3

area under the curve f(z) = z? between the points (0;0) and (1,1) is equal to exactly %
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Figure 2: The area under the curve f(z) = x? between the points (0;0) and

(1,1) is equal to exactly %

b
Using / f(z)dz = F(b) — F(a), we can evaluate the definite integral of f(z) = 2% between [0, 1].

1
We rewrite this as / z2dx. Notice that the upper limit is one and the lower limit is zero and we have
0

1
replaced f(z) with the function 2. / 22de = F(1) — F(0) but first we must integrate f(z) = z? using the

0
3

power rule for integration. You will get that the antiderivative of ;2 is r.
3

1 3
/ m2dz=$—
0 3 0

antiderivative at one, F(1), minus the antiderivative at zero F(0).

1
Recall that the vertical line with the upper and lower limits means the evaluation of the

B ¥ o1 0?
By substituting: Fl)=—==> and F(0)=—=0
3 3 3
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In the previous unit we saw that this was the area under the curve f(z) = z2 between [0,1] using the tiny
rectangles, as the number of rectangles increased to infinity. So, we can see that evaluating the definite
integral gives exactly the same answer as using the summation of tiny rectangles as n — oo. It was this idea
that the founders of calculus used to show why differentiation and integration are inverse processes. The
fundamental theorem of calculus brings together the two big concepts of integrals and derivatives. Its very
name indicates how central this theorem is to the entire development of calculus.

The fundamental theorem of calculus and definite integrals:

If f is continuous over the interval [a;b] and F(z) is any antiderivative off(z), then
b
| f@de = F@L. = F®) - Fl@)

The theorem states that if we can find an antiderivative for the integrand, then we can evaluate the
definite integral by evaluating the antiderivative at the endpoints of the interval and subtracting.

Did you know?

The fundamental theorem of calculus is made up of two parts. While we have covered both parts
of the theorem, this video “Fundamental theorem of calculus (Part 2)” explains both versions of the
fundamental theorem of calculus in more detail.

Fundamental theorem of calculus (Part 2) (Duration: 04.44)

Let us now look at an example.

p Example 2.4

4
1. Evaluate/\/f(1+t)dt.
1

2. Find the definite integral of f(z) = x* — 3z over the interval [1; 5.

Solutions

Unit 2: Rules for integration | 323



1. Rewrite the function and simplify using exponent rules.
4 1

4
/ﬂ(1+t)dt= /t5(1+t)dt
3

4 1 4 1
/tE (1+¢)dt = /tE + tE dt Apply the power rule of integration
1

1 Use the vertical line with the limits of integration
3,5\
= | =t2 + =¢t2
1
2 3 2 5 2 3 2 5
=[(-4)2+=4d2| - |=(1)2 +=(1)2
S@2 @2 ] - 202+
_m 16
15 15
_ 256
15
2. Rewrite the question in integral notation.
5
/(332 — 3z)dz
1
5
3 2 (5
/(:(:2—3a:)d:c:m——3i
3 2 |
1
5 36)°] [’ 3(1)°
| 3 2 3 2
25 7
G
16
3

% Exercise 2.3

Evaluate the following definite integrals:

1 /04 (3 — o)da

2. /2 (t* — 4)dt

2

2
3. / 3 cos 20d0
0
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™
4. /4 2sec’ zdz
0

5, /14 (1\“;;2)@

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to use and apply the integral rules.

. k
How to flnd;/—da:,/ekmdw,/asinkmdw,/acoskwdm,/asechmdm.
x

The fundamental theorem of calculus.
How to evaluate the definite integral.

Unit 2;: Assessment

Suggested time to complete: 35 minutes

1. Determine the following integrals (leave your answer with positive exponents and in surd form, where

applicable):
a /(295 —3)(1 - 22)da

_ 2
b, /(ﬂ)dx
r—2
c. /<e3®+ ! +tanx)dm
COS2$ COosST
Ax 2
d. /<2cos3w+e—+—)d:c
4 T

1
e. / <3sec22.7: +2e% + —) dz
x

2. Evaluate the following:

3
a. / (w+1)dm
1 xr

b. / cos 2zdz
0

2 /.4 2
C. / (33 te )d:/v
1 x3

The full solutions are at the end of the unit.
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Unit 2; Solutions

Exercise 2.1

/(2973 + z* —2m)dac:2/w3dm+/a¢2dm—2/md$

x3+1 $2+1 $1+1

4 3 D)

/(ﬁ+¢3_x)dx = /\/Edw+/\/3_m
— /m%d$+\/§/$%d$

| wo vl
w

Back to Exercise 2.1

Exercise 2.2

1
a. /(w+e”)dm=§w2+e”+c

1
F(z) = 53:2 +e"+c

F'(z)=xz+¢€"
f@) =ate
S F(2) = f(z)

1 '
The statement /(m +e)dz = 5902 + e® 4 cis correct.

b. /xezdw =ze* —€e* +e¢
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F(z) =ze® —e" +c
F'(z) =1-¢€" + ze” — €” + 0 Use the product rule

f(z) = ze”
S F(2) = f(x)

The statement /mexdm = ze® — e® + cis correct.

C. /wcosxd:z: =gxsinx +cosz +c¢

F(z) =zsinz 4 cosz + ¢
F'(z) =sinz + zcosz —sinz
=zcosx Remember: D, [zsinz] = sinz + x cos z by the product rule
f(z) =z cosz

The statement /:c coszdxr = rsinx + cosz + ¢ is correct.

sinzx

tanx cos zdx =
cos T
= / sin zdz

/sinxdr =cosz +c¢

b.
/i—ﬁ—mdm:/ida:—i-/xda:
x2 2
:/m’zd:c—i—/xdac

$72+1 :L.lJrl

= + + ¢ Use the power rule for integration
241 1+1

cos zdz Rewrite tan z and simplify
a.

1
= _-'1:71 + 5.’132 +c

1
=—+4 51?2 + ¢ Write answer with positive exponent
T

c. f(x)=>5az* + 42° + 2 Given f(z) so we can rewrite as / (5z* + 42® 4 2)dz

55 46 20+1
/(5x4+4x5+2)dm:%+%+ °

+c

2
=x5+§$6+2x+c

d.
1
f(z) = QE—Z
1
.‘./—dwz/m_2dw
72
21
=—+c
-1
1
= ——+4c
e.

2 2
/(25ec2x—|— ;)dm = /2sec2:cdx+/;dm

=2tanz + 2Inz + ¢
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1 1
/(w — 2)dz = /m2—2 + —2da: Multiply out integrand first
x

T
2/ 2dx — 2d:1:+/:1:’2da:
-1

CU3 T
=—-2z+|— ) +c
3 1

1, 1
=—-x" —2r——+c
3 z

Back to Exercise 2.2

Exercise 2.3
1.
/(; (37m)dw:/0 Bdmf/O zdx
9 4
=3z — zr
2 o
4)2 0)?2
o ) o
=12-8

2.
2 3 2
/ (t* —4)dt = — — 4t
9 3

-2

3.
o d . asin kx
/ 3 cos 20d6 Use d—a sin kx = ka cos kz to get [ acoskxdr = P +c
0 X
27 21
/

3 c0s20d0 = 25220 Where a — 3,k — 2

0
3sin2(2w)  3sin2(0)

2 2
3(0)  3(0)
2 2
=0
4.
/4 2sec’zdr = 21;anac\oZ
0
. tank
- 2tan(§) — 2tan(0) Using /aseczkmd:c ==
=2(1) — 2(0)
5.
+ — | dz Divide through by the denominator
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Back to Exercise 2.3

Unit 3: Assessment

a.
Expand and simplify first.
/(21:—3)(1—2:c)dx = /(81:—3—4w2)d:1:
= /Smdw— /3dw — /4x2dx
82 428
=——3r—— +c
2 3
2 4 3
=4x* —3x— —x° +c
3
b.
Factorise and cancel first.
4—4 2 2—z)(2—=x
(e e-)@-2)
x—2 —(2-12)
- [--a)da
:/(m—2)d:c
2
S —2z+c
2
C.
1 t 1 1
/<€3Z+—+ anm)dw/(eth +tanz - )dfﬂ
cos?r  COST cos2z coszT
:/(63’3 +sec2a:+secmtanw)dm
= /e3mdfv+/se02mdm+/sec:ctana:dm
3z d
= — +tanz + secx + ¢ Since —secx = secxtanzx
3 dz
d.
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Az 2 2 si Az
/(2cos3a:+e—+—)da:= s1n3:r,+ c +2lnz+e
4 T 3 4-4

2 et
= —sin3z+ — +2Ilnz +c
3 16

1 3tan2z = 2"
/(358022$+263z+—) dac:—a; ? 4 Z +lnz+ec
z

3 2
= 5tan2m—|— 56‘% +Inz+c

) [ Ged)e

=z+haf
=(B3+n3)—(1+Inl)
=3+h3-1
=2+1In3

ks

s : 2
/ cos 2zdr = S or
0 2 o

sin 27 sin 2 (0)

= ( )= (

Il
-

Il
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Mll\?\,
+
5
)
~
|
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+
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Back to Unit 2: Assessment
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Definite integral over an interval of xA2 © Geogebra is licensed under a CC BY-SA (Attribution
ShareAlike) license
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Unit 3;: Determine the area under a

curve

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Find the area under a curve between two points and bound by the x-axis.

What you should know

Before you start this unit, make sure you can:

Sketch cubic functions.
Apply the rules of integration.
Find the definite integral.
Find the indefinite integral.

Try these questions to make sure you are ready for this unit:

- 2
1. Find:/(ﬂ)dm
T —2

2

2. Calculate:/ (z* — 22° — 42 + 10)dz
-1

s
3. Evaluate:/ cos 2zdx
0

Solutions
1.
(e ()
- [e-a)d
- /(:v —9)da
e
2.
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2 4 3 2

2 4

/ (z® — 22% — 4z + 10)dz i a >
-1 4 3 2

I
|
|
|

+

~

o

8

Il
o
=
q
=

™ 3 2 s
/ cos 2zdr = S ey
0 2 o

sin 27 sin 2 (0)
2 2

=

=0

Introduction

We have seen in units 1 and 2 of this subject outcome that we can find the area between a curve, the x-
axis, and specific ordinates, by using integration. In this unit we will look at how to apply this idea in more
complicated situations.

The area between a curve and the x-axis

Let us do an activity to revise how to find an area of a segment under a curve.

Time required: 25 minutes

What you need:
a pen and paper
What to do:

1. Sketch the graph of y = z(z — 1)(z — 2).

Write down the x-intercepts of the graph.

Mark the areas between the curve and the x-axis as 4 and B.
Write down the position of area 4 in relation to the x-axis.

Write down the position of area B in relation to the x-axis.

Decide if the positions of A and B make any difference to the area.

Calculate the definite integral of z(z — 1)(z — 2) between the points (0,0)and (1, 0).

e G A A

State what the value you have just calculated represents.
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10.
1.
12.

Calculate the definite integral of z(z — 1)(x — 2) between the points (1,0)and (2, 0).
State what the value you have just calculated represents and why this value is negative.
Hence, find the total area contained between the curve and the x-axis.

Calculate the definite integral of z(z — 1)(z — 2) between the points (0,0) and (2,0). Compare this
answer to the answer you found for the areas of 4 and B previously.

What did you find?

Compare the graph you drew to y = z(z — 1)(z — 2) drawn here. Did you get the same shape of
graph?
4 -

_L_
I;Iu_
III\__‘_
I_L_
-y
g
e
I A
e -

f

The x-intercepts, which are calculated by letting y = 0, are (0, 0), (1,0) and (2, 0).

A and B shown on the graph represent the areas between the curve and the x-axis.
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We notice that area A lies above the x-axis and area B lies below the x-axis. In previous units we
have only calculated areas using integration when the area of the curve is above the x-axis. Does
the position of the curve make any difference to the area? Let us calculate the definite integrals

over each interval separately so we can see what happens.
We know that the area 4 is given by the integral from ¢ = 0 to ¢ = 1 of the curve
y=2z(z—1)(z—2) = 2> — 32 + 2z Therefore:
1
A= / (z® — 32% + 2z)dx
0

1

7:54 33 222
4 3 2 |,
4 1
:w__$3+w2
4 0
1
_ __1+1}_[9_o+o]
4 4
1
4

Area B is given by a similar integral, but now the limits of integration are from gz =1to ¢z = 2.
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2
B= / (z® — 32% + 2z)dx
1

2

4
zm——:c3+w2

4 1

16 1
=|——-8+4| - |=-—-1+1
o]
T4

We see that the two integrals have the same magnitude but area 4 is above the x-axis and area B
is below the x-axis, and the sign of the value B is negative. The actual or absolute value of the area

Bis 7 so why does our calculation give a negative answer? In unit 1: Introduction to integration,

when we summed all the tiny rectangles, we used Z f(z;)Az. Recall that Az was defined as a

small positive increment in z but f(z;) was simply the y-value at the corresponding x-value. Clearly
this y-value will be negative if the curve is below the x-axis, so in this case, the quantity f(z;)Az
gives a negative answer as this part of the curve is fully below the x-axis. The negative just tells us

. . 1
that the area lies below the curve, but the actual measurement of the area will be Z

Area is always positive, but a definite integral can still produce a negative number (a net signed
area, which is the area above the x-axis less the area below the x-axis). For example, if this were a
profit function, a negative number indicates the company is operating at a loss over the given
interval.

To find the total area enclosed by the curve and the x-axis we add the area of4, i, to the absolute

value of the area B, which is also % Thus the total area enclosed by the curve and the x-axis is %

If we had decided to find the total area by calculating the definite integral of z(z — 1)(z — 2)
between the points (0,0) and (2, 0), without drawing a sketch, what answer would we get?

We would find:
2
Area = / (z* — 32 + 2z)dz
0

4 2

z 3 2
=— -z +z
4

0
_ [1_6_8+4] - [9_o+o]
4 4
=0
So according to this calculation, the area enclosed by the curve and the x-axis is zero. But, we know
that this is not the case. We have a sketch to prove it. Clearly what has happened is that the values
of the two areas with different signs have been added together in the process of integration, and

they have cancelled each other out. A picture can often tell us more about a function than the
results of computations.

Thus, the value of the integral evaluated between two x-values is not necessarily the value of the
area between the curve, the x-axis and the two ordinates. So, we must be very careful when
calculating areas to avoid this particular trap. The best way to find the area is to always draw a
sketch of the curve over the required range of values of x .

Take note!
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When calculating the area between a curve and the x-axis, you should do separate calculations for the
parts of the curve above the axis, and the parts of the curve below the axis. The integral for a part of the
curve below the axis gives a negative area for that part. It is very helpful to draw a sketch of the curve
for the required range of x-values, in order to see how many separate calculations will be needed.

There are times when you will be given a sketch and required to calculate the area based on the diagram.
The next example goes through this type of question and shows two methods to find the area when one
segment is below the curve and the other above.

p Example 3.1

Find the area between the curve y = z(z — 3) fromz =0toz = 5.

Solution

Method 1:

From the graph, we can see that we need to calculate the area between the curve, the x-axisand = 0

and g = 3 first, and that we should expect this integral to give a negative answer because the area is
completely below the x-axis.
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/ (:c2—3z)d$:m———
0 3

_ |27 30 [o 300
REEEENE D

1
=43

[3Y
8

Next, we need to calculate the area between the curve, the x-axis,and x = 3and z = 5.
5 3
T 32
/ (z* — 3z)dz = — — —
3 3 2 |

55 A

2
3

00

So, the total area is 4% + 8% = 13%.

Method 2:

Another way we can arrive at the same answer is to represent the area below the curve using a negative
sign in front of the integral.

- /0 ’ (z* — 3z)dz + /3 ’ (z* — 3z)da

1. State what the sign of each of the areas shown on the graph will be:

2. Find the area bounded by the curve Y= 2% 4+ z + 4, the x-axis and the ordinates x = 1 and ¢ = 3.

3. Findthe area contained by thecurvey =z (z — 1)(z + 1)and the x-axis.
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1

4. Calculate the value of/ z(z — 1)(z + 1)dz- Compare your answer with that obtained in
-1

guestion three and explain what has happened.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to find the area of a curve above the x-axis over a given interval.

How to find the area of a curve below the x-axis over a given interval.

How to find the total area when a curve crosses the x-axis.

To use a sketch to arrive at the correct calculation of the area under a curve.

Unit 3;: Assessment

Suggested time to complete: 15 minutes

1. Given f(z) = 2* — I:
a. Sketch the curve f(z) and clearly shade the region bounded by f and the lines, z = 1 and z = 2.

b. Calculate the size of the area of the shaded region using integration.

2. Given below is the graph of y = cos 2z over the interval [O, g] . Calculate the area bounded by the curve

. s T
and the x-axis from z = E toxr = 5
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1

3. Given below is the graph of 4y = 2 — 4.
y

Determine the area between the graph of f(z), the x-axis and the x-intercepts.

The full solutions are at the end of the unit.
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Unit 3;: Solutions

Exercise 3.1

1. Area 4 is completely below the x-axis so the sign of the integral over that interval will be negative.
Area B is fully above the x-axis so the sign of the integral over that interval will be positive.
Area C is wholly below the x-axis so the sign of the integral over that interval will be negative.

2. y= 2% 4 z + 4 has no real roots so the entire curve is above the x-axis. In other words, the graph does
not cross the x-axis. Since, the required area is entirely above the x-axis we can simply evaluate the
integral between the required limits.

3
3 2P

3
/ (2> +z+4)de = — + = + 4z
1 3 2 1

= 27+9+12 1+1+1
S l9 2 3 2 4
_ 992
=202

f
The graph crosses the x-axis at x = —1;z = 0; z = 1 so the two areas will have different signs.
Calculate each area separately.

Area above the x-axis:

Area below the x-axis:
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T2,
[t @? [0 0
|4 2 4 2
1
4
The total area: = + l = l
4 2
OR
0 1 0 1
x’ —x)dr — z’ —x)dx = z’ —x)dx — z’ —x)dx
3 d 3 d 3 d 3 d
-1 0 -1 0
- .’174 .’172 0 .’134 .’1}2 !
4 21, 4 2
i) [5]
|4 4
1
2
4.,
1 4 2|1
/(m3—:c)da::m——m—
1 4 21,
4 2 4 2
(Wt @] [
4 2 4 2
1 1
=77
=0
The areas between ¢z = —1 and ¢ = 0, and between x = 0 and x = 1, are equal in size. However, one area

is above the axis and one is below the axis, so that the integrals have opposite signs and cancel out.
Therefore, this does not give the actual area of this curve between those points.

Back to Exercise 3.1

Unit 3: Assessment
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2 3 2
/1 (mel)dm:%fml
TSR
3 3

™
2. First, find the x-intercept. When y = 0, then z = Z
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—1 1

™ ™ ™ ™
Next, find the integral from = = 6 toxr = 1 and add that to the integral from z = 1 toxr = 3

K K
4 sin2x |1

/ cos 2zdr =
K 2 ks
6

6

o T T
- sm2(z) s1n2(g)
T2 2

sin(z) sin(z)
. 2
T2 2
1 V3
T2 4

2-3
4

AND
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/2 cos 2zdr = Sin2g |2
s 2 s
4 4
sin2(§) sin2(—)
T2 2
LT
__ sinm Sm(E)
2 2
1
= 0 _ —
2
1
2
Total area: 2~ V3 + L o5t
4 2
3. Since the area we are interested in is completely below the x-axis, you can find the integral from
xz = —2allthewayto g =2
2 z3 2
/ (22 — 4)dzr = =— — 4x
9 3 9
(2)° (-2)°
=|— —4(2)| - —4(-2
[ Ol el R ()
16 16
3 3
32
3
.32
c.areais —.
3

Back to Unit 3: Assessment
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SUBJECT OUTCOME VIlII

SPACE, SHAPE AND MEASUREMENT: USE
THE CARTESIAN CO-ORDINATE SYSTEM
TO DERIVE AND APPLY EQUATIONS

@ Subject outcome

Subject outcome 3.1: Use the Cartesian co-ordinate system to derive and apply equations

Learning outcomes

Use the Cartesian coordinate system to derive and apply the equation of a circle (any centre).
Use the Cartesian coordinate system to derive and apply the equation of a tangent to a circle given
a point on the circle. Note that:

Straight lines to be written in the following forms only: y = ma + ¢, y — y; = m(z — x;) and/or

azx + by + ¢ = 0 (general form).
Learners are expected to know and be able to use as an axiom ‘the tangent to a circle is
perpendicular to the radius drawn to the point of contact.

‘Q’ Unit 1 outcomes

By the end of this unit you will be able to:

Find the equation of a circle centred at the origin.
Find the equation of a circle with centre (a, b).
Write the equation of the circle in standard form.

‘@’ Unit 2 outcomes

By the end of this unit you will be able to:

Find the gradient of a tangent to a circle using analytical geometry.
Find the equation of a tangent to the circle using analytical geometry.

Space, shape and measurement: Use the Cartesian
co-ordinate system to derive and apply equations | 347



Find the equation of a tangent to a circle at the point of contact with the radius.
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Unit 1. Determine the equation of a
circle with any centre

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Find the equation of a circle centred at the origin.
Find the equation of a circle with centre (a, b).
Write the equation of the circle in standard form.

What you should know

Before you start this unit, make sure you can:

State the theorem of Pythagoras for right-angled triangles. Refer to level 2 subject outcome 3.3 unit 2 if
you need help with this.

Calculate the distance between two points on the Cartesian plane. Refer to level 2 subject outcome 3.3
unit 2 if you need help with this.

Calculate the midpoint of a line segment between two points on the Cartesian plane. Refer to level 2
subject outcome 3.3 unit 2 if you need help with this.

Use the Cartesian coordinate system to derive the equation of a straight line through two given points
using the gradient-point form or the gradient-intercept form. Refer to level 3 subject outcome 3.2 unit 1
if you need help with this.

Complete the square of a quadratic expression. Refer to level 3 subject outcome 2.2 unit 3 if you need
help with this.

Find the coordinates of a point (z, y) after it has been reflected about the axes and linesy = z and

y = —z. Refer to level 2 subject outcome 3.4 unit 1if you need help with this.

Introduction

The circle is one of the most common and important geometric shapes in mathematics. It is, after all,
what defines one of the most famous numbers in the world, 7 (pi). m, remember, is the ratio of a circle's
circumference to its diameter (see figure 1) and it pops up in all sorts of interesting and useful places.
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circumference 3 1 4

Figure 1: The definition of w

The circle, and in particular the unit circle (circle with a radius of 1 centred on the origin), is also foundational
to trigonometry which is a key link between algebra and geometry.

So, | think you will agree, the circle is important.

However, we did not deal with it when examining functions, because it is not a function. The circle fails the
basic test of a function - the vertical line test. Draw any circle on the Cartesian plane and it is easy to see why.
Except for two points on each side of the circle, a vertical line cuts the circle twice (see figure 2). Therefore,
almost all of the input values correspond to more than one output value.
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Figure 2: The circle fails the vertical line test for a function

But just because the circle is not a function does not mean that there is not a relation that relates all the
input and output pairs that together make up the circle. In this unit we will discover what this equation is.

The equation of a circle with centre the origin

By definition, a circle is a flat shape consisting of all the points in a plane that are an equal distance
away from its centre. In other words, every point on the circumference of a circle is the same distance
(equidistant) from its centre.

You might already know what the equation is for a circle centred on the origin. If not, complete activity 1.1 to
find out.

Time required: 15 minutes

What you need:
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a pen or pencil
a blank piece of paper or graph paper

What to do:

For this activity, you will need to draw a system of axes. Use a scale of 1 ¢cm = 1 unit and make sure your
axes extend about 5 units in all directions.

1. Plot the following points on your Cartesian plane:
0(0,0), A(5,0), B(4,3), C(3,4), D(0,5), E(-3,4), F(—4,3), G(—5,0), H(—4,-3), I(—3,—4) J(0,-5),
K(3, _4)' L(47 _3)

2. Determine the following distances using the distance formula 4 = \/(932 _ 951)2 + (yy — y1)2:

OA,0B,0C, 0D, OFE, OF, OG, OH, 0OI, 0J, OK, OL

3. What do you notice about the length of each line segment? What general term could we give to
these line segments?

4. What object do these points form if you join them up with a smooth curve?

5. Ifthe point P(z,y) lies on this shape, use the distance formula to determine an expression for the
length of OP.

6. Can you deduce an equation for a circle centre the origin?
What did you find?

1. Plot the following points on your Cartesian plane:

F

¥
D(0,5)
54
E(-3.4) C(3.4)
[ ] i L
Fi-4,3) B(4,3)
L ] 3 L
2
1
G(-5,0) o (00) A(5,0) y
-7 ] —-5 —a -3 -2 -1 I:I* 1 z 3 4 5 G T & 8
-1
-2
H(-4,-3) L(4,-3)
L -3 L
1{-3,-4) Ki(3,-4)
[ ] -4 L
-J {01'5}
=5

2. 0A=1/(5-07+(0-0)7=yZB=5
OB:\/(4—0)2+(3—0)2:\/W=\/%:5
0C=/(3-07+(4-07 =TT 16 =2 =5
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(0—0)*+(5—-0)>y/25=5
OE=,/(-3-0’+(4-02=9F+16=+25
(—4-02+(3-0°"=yI6F+9=y25=5

5

OG = /(-5-0>+(0-0)>=25=5
OH = ,/(-4—0)>+(-3-0)° =16 +9=+25=5

OI = /(-3 -0 +(-4-07 = /I T 6= 35 =5
0J = /(00 +(-5-0)> = v =5

OK =/(3-0) +(-4-0)’ =+ 6= V2B =5
OL:\/(470)2+(*3*0)2:\/W:\/%:5

3. Each of the line segments is the same length (5 units). We could call these line segments the
radius of a circle.

4. They all form a circle.

5. 0P=/(z—0) +(y—0)> = /a® + 47

6. Since QP is the radius (r) of the circle:

r= /2?42 Or1? =22 4 4

We have the equation of a circle centre the origin.

In activity 1.1 we discovered what the equation of a circle centre the origin is. This equation is based on the
theorem of Pythagoras (see figure 3).
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In AOPQ:
OP? = 0Q* + PQ* (Pythagoras)

But OP=rand OQ =z —0and PQ =y—0
st =(z—0)* +(y—0)°

=y

Figure 3: Derivation of the equation of a circle centre origin using Pythagoras

Equation of a circle centre the origin:

2?4 =12

p Example 1.1

A circle with centre the origin has a radius of 3 units.

1. Determine the equation of the circle.
2. Sketch the circle on the Cartesian plane.

3. Show that the point (—+/4, 4/5) lies on the circle.
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Solutions

1. The circle has its centre the origin. Therefore, its equation is z2 4+ y2 — 2. We are told that the
radius is 3 units. Therefore, the equation is g2 4 42 = (3)2 org? 442 =9

2. We know that the centre is the origin and the radius is 3 units. Therefore, the circle will pass
through the points (3, 0), (0, 3), (—3,0) and (0, —3).

y

-4 1

3. The equation of the circle is 32 4 ¢? = 9. Does the point (—+/4, 1/5) satisfy the equation?
LHS = z? + ¢
= (V2" + (v5)°
=445
=9 =RHS
Therefore, the point does lie on the circle.

p Example 1.2

A circle centre the origin passes through the points A(—6,6) and B(6, —6).

1. Plot the points and draw a rough sketch of the circle.
2. Determine the equation of the circle.

3. Calculate the length of 4B.
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4. Explain why 4B is a diameter of the circle.
Solutions

1. Here is a sketch of the circle:

(-6, 6)

1 2 3 4 5 6 7 8|9 10 11 12 13

(6,-6)

2. 2o y2 — 2. We have two possible points we can substitute into the equation. We will substitute

A(—6,6).
22+ =12
S (—6)? + 67 =1
.36+ 36 =1’

st =12
The equation of the circle is 2% + 42 = 72.

dap = \/(1‘2 —z1)’ 4+ (y, — )’
= /(=6 -6)* + (6 — (~6))?

=/(~12)° +12?

= I 7144
= /288
=2,/T2
4. The radius of the circle is ,/72. Therefore, AB is twice the radius of the circle. Also, a circle centre the
origin is symmetrical about the axes as well as about the linesy = x and y = —z. The points 4 and
B are symmetrical about the line y = —x meaning that AB passes through the centre. Therefore,
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AB s a straight line passing through the centre and twice the radius i.e. AB is the diameter.

Note: You could also find the equation of 4B and then show that the point O(0, 0) lies on this point

to demonstrate that 4 B passes through the centre. In both cases, showing that a line is a diameter
requires you to show that it is:

1. astraight line passing through the centre of the circle

2. twice the length of the radius.

An important characteristic of the circle centre the origin is its symmetry. The shape is very symmetrical. It
is symmetrical about both axes as well as about the linesy =z and y = —x.

('Q') Take note!

The circle centre the origin is symmetrical about both axes as well as about the linesy =z and y = —=.

~ 1 //

Take note!

Unit 1: Determine the equation of a circle with any centre | 357



To prove that a line is a diameter you must prove that it is:

1. astraight line passing through the centre of the circle

2. twice the length of the radius.

% Exercise 1.1

1. Given g2 442 = 100

a. Determine the radius.
b. Make a sketch of the circle.
2. Giveng? +4% = 1—96:

a. Determine the radius.
b. Make a sketch of the circle.
3. Given 4z2 + 442 = 80
a. Determine the radius.
b. Make a sketch of the circle.
4. Determine the equation of the circle in each case:
a. With centre the origin and a radius of 6.
b. With centre (0,0) and r = /3.
c. With centre the origin passing through (-3, —7).

o

Passing through (2s, 3s) and with centre (0, 0).
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(-5t,-3t)

5. 1s,/90 + 2? — y? = 0 the equation of a circle with centre the origin?

6. Given a circle with centre the origin, with a radius of » — /50, determine the coordinates of the
points on the circle whose x-values are three times their y-value.

The full solutions are at the end of the unit.

The equation of a circle centre (q,b)

There are two ways to think about the equation of a circle with centre not the origin but any point (a,b) on
the Cartesian plane.

The first is to think about translating or shifting the circle centre the origin. Consider the parabola y = 222
. We know that the graph of y = 222 4+ 1isthe same as Y= 222 except that the graph has been shifted one
unit up (see figure 4).
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Figure 4: ¢ = 2 shifted one unit up

We can rewrite the equation ¢ = 222 4 1as y—1= 92x2 or (y—1)= 222,

Now, how do you think the circle defined by 2 4+ (y— 1)2 = 25 is different from that defined by % 4 42 = 25
222+ (y — 1)2 = 925 is the same except that the circle has been shifted one unit up and the centre is now the
point (0, 1) (see figure 5).
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Figure 5: g2 4 42 = 25 shifted one unit up

Consider the parabola y = 222 again. We know that the graph of y = 2(x — 1)2 isthesame asy = 222 except
that it has been shifted one unit to the right (see figure 6).
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y =2z —1)°

Figure 6: ¢y = 212 shifted one unit to the right

In the same way, the circle (z — 1)2 +¢? = 25 is the same as g% 4 42 = 25 just shifted one unit to the right.
The centre is now the point (1, 0) (see figure 7).
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Figure 7: g2 4 42 = 25 shifted one unit to the right

Therefore, we can generalise and say that the equation (z — a)2 +(y— b)2 — ¢2 is the equation of a circle

radius r and with centre (a, b).

The other way to consider this is geometrically. Figure 8 shows a circle centre (a,b) and passing through
p(z,y) with a radius 7.
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P (x,y)

C(ab)

Figure 8: Circle centre (a, b) passing through P(z,y) with radius r

We can determine the distance PC using the distance formula.

dpe = /(22 — 1) + (9 — )"

= \/ (z —a)® + (y — b)?
But we know that the length of PC is the radius. Therefore dpg = r. Therefore:
r= \/ (z —a)® + (y—b)*
st = (w*a) +(y—b)°
2y
(a—a) +(y—b)’ =
With this equation, we can think of the circle with centre the origin as a special case.
(z —a)® + (y — b)*> = 7* but (a,b) = (0,0)

(2= 0) 4+ (y—0)* =1
.',w2+y2 — g2

Equation of a circle with centre at (a, b):
(z—a)’ + (y—b)* =7

p Example 1.3

A(4, 6) is a point on a circle centre (3, 3):

1. Determine the equation of the circle.
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2. Draw a sketch of the circle.

3. Does the point B(%, 2) lie on the circle?

4. Does the circle cut the y-axis?

Solutions

1. Because the circle has centre (3, 3), we know that the equation will be of the form
(z — 3)2 +(y— 3)2 = r2. We need to find r which we can do by finding the distance between the

point A(4, 6) and the centre (3, 3).

r= \/(mz — w1)2 + (Y2 — yl)2

=/(4=3) +(6-3)
- VIT9
—VT0

Therefore, 2 = 10 and the equation of the circle is (z — 3)2 +(y— 3)2 = 10.

2. The easiest way to draw a sketch of a circle centre (a,b) and passing through a point (z, y) is to use
a pair of compasses. Set the point on the centre and your pencil on the point to get the radius, and
draw the resulting circle.

y

7

2

3. If the point B(g, 2) lies on the circle, it will satisfy the equation of the circle.

2

=1
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LHS = (z — 3)> + (y — 3)°

S
(o

27
9+4
4

13
= — # RHS
1 #
Therefore, the point B(; 2) does not lie on the circle.

4. For the circle to cut the y-axis, there must be a point on the circle with an x-coordinate of zero. We
need to substitute £ = 0 into the equation to see if there is at least one real solution for .

(0-3)°+(y—3)> =10
(-3 +(y—-3)7 =10
9412 —6y+9=10

P —6y+8=0
“(y-4)(y—-2)=0
y=4ory=2

There are two points (0,2) and (0,4) where the circle cuts the y-axis.
Note: You can also find any x- or y-intercepts to help you make an accurate sketch of a circle centre

(a,b).

d©) Example 1.4

Determine the coordinates of the centre of the circle and its radius if the equation of the circle is
322 + 12z 4+ 3y® — 24y +21=0.

Solution

This question is basically asking us to rewrite the equation of the circle centre (a,b) in the standard
form (x — a)2 +(y— b)2 — ¢2 rather than the current expanded form. Because the standard form of the

equation of a circle contains perfect squares, we know that we will need to complete the squares for z
and for y.

Step 1: Get the coefficients of the ;2 and y2 terms equal to 1
322 + 12z 4+ 3y — 24y +21 =0
sl tdr P —8y+7=0

Step 2: Complete the squares
Remember, to complete the squares, we need to add half the coefficients of the £ and y terms squared.
Don't forget to keep the equation balanced by subtracting these values as well.

2?4+ 417 —8y+7=0
stz 44+ —8y+164+7-4-16=0
(42 4+ (y—4)7 =13
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Step 3: Answer the question
The centre of the circle is the point (—2,4) and the radius is » = /13

p Example 1.5

Given a circle centre the origin with » = 9:

1. Write down the equation of the circle if it is shifted 3 units to the left and 5 units down.

2. Draw a sketch of the circle.

Write down the equation of the circle that is symmetrical to the circle in question 1 about the line
Y= —x

4. Sketch the circle in question 3 on the same set of axes as the graph in question 2.

Solutions
1.

The equation of the circle we were given is 2 4 yz — 81. The equation of the shifted circle will be
(z +3)* + (y+5)* =81

2. We know the centre of the circle but we need at least one point that the circle passes through. An

easy way to find this point is to move either horizontally or vertically from the centre a distance of
9 units (the radius) as indicated below.

1Y

6 7 8 9 10 11 12

~16-15-14-13-12-1/ 10 -9 -8 —7 -6 -5 -4 -3 -2 —1

-1 1

-2
_8~
-4

(6, -5)
_14 4
-15 1
3. To find the coordinates of a point symmetrical about the line y = —z, each x value must be
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replaced with —y and each y value replaced with —z. Therefore, the equation of the symmetrical
circle will be:

(—y) +3)° + () +5)" =81
-z +(B-y)’ =81
We can expand the equation and then simplify into standard form.
(5-2)+@B-y)? =81
.25 — 10z +2* +9 — 6y + 14 =81
sx?—10z+25+¢° —6y+9=281
(=57 +(y—3)° =81
4. Below are the two circles sketched on the same set of axes. Once again, to find another point on

the symmetrical circle, we moved r = 9 units horizontally to the right from the centre. The line of
symmetry y = —z has also been sketched to better illustrate the symmetry.
Y

N ﬁy r—5)+(y—3)° =81

e (5. 3) (14, 3)

M W oo N @ ©

X
14 15 16 17 18 19 20

6 7 8 91011121

(x+3)°+(@y+5)7°=

% Exercise 1.2

1. Write down the equation of the following circles:

1. Centre (—3,0) and radius 4 units.
2. Centre C(-5,—1) and passing through the point P(6, —2).
3. p=4/11and centre (2, -3).
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2. Determine the centre and radius of the following circles:
1. 5—a22—6x—8y—y> =0
2. P =21+4y—y
3122 — 12y — 22° — 22 =24

3. Adcircle cuts the x-axis at A(—3,0) and B(3,0). If r = /21, determine the possible equation(s) of the
circle.

4. P(5,6) and Q(—1,—2) are points on a circle. If PQ is a diameter of the circle, determine the
equation of the circle.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

The equation of a circle centre (a, b) is given by (z — a)2 +(y— b)2 — p2.
The equation of a circle centre the origin is a special case and is given by 2% + y2 = 72
The circle centre the origin is symmetrical about both axes and the linesy =z and y = —=.

Unit 1;: Assessment

Suggested time to complete: 60 minutes

1. Determine the equation of the circle:

a. With centre the origin and a radius of g

b. With centre (2, -5) and r = 2,/11.
c. With centre C(-3,0) passing through R(8, —4).
d. Passing through P(5¢, 6¢) and centre C(0, 1).
2. Determine the value(s) of h if (1/2, h) is a point on the circle z? 4 4% = 17.

3. P(r,s)isa point on the circle with centre at the origin and a diameter of 70 cm. Determine the possible
coordinates of p if the value of r is four times the value of s.

Question 4 adapted from Everything Maths Grade 12 Exercise 7-3 question 6

4. P(-2,3) lies on a circle with centre at (0, 0).
a. Determine the equation of the circle.
b. Sketch the circle and label point p.

c. If PQ is a diameter of the circle, determine the coordinates of Q.

a

Calculate the length of PQ.

e. Determine the equation of the line PQ.

Unit 1: Determine the equation of a circle with any centre | 369



f. Determine the equation of the line perpendicular to PQ and passing through the point p.
Question 5 adapted from Everything Maths Grade 12 Exercise 7-4 question 6

5. Acircle with centre N(4,4) passes through the points K(1,6) and L(6, 7).
a. Draw a sketch of the circle.
b. Determine the equation of the circle.
c. Determine the coordinates of jf, the midpoint of K L.
d. Showthat MN_LKL.
e. Determine the equation of the line LN.
f. If pisa point on the circle such that L P is a diameter, determine the coordinates of p.

6. Acircle passes through the points A(1,2) and B(—3,2). If its centre lies on the line 6z + 3y = —3,
determine the equation of the circle.

Question 7 adapted from Everything Maths Grade 12 Exercise 7-4 question 8

7. Acircle with centre (0,0) passes through the point T'(4, 3).

Determine the equation of the circle.

b. If the circle is shifted 2 units to the right and 3 units down, determine the new equation of the
circle.

c. Draw a sketch of the original circle and the shifted circle on the same system of axes.

d. Ifthecirclein 7 b. is reflected about the x-axis, what will the centre of this new circle be.
Question 8 adapted from NC(V) Mathematics Level 4 Paper 2 November 2016 question 1.5

8. In the figure below two circles with a common centre M(—1, —2) are shown. Radius A1 A of the larger
circle cuts the smaller circle at B. Point A has coordinates (-5, 3).
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A(-5, 3)

a. Determine the equation of the larger circle.

b. Ifthe equation of the smaller circle is z2 4+ y2 + 2z + 4y — 4 = 0, determine the length AB.

The full solutions are at the end of the unit.

Unit 1; Solutions

Exercise 1.1

r?2 =100
sor=10
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y
2_
4
(g 3 0)
X
-25 -2 0.5 1 15 2 25 3
_2 4
4z’ + 42 =80
szt gt =20
r? =20
r=4+20=25

We can find a point, with coordinates that are integers, that lies on the circle to help us sketch the
circle more accurately.
20=16+14

:42+22
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-6 -3

a. o +4° =36
b. w2+y2:13
C.
2 2
(=3)° 4+ (=7)° =9+49
=58
sty =58

(25)? + (35)? = 4s% + 952
= 135
a4y = 1382

(—5¢t) + (—3t)% = 25¢> + 9t2
= 34¢
sty =348

VIO +a? - =0
st —yt=—4/90
1 — 2 = /90
This is not the equation of a circle with centre the origin.
6. 22+ =50 and z = 3y. Therefore:
(3y)* +¢* =50

9y +y? =50
. 10y% =50
y2 =5
sy=245

Substitute y = +,/5:
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2* + (v/5)? =50

sz +5 =750
cx? =45
sz = +4/45
— 435
Because the circle is symmetrical about the x-axis, we will get the same result substituting ¢y = —,/5.

Therefore, there are four possible points.

(38v/5,v/5). (~3v/5, —v/5). (=3v/5,1/5) and (35, —5)

Back to Exercise 1.1

Exercise 1.2

a. (z+3)72+3y*=16
b. Equation is of the form (z + 5)* + (y + 1)> = r?. Length of CP is the radius.
dop = /(22 —21)" + (9 — )"
= /(=56 + (-1 (-2))’
=4/(~11)* 412

=4121+1
= /122
The equation is (z + 5)2 +(y+ 1)2 = 122.

c. (-2 +(y+3)* =11

2. Determine the centre and radius of the following circles:

a.
5—m2—6m—8y—y2 =0
22 +6x+1yP+8y=>5 Complete the squares
x4 6r+9+9 P +8y+16=54+9+16
(@43 +(y+4)’ =30
The centre is (-3, —4), the radius is ,/30.
b.
z? =214+ 4y —1?
24+ —4y=21 Complete the square
4y —dy—4+4=21+4
e+ (y—2)° =25
The centre is (0, 2), the radius is 5.
c.

12z — 12y — 222 — 22 = 24
o227 — 122 4 297 + 12y = 24
sxl—6x 4132 +6y=12 Complete the squares
Sz —6r+ 9+ 6y +9=12+9+9
c(z—3)°+ (y+3)* =30
The centre is (3, —3), the radius is ,/30.
3. The equation of the circle is (z — a)2 +(y— b)2 = 21. A(-3,0) and B(3,0) lie on the circle.
Substitute A(—3,0):
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(-3-a)’+(0-b*=21
9+ 6a+a®+b? =21
ca’+6a+9=21-0b (1)
Substitute B(3,0):
(3—a)’+(0-b)>=21
9—6a+a®+b =21

s.a® —6a+9=21-1b (2)
Set (1) = (2):
a> +6a+9=a>—6a+9
5. 12a=0
s.a=0
Substitute g = 0 into (1):
9=21-p
b =12
Sb=+12
S b=42/3

The possible equations of the circle are g2 + (y _ 2\/§)2 —210rg% ¢+ (y + 2ﬁ)2 — 921.

4. If PQ is a diameter of the circle, then the midpoint of PQ is the centre.
T+ T2 Y1+ Yo
2 72 )
_(5—-1 6-2
- <T T)
= (27 2)
The radius of the circle is the distance from the centre, C, to either p or Q.
dop = /(22 — 1) + (9 — )"
=/(6-2) + (6 -2
/12
=+/9+16
=25
=5
Therefore, the equation of the circle is (z — 2)2 + (y — 2)2 — 95.

midpointpg = <

Back to Exercise 1.2

Unit 1: Assessment

49
a. z2 442 =2

Y79
b. (z—-2)°+ (y+5)° =44

C.

r=dgr = \/(961 — 1’2)2 +(n —y2)2
= /(-3-8) + (0 (-9))?
=4/(~11)* + 42

= /121416
=4/137

The equation is (z + 3)% + y* = 137.
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r=dop = /(21— 22)’ + (1, — )’
= /(5a—0)? + (6g— 1)’
- \/25q2 43647 — 12¢ + 1

=4/61¢> —12¢+1

The equation is g2 + (y — 1)? = 61¢> — 12¢ + 1.
2. Substitute in (1/2, h):
(\/5)2 +h? =17

24K =17
~h?=15
o h=415

3. Diameter is 70 cm. Therefore, radius is 35 cm.

r = 4s.Substitute z = r = 4sand y = sinto z? 4 4> =1 225
(4s) + (s)® =1 225
o168 + 57 =1 225

- 175 =1225
&2 1225
17
s = ii
V17
Therefore:
r=4x iﬂ
V17
140
V17
The possible coordinates of P(r, s) are iﬂ, iﬂ .
VIT V1T

The equation of the circle is ¢ 4 ¢ = 13.
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c. If PQis adiameter then pand @Q are symmetrical about the line y = z. Therefore Q(3, —2).
d.

dpg = \/(901 — )’ + (% — )’
=y/(2-3 + (38— (-2
=/(-5)* +5°

= V50
=542

YU

meQ = o — I
3—(-2)
-2-3

)

5

=-1
Y-y =m(z—z)
SLy—3=—-1(z—(-2))
Sy—3=—(z+2)
S Yy—3=-z—2

Ly=-z+1
f. The gradient of the line perpendicular to PQ ism = 1.
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y—y =m(z —z1)
sy—3=1(z—(-2)

Ly—3=(z+2)
Sy—3=z+2
SLyYy=z+5
Ty
B
T
[
5
a4
3
z
1
b
-5 -4 -3 -2 -1 0 1 2 3 a 5 & 7 8 a 10 !
-
-z
-3

r=dyg = \/(931 —a2)’ + (y —1)°
_ \/(4— 1)* + (4 —6)°

=/(=3)" + (-2)°

e
VI3

The equation is (z — 4)2 +(y— 4)2 =13.

T +xy Y1 T Y
M:midpointKLz( ! 2 A 2)

2 7 2
(146 647
N 2 7 2

7 13
—(an)
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mmynN =
9 — X1
1
By
2
L
2
5
2
1
2
5 2
= — —_— = -5
2 1
Y2—U
MmKL =
Lo — X1
_7—6
6—1
71
5

myn X mgr, = —1. Therefore, MN1KL.

e. Equation of LN:

Y—U
MIN =
9o — I
74
6-—4
)
2
y—y =m(z— 1)
3
—4=—(x—4
y 2( )
3
—4=—-z—-6
Y 2
3
SYy=—z—2
Y 2

f. Since N is the centre of the circle passing through point L, LN is a radius. Given that LP is a
diameter, I, N and P lie on the same straight line. Equation of [ Pis thus:

3
—Zz_2 1
y=5e (1)

(@—4)°+(y—4°"=13 (2)
Substitute (1) into (2):

3 2
(33—4)24-((51:—2) —4) =13

3 2
.'_m2—8x+16+(§x—6> =13

9
.'.:c2—8$+16+Zm2718fc+36:13

%xQ —26z+39=0
- 132% — 1042 4 156 = 0
szt —8x412=0
S(z—2)(z—-6)=0
.x=2orx=06
x = 6 is the x-coordinate of . Therefore ¢ = 2 is the x-coordinate of p.
Substitute z = 2 into (1):
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3
=—(2)-2
y=502
P(2,1)
6z + 3y = —3
c3y=—6x—3
Sy=-2z-1

Every point on this line has coordinates (z, —2z — 1). If the centre is C, da¢ = dpc-
dac = /(21— 2) + (31 — o)’
=/(1-2) + (2~ (22 - 1))?

:\/1—2:1:—i-:1:2—&-(29@4—3)2

=v1-2c+2°+42> +122+9

= /b 4+ 10z + 10

dpo = /(21— 23) + (91 — )"
=/(-3-2) + (2~ (-2 1))’

:\/9+6m+x2+(2m+3)2

=946z +2°+42> +122+9
= /b2 + 18z + 18
But dsc = dpc. Therefore:
V52?2 4+ 10z + 10 = /522 + 18z + 18
. 52% + 10z + 10 = 5z® + 18z + 18
.10z + 10 = 18z + 18
S8 =-8
Sr=-1
y=—2x—1
=-2(-1) -1
=1
The centre of the circle is the point (-1, 1).

r=dsc = \/(961 —z2)? + (3 — )’

= /- (1)) + @1
=44+1

— V5

The equation of the circleis (z + 1)* + (y — 1)* = 5

=g o
=4%+ 3
=16+9
=25

The equation of the circle is g2 4 ¢ = 25.

b. (z—2)+(y+3)?*=25

C.
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d. The centre of new circle will be (2, 3).

a. The equation has the form (z + 1)2 +(y+ 2)2 — 2.

r=dys = \/(131 - 562)2 + (n _92)2
= /(1= (=5)) + (-2 -9’
= /& +(-5)
— VI6+25
= VAT

The equation is (z + 1)2 +(y+ 2)2 — 4].

24+ 422 4+4y—4=0
st 2ty +ay=4
st 2+ 1+ Hdy+4=4+1+4
1)+ (y+2)=9
Therefore, radius of the smaller circle is 3.
AB =AM — BM

=./41-3

Back to Unit 1: Assessment
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Unit 2. Find the equation of a tangent
to a circle

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Find the gradient of a tangent to a circle using analytical geometry.
Find the equation of a tangent to the circle using analytical geometry.
Find the equation of a tangent to a circle at the point of contact with the radius.

What you should know

Before you start this unit, make sure you can:

Find the equations of straight lines using the two-point form, the gradient-point form or the gradient-
intercept form, depending on the information available. Refer to level 3 subject outcome 3.2 unit 1if

you need help with this.
Find the equations of parallel and perpendicular lines. Refer to level 3 subject outcome 3.2 unit 2 if you

need help with this.

Introduction

From your work on limits, instantaneous rates of change and calculus, you are aware of what a tangent is
(not to be confused with the trigonometric function tangent). The word ‘tangent’ comes from the Latin verb
‘tangere’ which means ‘to touch’ and this exactly describes what a tangent is. It is a straight line that another
curve just touches at one point. It does not cross or intersect. It only touches at one point.

Consider the quadratic function f(z) = (z — 2)2. The parabola touches the x-axis at the point (2,0) (see

figure 1). It does not cross the x-axis or touch it at more than one point. It touches it only at this point. We say
that the x-axis is a tangent to the function f(z) = (¢ — 2)? at the point (2,0).
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Figure T: The x-axis is a tangent to f(z) = (x — 2)2 at (2,0)

Of course, the function f(z) = (z — 2)2 does not only have this single tangent. It has infinitely many different

tangents, each of which touches the parabola at one point. When we calculate the limit of a function such
as f(z) = (z — 2)2 at a certain point we are calculating the gradient of the tangent to the curve at that point,

which we take as the gradient of the curve itself at that point.

Now it is possible to use the techniques and methods of calculus to find the gradient of a tangent to a
circle at any point but, because the circle is not a function, this is quite complicated. However, we can use
analytical geometry to do this in a much simpler way.

The gradient of the tangent to a circle

Finding the gradient of a tangent to a circle at any point on the circle using analytical geometry is quite
straightforward. But it relies on understanding the relationship of the tangent to the radius of the circle at
the point of tangency. Let's investigate.
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Time required: 5 minutes

What you need:
a pen or pencil

What to do:

In figure 2 is a sketch of the circle z2 4 yZ = 25. On the circle is the point T'(3,4). Touching the circle at

point T is a tangent to the circle. P(7,1) is a point on the tangent line.

y

9 -8 -7

Figure 2: Circle g2 4 12 = 25 with point T'(3, 4)

Determine the gradient of the tangent line PT.

—_

Determine the gradient of the radius OT.

What can you say about the lines pT and OT?
What can you say generally about a tangent and a radius of the circle at the point of tangency?

A owon

What did you find?
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Y—U
Ty — X1

mpr =

Y2—U
Ty — L1
4-0

mor =

W w

3. Because mpr X mor = —1 we can say that the lines PT and OT are perpendicular.

4. In general, the tangent to a circle is perpendicular to the radius of the circle at that point.

From activity 2.1 we see that the radius of a tangent is perpendicular to the tangent at the point of contact
(or tangency).

('Q') Take note!

The radius r of a circle centre C(a,b) is perpendicular to the tangent to the circle PT at the point of
tangency T'(z, y).
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Spend some time exploring an “interactive circle tangent/radius gradient simulator*.

Here you can drag the point T around the circle to see the change in the gradient of the tangent and
the radius of the circle at the point of tangency and see that in all cases (except for the special cases of
horizontal or vertical lines) the product of the two gradients is always —1.

p Example 2.1

Find the gradient of the tangent to the circle 222 + 16z + 2y° — 4y = 34 at the point T'(—1, 2).

Solution
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In order to find the gradient of the tangent to the circle at the point T(—1,2), we need to find the
gradient of the radius of the circle to this point. To start, we must get our circle equation into standard
form so that we can determine the centre of the circle.

2% + 16z + 2> —4y =34  Get the coefficients of 2> and y* terms equal to 1
saxl+8x+1y* —2y=17 Complete the squares
x84+ 16+ —2y+1=17+16+1
(z+4)’+(y—1)7 =34

The centre of the circle is C(—4, 1). Now we can find the gradient of CT.

Y2—U
mer =
9 — To
- 2—-1
—1—(-4)
_1
3

We know that the tangent at T is perpendicular to the radius at 7. Therefore, the gradient of the
tangentat T is —3.

% Exercise 2.1

Find the gradient of the tangent to the circle 322 + 6z — 36 = _3y2 — 12y atthe following points:

1

'

(0,2)
(=3,-1)
(2,-6)
D(5,-3)

s3]
w N

Q

2
3.
4

The full solutions are at the end of the unit.

Find the equation of a tangent to a circle

Now that we know how to find the gradient of a tangent to a circle, we can use this information to help us
find the equation of the tangent line.

To find the equations of tangents to circles, we use the same techniques as we learnt in level 3 subject
outcome 3.2 unit 1, namely using the following:

the two-point form
the gradient-point form

the gradient-intercept form.

Refer back to this unit now if you need to.
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p Example 2.2

Determine the equation of the tangent to the circle g2 4 42 — 2y + 62 — 7 = 0 at the point T'(—7, 2).

Solution

Step 1: Find the centre of the circle
If you don't know the centre, you need to find it. To do so, we must get the equation into standard form.

2’ +y —2y+6z—-T7=0
szl +6x+1y?—2y=7 Complete the squares
st 6+ 9+t —2y+1=7T+9+1
(@+3)+(y—1)72 =17

The centre of the circle is C(—3, 1).

Step 2: Determine the gradient of the radius of the circle to the point of tangency
Y2—U
Ty — I1
2—-1

mer =

Step 3: Determine the gradient of the tangent
The tangent at T'(—7, 2) is perpendicular to the radius to T'(—7, 2). Therefore, the gradient of the tangent

is 4.
Step 4: Find the equation of the tangent

We know the gradient of the tangent and a point T'(—7, 2) that it passes through. Therefore, we can use
the gradient-point form.

y—u =m(z—m)

SLy—2=4(x—(-7)

SYy—2=4x+28
Sy=4x+ 30

The equation of the tangent at T(—7, 2) is y = 4z + 30.

Exercise 2.2

1. Acircle with centre C(2, —2) has a tangent at A(—2, —1). Find the equation of the tangent.

2. (C(3,4) is the centre of the circle passing through S(—2,1) and T'(6, p).
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a. Determine the equation of the circle.

b. Determine the value of p.

c. Determine the equation of the tangent at 7.
Question 3 adapted from Everything Maths Grade 12 Worked example 14

3. Determine the equations of the tangents to the circle 22 + (y — 1)2 — 80 if they are both parallel to

theliney = %;1; +1

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

That the tangent to a circle is perpendicular to the radius of the circle at the point of tangency.

Unit 2; Assessment

Suggested time to complete: 50 minutes
Question 1 adapted from NC(V) Mathematics Level 4 Paper 2 November 2013 question 1.5

1. Points A(—3,—2) and B(1,4) lie on a circle such that AB is a diameter of the circle.
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B(1, 4)

A ('Sa '2)

a. Determine the equation of the circle.

b. Determine the tangent to the circle at 4.
Question 2 adapted from NC(V) Mathematics Level 4 Paper 2 November 2012 question 1.4

2. Inthe diagram below a circle with centre M (3,1) is given. A is a point on the y-axis. 4B is the diameter
of the circle and CD is a tangent to the circle at B(6, —3).
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M(3, 1)

(6, -3)

D

a. Determine the coordinates of point A.

b. Determine the equation of the tangent to the circle at B.
Question 3 adapted from NC(V) Mathematics Level 4 Paper 2 November 2014 question 1.5

3. Inthe diagram below A(—1, —5) is a point on the circle with centre B(1, —1). The line FG is a tangent to
the circle at point A.
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a. Determine the equation of FG.
b. Determine the equation of the circle.

c. Ifthedistance from Fto Bis /69 units, determine the length of FA.
Question 4 adapted from NC(V) Mathematics Level 4 Paper 2 November 2015 question 1.4

4. Acircle with centre M(—4,2) has the points O(0,0) and N(—2,y) on the circumference. The tangents at
O and N meet at p.
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a. Determine the equation of the circle.
b. Determine the value of y.

c. Determine the gradient of OP.
Question 5 adapted from NC(V) Mathematics Level 4 Paper 2 November 2011 question 1.4

5. The equation of the circle with centre O is £2 + y2 = 36. Circle O cuts the x-axis at S, and @ is the point
(2,a). R(m,n) is a point in the first quadrant.
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Q(2,a) R(m,n)

a. Write down the length of the radius of the circle.

b. Calculate the value of a and leave the answer in surd form.

c. Determine the coordinates of R if OQRS is a parallelogram.

The full solutions are at the end of the unit.

Unit 2; Solutions

Exercise 2.1

The equation of the circle is 322 + 6z — 36 = —3y> — 12y
322 + 6z — 36 = —3y° — 12y
o322 + 62+ 3y2 + 12y = 36
sxl+2x 4132 +4y=12 Complete the squares
424+ 1+ Ay +4=124+1+4
(@41 +(y+2)° =17
Centre O of thecircle is (-1, —2).
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Y—U

o — X1
22
10
4
-1
=4

1
Mtangent = _Z
2.

Yo — W1

moB =

9 — X1

2 (1)
C—1—(-3)
1
S22

Mtangent = 2
3.

Yo — W

moc =

9 — X1

2 (-6)
12
4
3

m 3
tangent — 4
4.

Yo~ U

mop =

L9 — X1

-2 (-3)
- -1-5
1

6

Mtangent — 6

Back to Exercise 2.1

Exercise 2.2
1.
Y~ Y
mca =
9 — I1
“1-(-2)
22
_ 1
4

Therefore, Myangent = 4.
y—y =m(z— 1)
ny—(-1)=4(z—(-2))
Sy+1=4z+8
Sy=4x+7
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r=dgs = \/("B2 —z1)’ + (v, —w)°
= /B (-2) + (-1
=5 +3
/BT
=34

The equation of the circleis (z — 3)* + (y — 4)* = 34.

b. T(6,p) lies on the circle. Therefore:
(6—3)+(p—4)° =34
2324 pP —8p+16=234
pP—8p—9=0
S (p=9P+1)=0
Sp=9orp=-1
Therefore, p = 9. We choose this solution because we can see from the sketch that T'(6, p) is a point
in the first quadrant where p > 0.

C.
Y2—U
mer =
L9 — X1
_9-4
- 6-3
5
3
3
Therefore, Miangent = _g.
y—y =m(z— 1)
3
SYy—9=——(z—-6
Y 5( )
3 18
SLY—9=——z+ —
Y 57 5
3 18 + 45
SYy=——z+ ha
5 5
3 63
= — — +—
5 5

The equation of the tangent is y = —%;1; + % or by = —3z + 63.

Let the points of tangency be 4 and B. Both tangents have a gradient of m = % Therefore, the

gradients of the radii to 4 and B are m = —2. But both these lines pass through the centre. Therefore,
AB is a diameter.
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Equation of AB:

y—y =m(z— 1)
Ly—1=-2(z-0)
Sy—1=-2z

Sy=-2z+1

To find A and B,solvey = —2z +1and z2 + (y — 1)2 — 80 simultaneously.
y=-2z+1 (1)
2 +(y—1)> =80 (2)
Substitute (1) into (2):
2 + ((—2z+1)—1)* =80

sz’ 44 =80
- 52% =80
szt =16
Sr==24

Substitute z = —4 into (1):
y=—2(—4)+1

Sy=9

A(—4,9)

Substitute z = 4 into (1):
y=—2(4)+1

Ly=-7

B(4,-17)

Tangent at A:
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1
y=(9) = (=~ (-4)
S Y—9=—-x+2
1 + 11
SY=—-x
y 2
Tangent at B:
y—y =m(z—z1)
1
Ly— (-7 ==(z—4)
2
1
Y+ T=se—2
Y 290
L 9
LYY= —x—
y 2

Back to Exercise 2.2

Unit 2: Assessment

= 2413
Therefore, radius of the circle is ,/13.
The midpoint of AB is the centre of the circle.

. <$1+£B2 y1+y2>
midpoint g5 = ,
2 2
<1 -3 4-— 2)
= (_171)
The equation of the circle is (z + 1)2 +(y— 1)2 - 13.
b.
Y2—U
Mradius =
T2 — X1
1-(-2)
-1 (-3)
_3
2
2
Therefore, Miangent = 75‘
y—y =m(z—z1)
2
y-(-2)= 2@ (-3)
2
+2=—2z-2
Y 3
2
=——z—4
¥=73
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The equation of the tangentat Aisy = —%m —4

2.
a.
Y—U
mmyB =
Lo — X1
1-(-3)
- 3-6
4
3
y—y =m(z— 1)
4
—1=—-——=(z—-3
y g )
4
—1l=——x+4
Y 3
4 +5
LY==z
Y=73
The equation of MBisy = _gm + 5. 4 is the y-intercept of AfB. Therefore, the coordinates of 4 are
(0,5).
b. mpc = % (tangent perpendicular to radius at point of tangency)
y—y =m(z—z1)
3
cy—(-3)=—(z—6
y—(-3) = 2@—0)
3 18
SY+3d=-—zz— —
Y VR
3 < 18 + 12)
SYy=-x—
4 4
3 30
= - — —
4 4
. . 3 30
The equation of the tangent at Bisy = Z;p -
3.
a.
Y —U
maB =
T2 — X1
~1-(-5)
1= (1)
4
2
=2
1
Therefore, mpg = _5.

y—y =m(z —z1)

Ly (8 =~ (e - (1)

1 1
Yy+5=——z— =
y 2 2
1 11
SYy=——=z— —
Y 2 2

The equation of tangent FGisy = —éx — H

2
b. Circleis of the form (z — 1)2 +(y+ 1)2 = p2.
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r=dsp = \/(wz —z1)? + (g — 1)’

= /(= (1)) + (-1 (-5)

=2+’
= VITT6
=20
—2./5

Therefore, the equation of the circle is (z — 1)2 +(y+ 1)2 - 20.

C. BAlFA Therefore AFAB is aright-angled triangle. Therefore:
FB? = FA® + AB?
- FA> = FB* - AB?
o FA® =69 —20 =49
S FA=T7
Note: Because F4 is a length, we can ignore the negative root.

a. Equation is of the form (¢ + 4)2 +(y— 2)2 — 2
r=dyo = \/(302 —z1) + (- )’

= /(-4-07 + (2~ 0)
_ JI6T 1

=+/20

W

Therefore, the equation of the circle is (z + 4)2 +(y— 2)2 = 20.

b. N(-2,y) lies on the circle.
((=2) +4)" + (y—2)> =20
A+ —4y+4=20
P —4dy—12=0
s (y—6)(y+2)=0
Sy=6ory=-2
Therefore, at Ny = 6.

Y2—%
ro — I
2—-0
—-4-0
1
2
Therefore, mpp = 2 (tangent perpendicular to radius as point of tangency).

mpyo =

r’ =36
Sr=6
b. (2,a) lies on the circle. Therefore:
(2)> +a® = 36
et =32
coa=+432
= 14,2
Therefore, g = 4,/2.
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c. QR | OS(OQRS is a parallelogram, given)
But OS is on the x-axis. Therefore, y-coordinate of () is equal to y-coordinate of R. Therefore, n = 2.
QR = OS (OQRS is a parallelogram, given)
ButOS=r=6 =QR.Therefore, m=2+6=38.

Back to Unit 2: Assessment
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SUBJECT OUTCOME IX

SPACE, SHAPE AND MEASUREMENT:
EXPLORE, INTERPRET AND JUSTIFY
GEOMETRIC RELATIONSHIPS

@ Subject outcome

Subject outcome 3.2: Explore, interpret and justify geometric relationships

Learning outcomes

Use geometry of straight lines and triangles to solve problems and to justify relationships in
geometric figures. Concepts to include are:

- angles of a triangle
. exterior angles
. straight lines
- vertically opposite angles
. corresponding angles
- co-interior angles
. alternate angles.
State and apply the following theorems of circles:

. Ifalineis drawn from the centre of a circle to the midpoint of a chord, then that line is
perpendicular to the chord.

- Ifalineis drawn from the centre of the circle perpendicular to the chord, then it bisects the
chord.

. Ifan arc subtends an angle at the centre of the circle and at any point on the circumference,
then the angle at the centre is twice the measure of the angle at the circumference.

- Ifthe diameter of a circle subtends an angle at the circumference, then the angle subtended
is a right-angle triangle.

. Ifan angle subtended by a chord at a point on the circumference is a right angle, then the
chord is a diameter.

- Angles in the same segment of a circle are equal.

. The opposite angles of a cyclic quadrilateral are supplementary.

- An exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.

. If the exterior angle of a quadrilateral is equal to the interior opposite angle the quadrilateral
will be a cyclic quadrilateral.

- The four vertices of a quadrilateral in which the opposite angles are supplementary will be a
cyclic quadrilateral.

. Ifatangent to acircle is drawn, then it is perpendicular to the radius at the point of contact.

. Ifalineis drawn perpendicular to a radius at the point where the radius meets the circle, then
it is a tangent to the circle.

- Iftwo tangents are drawn from the same point outside a circle then they are equal in length.

- The angle between a tangent to a circle and a chord drawn from the point of contact is equal
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to an angle in the alternate segment (tan-chord theorem).
Note: Proofs of the above theorems are excluded

‘g’ Unit 1 outcomes

By the end of this unit you will be able to:

Use properties of angles on straight lines and angles in a triangle to find unknown angles
including:

- angles of a triangle

. exterior angles

. straight lines

- Vvertically opposite angles
. corresponding angles

- co-interior angles

. alternate angles

‘g’ Unit 2 outcomes

By the end of this unit you will be able to:

Apply the following theorems relating to circles:

- Line drawn perpendicular to a chord from the centre of the circle bisects the chord, and its
converse (line drawn from the circle centre to the mid-point of chord is perpendicular to the
chord).

- Angle at the centre of a circle is twice the size of the angle at the circumference.

- Diameter of a circle subtends a right angle at the circumference, and its converse (if an angle
subtended by a chord at a point on the circumference is a right angle, then the chord is a
diameter).

- Angles in the same segment of a circle are equal.

‘g’ Unit 3 outcomes

By the end of this unit you will be able to:

Define a cyclic quadrilateral.
Apply the theorem opposite angles of a cyclic quadrilateral are supplementary.
Apply the theorem exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.
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Apply the converses of equality between opposite angles, between angles in the same segment,
and between exterior angles and interior opposite angles, to prove a quadrilateral is cyclic.

‘g’ Unit 4 outcomes

By the end of this unit you will be able to:

Apply the theorem tangent perpendicular to radius at point of contact.

Apply the converse theorem of tangent perpendicular to radius.

Apply the theorem two tangents drawn from the same point outside a circle are equal.
Apply the tangent-chord theorem.
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Unit 1: Finding angles of straight lines
and triangles

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Use properties of angles on straight lines and angles in a triangle to find unknown angles
including:

- angles of a triangle

. exterior angles

- straight lines

- vertically opposite angles
. corresponding angles

. co-interior angles

. alternate angles

What you should know

Before you start this unit, make sure you can:

Work with triangles and the measurement of angles. Level 2 subject outcome 3.2 will remind you of
these basics.

Introduction

The word ‘geometry’ comes from two Greek words ‘geo’ meaning earth and ‘metria’ meaning measure.
It is the area of mathematics that deals with objects and spatial arrangements. Analytical geometry, as
we studied in subject outcome 3.1, deals with these objects and their spatial arrangements by using the
Cartesian coordinate system and algebra.

Euclidean geometry, on the other hand, deals with these objects and their spatial arrangement using a
system of reasoning and logical deductions.

Euclidean geometry was first developed to solve surveying problems and is still used widely for this purpose
today. Euclidean geometry principles are also used in architectural design and art. Some of the most
interesting applications of Euclidean geometry are used to help us determine the best packing
arrangement for various types of objects.

Did you know?

Unit 1: Finding angles of straight lines and triangles | 409



Euclid, the ‘Father of Geometry’ was a Greek mathematician from the third century BC. He wrote
a book on geometry called the Elements which is still considered one of the most important and
influential books on mathematics. The Elements also dealt with number theory, factorisation and
common divisors.

Euclidean geometry is not the only kind of geometry. Spherical geometry, for example, deals with the
geometry of spheres. In spherical geometry, the angles inside a triangle do not add up to 180°. They add
up to more than 180°. How much more depends on the size and shape of the triangle. These alternative
geometries are called non-Euclidean geometries.

Watch the video called “5-Sided Square” if you are interested in learning more about spherical
geometry.

5-Sided Square (Duration: 09.14)

In this subject outcome, we will focus on a section of Euclidean geometry called circle geometry which
considers the relationships between circles, triangles (three-sided figures) and quadrilaterals (four-sided
figures).

Studying geometry in general and circle geometry in particular is an excellent way to help us develop and
hone our logic, reasoning and argumentation skills. Being able to reason logically and express our reasons
and arguments clearly and concisely is an important and valuable life skill.

Angles and lines

Many of the properties of angles and lines you will most likely be familiar with already, but we will list them
all in this section for completeness.

We know that an angle is formed when two lines meet or intersect at a point (called a vertex). We measure
the size of the angle between the two lines in degrees. Here is some of the basic terminology used to
describe and work with angles.

Angles smaller than 9g° are called acute angles.

Angles of 9(° are called right angles

Angles between 9(° and 18(° are called obtuse angles.

Angles of 180° are called straight angles and are on a straight line.
Angles between 180° and 360° are called reflex angles.
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153°

34° 90°
Acute angle Right angle Obtuse angle
207°
1.80"\
Straight angle Reflex angle
Figure 1: Different types of angles
Angles that add up to 9(° are called complementary angles.
Angles that add up to 180° are called supplementary angles.
34°
295 58° [ 45°
27° 439 34°
Complementary angles Supplementary angles

Figure 2: Sum of angles

If two straight lines intersect each other, four angles are created. The vertically opposite angles in this case
are equal. In other words, 4, — A, and 4, — A, (see figure 3).
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Figure 3: Vertically opposite angles are equal

Angles and parallel lines

Often, we need to work with the angles formed by a transversal line (EF) cutting two or more other lines (
AB and BC) (see figure 4). This situation creates a number of important angles.

Figure 4: Two lines being cut by a transversal
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Corresponding angles are formed such as él and f[l (see figure 5). Corresponding angles are on the
corresponding side of the lines and the same side of the transversal.

C

Figure 5: Corresponding angles

Alternate angles are formed such as éz and ]fjl (see figure 6). Alternate angles lie between the lines and on
opposite sides of the transversal.
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Figure 6: Alternate angles

Co-interior angles are formed such as é3 and I}I (see figure 7). Co-interior angles lie between the lines and
on the same side of the transversal.
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Figure 7: Co-interior angles

When those two (or more) lines cut by the transversal are parallel, these three angle pairs have special
properties. In figure 8, AB || CD and so:

the corresponding angles are equal (él = ﬁ'l)
the alternate angles are equal (G, — H,)
the co-interior angles are supplementary (é3 + ﬁ[l = 180°)-
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C

Figure 8: Properties of angles when parallel lines are cut by a transversal

Note in figure 8 that we know that é’1 = éz because these angles are also vertically opposite. Also note that
él + é3 — 180° because they are angles on the same straight line (EF). Therefore, it makes sense that if

G, + G5 = 180° and G, = H,.then G, + H, = 180°-

@ Take note!

When two lines are cut by a transversal, corresponding, alternate and co-interior angles are always
created.

If lines being cut by the transversal are parallel, then the corresponding angles are equal, the alternate
angles are equal and the co-interior angles are supplementary.

By the same logic, if the corresponding angles are equal, or the alternate angles are equal or the co-
interior angles are supplementary, then the lines are parallel.

If you would like an excellent summary of the angles created by parallel lines, watch the video called
“Angles In Parallel Lines".
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Angles In Parallel Lines (Duration: 2.55)

p Example 1.1

Find all the unknown angles if AB || EF.

Solution

The most important thing when answering Euclidean geometry questions is to provide reasons for
each statement you make. Remember, you are constructing a logical argument. Each step in your
argument needs to have a logical reason so that the entire argument is true. If just one step is false, the
entire argument falls down. Pay special attention to how the reasons for each assertion made below are
provided.

We have been told that AB || EF. Therefore, we need to look for corresponding, alternate and co-interior
angles.
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a=>51° alt angles are equal; AB || EF
You must state which parallel lines make the alternate angles equal.

GHJ +a+ b= 180° angles on a str line suppl
But GHJ = 90° given
Sa+b=90°
- b=90° —51° = 39°

ACD+¢é =180°  co-int angles are supplementary; AB || EF
s e =180° — 138° = 42°

ACD =¢  corresp angles =;AB || EF

€ =f  vert opp angles =

~

g vert opp angles =
39°

Q>
Il

Note: You can use abbreviated words (like ‘alt’ for alternate) or the full word.
Note: Be careful. j and ¢ are co-interior angles but CD is not parallel to JI, therefore these co-interior

angles are not supplementary.

j© Example 1.2

Determine if AB is parallel to C'D.

418 | NC(V) Mathematics 4



Solution

In this case, we need to prove that the lines are parallel by showing that the corresponding angles are
equal, or the alternate angles are equal, or the co-interior angles are supplementary.

él =17T4° vert opp angles =
él = Aﬁ F
..AB || CD  corresp angles =

Note: This is just one way to prove that AB || CD. We could also have shown that, for example, the
alternate angles él and ﬁ‘2 are equal or that the co-interior angles é’1 and f{l are supplementary.

% Exercise 1.1

Question 1adapted from Everything Maths Grade 10 Exercise 7 — 1 question 2

1. Find all the unknown angles in the figure below:
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2. Determine the value of z in the following diagram:
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3. Determineif ABand CD are parallel:
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E 23 3 /41°
3220 241 -

The full solutions are at the end of the unit.

Angles in triangles

By this stage, you should be very familiar with triangles. There are four types of triangles. These and their
characteristics are summarised in figure 9.
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1 L 80!°
A y c E F G
Equilateral triangle Iscoceles triangle Scalene triangle

Right triangle

Figure 9: The four types of triangles

We know that the sum of the interior angles of a triangle is 180°. In other words, in figure 10
A + B+ C = 180°- The interior angles of a triangle are supplementary.

B

A

Figure 10: The interior angles of a triangle are supplementary

This is why all the angles in an equilateral triangle are 60° (% = 60°).

But we also know that the angles on a straight line are supplementary. Therefore, what can we say about
angles 4, pand ¢, in figure 11?
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A

Figure 11: The exterior angle of a triangle is equal to the opposite interior angles

A+ B+ 6’1 =180° int angles of A suppl
But é’l + éz =180° angles on str line suppl
éz = z‘i + B
We say that the exterior angle of a triangle (the angle made by extending any of the sides of the triangle) is
equal to the sum of the two opposite interior angles (ext angle of A = opp int angles).

% Exercise 1.2

Calculate the unknown variables in each of the following figures:
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2z

D \61°
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C

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

The different kinds of angles are acute, right, obtuse, straight, and reflex.
Complementary angles add up to 90°.

Supplementary angles add up to 180°.
That when lines cut by a transversal are parallel, the alternate angles are equal, the corresponding

angles are equal and the co-interior angles are supplementary.

The different kinds of triangles are equilateral, isosceles, scalene and right.

That the interior angles of a triangle add up to 180°.

That the exterior angle of a triangle is equal to the sum of the opposite interior angles.

Unit 1; Assessment

Suggested time to complete: 25 minutes

Question 1 adapted from NC(V) Mathematics Level 4 Paper 2 November 2016 question 1.1

1. Inthe diagram given below, AB || CD and EFGH is a transversal with Fon ABand G on CD.
FGC = 2z +22° and HGD = 3z — 20°
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a. Determine the value of z.

b. Determine the magnitude of g p.
Question 2 adapted from NC(V) Mathematics Level 4 Paper 2 November 2015 question 1.1

2. Inthe diagram below PQ || RS || TU | VW. PR, SU and TW are drawn and MN | PR. Also, p — 105°,
S =76°and T = 29°.

P R T Vv
105°

W
N A

29°

76° y
s u

Q

Determine, with reasons, the sizes of z, ¥y and z.
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Question 3 adapted from NC(V) Mathematics Level 4 Paper 2 November 2014 question 1.2

3. In the diagram below, parallel lines AB and CD are cut by two transversals SPQ and TPR. Both
transversals intersect CD at p. If p}%Q = PQR — 60° and §PT = y — 20°, determine the value of y.

A C

N '

D

Question 4 adapted from NC(V) Mathematics Level 4 Paper 2 November 2013 question 1.1

4. Inthe figure below, AC || EG, BD = CD and ¢BD = 50°-
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Determine, giving reasons, the value of r, s, ¢, u, v and w.

5. Inthe diagram, AB || CD. Calculate the sizes of G, F, ¢ and p. Give reasons for your answers.
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53°

857

The full solutions are at the end of the unit.

Unit 1; Solutions

Exercise 1.1

~

D; =180° — 92° = 88°  angles on a str line suppl
Bl =180° — 62° = 118°  angles on a str line suppl
Fy =62° alt angles =; AD || EG
ﬁl = él corresp angles =; BF || CG
oGy =62°
C1 =92° corresp angles =;CF || DG
F3=C; alt angles =;AD || EG
- Fy=92°
él + 15’1 + Fz =180° co-int angles suppl; AD || EG
- Fy = 180° — 62° — 92° = 26°
6'2 = 1*:'2 alt angles =; BF || CG

- Cy = 26°
Gy =C, alt angles =; BF | CG
.Gy = 26°

Cs = CBF = 62°  corresp angles =; BF | CcG
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G; =92°  alt angles =; AD | EG

2.
Ms=z alt angles =; PQ || RS
M, =78° alt angles =; PQ | RS
Ml =x —31° vert opp angles =
]\/:fl + ]\ng + M5 =180° angles on str line suppl
cox—31° 4 78° +x = 180°
s 2z =133°
.z =66.5°
3.

Note: You cannot make a conclusion based on what the diagram looks like. You must work with the
angles to see if they provide a condition for the lines being parallel or not.

Gy +122° = 180° angles on str line suppl
- Gy = 180° — 122° = 58°
Gy A4

.. corresp angles not equal

.. AB not parallel to CD

Back to Exercise 1.1

Exercise 1.2
1.
2z +10° = 74° = sides = angles
o 2r = 64°
s =32°
2.
y = 180° — 61°  angles on str line suppl
Sy =119°
x+2rx=y=119° ext angle of A = opp int angles
o3 =119°
s.x = 39.67°

z+CHJ + y=180° angles in A suppl
Sy =180 — 2 x 66°
Sy =48°

FJA=z=66° vert opp angles

JAK =66° alt angles =; FG || HB

JAK + 2+ y =180° angles in AABC suppl
. z=180° — 66° — 48° = 66°

Back to Exercise 1.2

Unit 1: Assessment
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CGF = HGD  vert opp angles
22+ 22° = 3x — 20°
cox=42°

CGF + AFG = 180° co-int angles suppl; AB || CD
- AFG = 180° — (2 x 42° + 22°)
.. AFG =180° — 106° = 74°
But AFG = EFB vert opp angles =
. EFB="74°

2. ¢ =105° corresp angles =; PR || MN

y=180° — 76° = 104°  co-int angles suppl; RS | TU
z=29° alt angles = TU | VW

leR =y —20° vert opp angles =
QISR + PRQ + RQP =180° angles in A suppl
5.y —20° +y+60° =180°
cL 2y = 140°
Sy =T0°

4. r=180° —50° = 130° angles in str line suppl

5.

s =50° equal sides equal angles
t+ s+ 50° =180° angles in A suppl
.t =180° — 50° — 50° = 80°

OR

r=s+t ext angle of A = opp int angles
.t =130° — 50° = 80°
u =80° vert opp angles =

v=s alt angles =; AC || EG

sov = 50°
w=CBD alt angles =; AC || EG
cow = 50°

FHG =53° vert opp angles =
F + FHG + FGH = 180°  angles in A suppl
- F =180° — 53° — 90° = 37°
HID =53 alt angles =; AB || CD

- CIE=53 vert opp angles =

-.C =180° — 85° —53° angles in A suppl
- C=42°
D =110° alt angles =; AB || CD

Back to Unit 1: Assessment
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Unit 2: Circle geometry theorems

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Apply the following theorems relating to circles:

. Line drawn perpendicular to a chord from the centre of the circle bisects the chord, and its
converse (line drawn from the circle centre to the mid-point of chord is perpendicular to the
chord).

- Angle at the centre of a circle is twice the size of the angle at the circumference.

- Diameter of a circle subtends a right angle at the circumference, and its converse (if an angle
subtended by a chord at a point on the circumference is a right angle, then the chord is a
diameter).

- Angles in the same segment of a circle are equal.

What you should know

Before you start this unit, make sure you can:

Describe the characteristics of the different types of triangles.
Work with vertically opposite angles and angles on a straight line.
Work with the alternate, corresponding, and co-interior angles between parallel lines.

Refer to unit 1 of this subject outcome if you need any help with any of these.

Introduction

In the previous unit we learnt about and used the properties of angles on straight lines and in triangles. We
noted that studying geometry in general, and circle geometry in particular, is an excellent way to help us
develop and hone our logic, reasoning and argumentation skills. Being able to reason logically and express
our reasons and arguments clearly and concisely is an important and valuable life skill.

In that unit, we used the basic ‘facts’ of angles on straight lines and in triangles to construct arguments to
prove relationships between angles that were not immediately obvious. We used deductive reasoning.

These basic ‘facts’ (such as that angles on a straight line add up to 180°) are called axioms — statements
that are assumed to be true for the purposes of building further arguments. Axioms are sometimes called
self-evident truths or postulates. The whole of mathematics is based on several crucial axioms that, if ever
proven untrue, would undo entire branches of mathematics.

One such axiom is called the reflexive axiom and states that a number is equal to itself. In other words,
a = a. This seems completely obvious (a self-evident truth or an axiom), but it underpins all of mathematics.
Another, that we rely upon in many geometry arguments, is the transitive axiom (if ¢ = b and b = ¢ then
a=c).
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Did you know?

There are six fundamental axioms for algebra. You can read clear and simple explanations of these
axioms of algebra at this link.

Many of these are mirrored in the seven axioms that Euclid stated for geometry. Visit an Introduction to
Euclidean Geometry for more details.

Some basics

Sometimes, we use the fundamental axioms to build reusable arguments called theorems. These are non-
self-evident statements of truth that we prove once and then keep using to build other arguments without
having to prove them each time. Theorems can also be built upon by other theorems. If ever the underlying
axioms (or theorems) were proven untrue, the theorem could no longer be taken to be true. This is why
mathematicians spend so much time carefully and meticulously proving that every statement they make is
true.

Did you know?

There is a famous theorem called Fermat’s last theorem. It says that there are no solutions to the
equation g™ + p* = " for any value of n greater than 2. You should recognise the case when n = 2 as the

theorem of Pythagoras.

This theorem was assumed to be true for hundreds of years without any formal or official proof. Whole
areas of mathematics were built on this theorem that were at risk! Finally, in 1993, a mathematician
called Andrew Wiles presented the first proof. It took him almost six years to develop and three days to
present!

Unfortunately, there was an error in his proof which took him another year to correct. Finally, in 1995, the
final theorem was published in the form of two papers.
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Figure 1: Andrew Wiles in front of a statue of Pierre de Fermat

Watch the excellent video called “Fermat’s Last Theorem” if you want to learn more.

Fermat's Last Theorem (Duration: 09.30)

There are a number of theorems that relate to circles. We will learn about four of them in this unit. In order
to understand what they mean, we need to make sure that we know what the different parts of a circle are
called. Study figure 2 to learn about the parts of a circle if you don't know them already.

Arc: a portion of the
circumference of the circle

v 4

Segment: Yart of a circle that is
cut off by a §hord

Diameter: A special chord passing
through the centre of a circle

Radius: Any line from the centre
of a circle to the circumference

Circumference: The full perimeter of a circle

Figure 2: The parts of a circle

Circle theorems

You do not need to be able to prove any of the circle theorems yourself. You can simply assume that they
are true. The following sections explain the theorems that you need to be able to state and use. Note that
they are numbered only for reference purposes. These theorems do not have official numbers.
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Theorem 1

This circle theorem deals with chords.

Theorem 1: Perpendicular line from circle centre bisects chord

If a line is drawn from the centre of a circle perpendicular (at right angles) to a chord, then it bisects the
chord.

If OP is perpendicular to 4B, then OP bisects AB (i.e. AP = BP).

Reason: | (or perp) from centre bisects chord

p Example 2.1

Given OB1. AC, OA = 7 units and AC = 12 units, determine the length of OB.
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Solution

We need to recognise that the line from the centre meets the chord AB at right angles and bisects the
chord or cuts it in half.

1
AB = EAC =6 units (L from centre bisects chord)
In AABO:

B =90° Given
OA® = OB? + AB®>  (Pythagoras)

- OB =04% - AB?

S OB* =7 —¢°
=49 — 36
=13

. OB= 13

A converse of a theorem can be thought of as the reverse of a theorem. If a theorem states that ‘if 4 is true
then Bis true’ then the converse of the theorem says that ‘if B is true then 4 is true’. Not all theorems have
converses that are also true, but many do.

Converse to theorem 1: Line from circle centre to mid-point of chord is perpendicular to the chord
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If a line is drawn from the centre of a circle to the mid-point of a chord, then the line is perpendicular to
the chord.

If OP bisects AB (i.e. AP = BP), then OP is perpendicular to AB.

Reason: Line from centre to mid-point | (or perp)

p Example 2.2

Given AP = BP and pO 4 — 62°, determine the OfiP-
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Solution

We need to recognise that we are dealing with the converse of theorem 1. If a line from the centre
bisects a chord, then it meets the chord at right-angles.

OPA=90° (Line from centre to mid-point L)

In AAOP:
OAP =180° —90° — 62° (/s inAsuppl)
- OAP = 28°

Theorems 2 and 3

Let’'s now look at two more circle theorems.

Theorem 2: Angle at the centre of a circle is twice the size of the angle at the circumference

If an arc subtends an angle at the centre of a circle and at the circumference, then the angle at the
centre is twice the size of the angle at the circumference.

Note: We say an arc subtends an angle when the lines creating that angle start at either end of the

arc. We can also say that the angle is subtended by the relevant chord. Three different possibilities are
illustrated.
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If arc AB (or chord AB) subtends an angle at the centre and an angle at the circumference, then the
angle at the centre (4 ) B) is twice the size of the angle at the circumference (4 p ).

Reason: / at centre = 9/ at circumference.

Visit this activity to play with an interactive circle to explore theorem 2 in more detail.

Move point C to change the size of the arc (or chord) and hence the angles created and then drag point A
around the circumference of the circle. What happens if you make the arc a diameter?

You should have seen that if the arc subtending an angle is a diameter then the angle at the centre will be
180°. This means that the angle at the circumference will be 9¢°. Therefore, a diameter will subtend an angle
of 9¢° at the circumference. This is theorem 3.
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Theorem 3: Diameter of a circle subtends a right angle at the circumference

If a diameter subtends an angle at the circumference, then this angle is a right angle.

If ABis a diameter, then the angle subtended at the circumference (4 pg) is a right angle.

Reason: Angles in a semi-circle

Converse to theorem 3: If a chord subtends a right angle at the circumference then the chord is a
diameter

If an angle subtended by a chord at a point on the circumference is a right angle, then the chord is a
diameter.
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If AB subtends a right-angle at the circumference, then 4B is a diameter.

Reason: Chord subtends right-angle

p Example 2.3

Given O the centre of the circle, determine the value of x in each case.
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Solution

1. Arc DB (or chord DB) subtends an angle of 49° at the circumference and angle pp at the centre.

DOB =gz =2x49° =98° (/ at centre 2/ at circumference)

2. We need to be careful in this case because the angle at the circumference and the given angle at
the centre are not on the same side of the chord DB. Instead, we need to consider the larger arc
DB as indicated below. Therefore, the angle at the centre is actually 235°.
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ég = 360° — 01 (angles around a point = 360°)
= 360° — 125°
= 235°

. 9235°
BCD=z= % =117.5°  (Zat centre =2/ at circumference)

p Example 2.4

Given PR a diameter of the circle PQR, PQ = 8 unitsand QR = 10 units, determine the radius of the
circle PQR.
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Solution

We are told that PR is a diameter. Therefore, it subtends an angle of 9(° at the circumference. Therefore,
APQR is a right-angled triangle and we can use Pythagoras to determine the length of the diameter
and, hence, the length of the radius.

PR is a diameter (given)
Therefore PQR = 90° (/s in a semi-circle)

In APQR:
PR? = PQ* + QR?  (Pythagoras)
=8 +10°
=164

. PR = 24/41 units
A radius is equal to half the diameter. Therefore, the radius is /41 units.

Theorem 4

This next theorem deals with segments of a circle.

Theorem 4: Angles in the same segment of a circle are equal
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If the angles subtended by a chord of the circle are on the same side of the chord, then the angles are
equal.

If AB subtends angles 4ppand AQB at the circumference and 4 p g and are both on the same side of
the chord AB,then APB = AQB.

Reason: /s in same seg

j© Example 2.5

Given oA D — 26°, determine the sizes of angles ¢, p and g.
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Solution

D
C =D =26 (4s in same seg)
E

6° (s in same seg)

26

% Exercise 2.1

1.
the circle.

a.

Find the values of the unknown angles in each case. Note that where O appears, it is the centre of
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N
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31
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2. Inthe circle with centre O, the radius is 6 units OQ L PR and PR = 8 units. Determine z.

3. Inthe circle with centre O, OT LSQ, OT L PR, OP = 8 units, ST = 3 units and PU = 7 units.
Determine TU.

Unit 2: Circle geometry theorems | 457



4. Given circle with centre O, CD = CE and C’f)T — 30°- Determine z and y. Does OC bisect DE?
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The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

A line drawn perpendicular to a chord from the centre of the circle bisects the chord.

A line drawn from the circle centre to the mid-point of chord is perpendicular to the chord.

The angle subtended by an arc or chord at the centre of a circle is twice the size of the angle
subtended at the circumference.

The diameter of a circle subtends a right angle at the circumference.

If an angle subtended by a chord at a point on the circumference is a right angle, then the chord is a
diameter.

Angles subtended by the same arc or chord in the same segment of a circle (on the same side of the
chord) are equal.
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Unit 2; Assessment

Suggested time to complete: 40 minutes
Question 1 adapted from NC(V) Mathematics Level 4 Paper 2 November 2011 question 1.2

1. ABis a diameter of the circle with centre E. cDE = 50° and AB || DC.

Determine, with reasons, the values of Ev 6'1 and p.

Question 2 adapted from NC(V) Mathematics Level 4 Paper 2 November 2013 question 1.2

2. Inthe diagram below, O is the centre of the circle with diameters AC and BD. AB || DC and AC meets
BD at O. P is any point on the minor arc BC. PB and P(C are joined.
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Calculate, with reasons, the values of x, ¥y and z.
Question 3 adapted from NC(V) Mathematics Level 4 Paper 2 November 2014 question 1.3

3. Inthe figure given below, O is the centre of the circle with diameter BD. AOB — 60° 2nd BDC — 22°
with 4 and C any two points on the circle on either side of BD.
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Determine, with reasons, the values of v, w, z, y and z.
Question 4 adapted from NC(V) Mathematics Level 4 Paper 2 November 2015 question 1.3

4. Inthe figure below O is the centre of the circle, AOD is a diameter and AE || CD, with E, C' and Bon
the circumference of the circle. Also, 4 — 5q°.
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a. Whyis ADC = 50°7
b. Determine the size of ¢ BpD.
c. Prove that EOC is a straight line.

The full solutions are at the end of the unit.

Unit 2;: Solutions

Exercise 2.1

a. =78 (s in same seg)

b. ABisadiameter (straight line passing through the centre)
Therefore APB =90° (/s in semi-circle)
z =180° —90° —59° (Lsin a A)

=31°
c.
CAD =31° (alt /s =; AC | BD)
z=CAD = 31° (4s in same seg)
d.

~

01 =204° (£ at centre =2/ at circumference)
sz =360°—204° (/s round a point)
= 156°
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e. =47 (s in same seg)
DAE = 180° — 128° (Zs on str line suppl)
=52°
S,y =180° —52° —47°  (4s in A suppl)
=81°
2. OP =OB =6 units (both radii)
PR = 8 units  (given)
.. PQ =4 units (L from centre bisects chord)
x> = OP? — PQ* (Pythagoras)
cxt =6 — 47

=36 — 16
=20
sz =25
3.
OU? = OP?> — PU?  (Pythagoras)
S OU? =8 -7
=64 —-49
=15
-.0U = /15
OP = OQ = 8 units  (both radii)
QT = ST = 3 units (L from centre bisects chord)
T? = 0Q* — QT?  (Pythagoras)
-OT? =8 - 37
=64-9
=55
.. OT = +/55
TU =0T - 0OU
= /55— V15
4.

CED = 30° (isos A)
z = CED = 30° (4s in same seg)
BDC = 90° (CB passes through centre O; /s in semi-circle)
-.EDB = 60°
ECT = 60° (£s in same seg)
y=180° —30° — 60° (Zsin A suppl)
=90°
Therefore OC bisects DE (I from centre bisects chord).

Back to Exercise 2.1

Unit 2: Assessment

E; =50° (alt /s =; AB | CD)
Ci = EEI =25° (£ at centre =2/ at circumference)

Cy =90° (Zs in semi-circle)
=180° (co-int Zs suppl; AB || CD)
180° — 90° — 25° = 65°
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z=T0° (£ at centre =2/ at circumference)
y=z="70° (alt /s =; AB| CD)
O1 + O, + AOD = 360° — 140° = 220° (/s around a point)

..z=110° (£ at centre =2/ at circumference)

3.
In AABO:
OA = OB (both radii)
sv=w (isosc A)
.20 =180° — 60° = 120° (Zsin a A suppl)
s = 60°
cow = 60°
z =30° (£ at centre= 2/ at circumference)
y=90° (Zs in semi-circle)
z+v=90° (s in semi-circle)
sz =30°
4.

1. ADC =50° (alt Zs =; AE || CD)

2. In AAOE:
OA =OE (both radii)

- A =AEO (isosc A)
- AOE = 180° — 50° — 50° = 80° (/s in a A suppl)
AOE = COD = 8(° (vert opp Zs)
.CBD =40° (Z at centre =2/ at circumference)

EBD = 50° (4s in same seg)
EBC = EBD + CBD
= 40° 4 50°
=90°
.. EOC is a diameter (chord subtend right-angle)
Therefore EQC is a straight line.

Back to Unit 2: Assessment
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Unit 3: Properties of cyclic quadrilaterals

DYLAN BUSA

‘$’ Unit 3 outcomes

By the end of this unit you will be able to:

Define a cyclic quadrilateral.

Apply the theorem opposite angles of a cyclic quadrilateral are supplementary.

Apply the theorem exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.
Apply the converses of equality between opposite angles, between angles in the same segment,
and between exterior angles and interior opposite angles, to prove a quadrilateral is cyclic.

What you should know

Before you start this unit, make sure you can:

1. State and use all the circle theorems covered in unit 2:
1. Aline drawn perpendicular to a chord from the centre of the circle bisects the chord.
2. Aline drawn from the circle centre to the mid-point of chord is perpendicular to the chord.

3. The angle subtended by an arc or chord at the centre of a circle is twice the size of the angle
subtended at the circumference.

4. The diameter of a circle subtends a right angle at the circumference.

If an angle subtended by a chord at a point on the circumference is a right angle, then the chord is
a diameter.

6. Angles subtended by the same arc or chord in the same segment of a circle (on the same side of
the chord) are equal.

Introduction
A quadrilateral is any flat four-sided figure. Each of the four sides must be straight. A square is an example
of a quadrilateral, as is a parallelogram. These are very special kinds of quadrilaterals with special properties.

Most quadrilaterals have no special characteristics other than that they have four straight sides and,
therefore, four interior angles. We call these irregular quadrilaterals. Figure 1 shows various examples of
quadrilaterals.
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Irregular Quadrilateral Trapezium Isosceles Trapezium Parallelogram
(Brit. Eng.) (Brit. Eng.) (Brit. Eng.)
Trapezium Trapezoid Isosceles Trapezoid
{Amer. Eng.) (Ameer. Eng.) (A, Eng.)
| L
| L
< 2 ] []
1 N
Kite Rhambus Rectargle Square

Figure 1: Examples of quadrilaterals

But some quadrilaterals are just the right shape that their four corners all lie on the circumference of the
same circle. These are called cyclic quadrilaterals (see figure 2). Some special quadrilaterals such as squares,
rectangles and parallelograms are always cyclic but many irregular quadrilaterals are cyclic as well.
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Figure 2: Examples of cyclic quadrilaterals

Take note!

For a quadrilateral to be cyclic, all four vertices (corners) of the quadrilateral must lie on the
circumference of the same circle.

Cyclic quadrilateral theorems

You do not need to be able to prove any of the cyclic quadrilateral theorems yourself. You can simply assume
that they are true. The following sections explain the theorems that you need to be able to state and use.
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Note that they are numbered only for reference purposes and continue the numbering from unit 2. These
theorems do not have official numbers.

Theorem 5

Let's look at the theorem involving opposite angles of a cyclic quadrilateral.

Theorem 5: Opposite interior angles of a cyclic quadrilateral are supplementary

The opposite angles of a cyclic quadrilateral are supplementary (they add up to 180°).

If ABCD is a cyclic quadrilateral, then 4 4 ¢ — 180° @and B + D = 180°-

Reason: opp /s in cyclic quad

p Example 3.1

Given the circle with centre O with diameter GHand cyclic quadrilateral FGHI. GI is drawn and
GHI = 66°- Determine the values of z, y and z.
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Solution

z =90 (Zs in semi-circle)
y=180° — 66° —90° = 24° (s in A suppl)
z=180° — 66° = 114° (s in cyclic quad)

Converse to theorem 5: Opposite interior angles are supplementary

If the opposite angles of a quadrilateral are supplementary (they add up to 180°), then the quadrilateral
is cyclic.
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If 4+ ¢ =180°°r B+ D = 180° then ABCD is a cyclic quadrilateral.

Reason: opp int /s suppl

Theorem 6

The next theorem looks at exterior angles.

Theorem 6: Exterior angle of a cyclic quadrilateral equal to opposite interior angle

The exterior angle of a cyclic quadrilateral is equal to the opposite interior angle.
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If ABCD is a cyclic quadrilateral, then B, + D.

Reason: ext / —opp int £ in cyclic quad

p Example 3.2

Given the circle with centre O and cyclic quadrilateral ABCD, and él — 162°. Determine the value the

value of ABE.
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Solution

O, = 360° — 162° = 198° (£ around a point)

S.D=199° (£ at centre =2/ at circumference)

. ABE = 99° (ext /= opp int Z in cyclic quad)

Converse to theorem 6: Exterior angle equal to opposite interior angle

If the exterior angle of a quadrilateral is equal to the opposite interior angle, then the quadrilateral is
cyclic.
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E
B
107
c
107
]
A
If ABE — D.then ABCD is a cyclic quadrilateral.
Reason: ext / —opp int /

Proving a quadrilateral is a cyclic quadrilateral
So far, we have seen two ways in which we can prove that a quadrilateral is a cyclic quadrilateral.

If we can prove that the opposite interior angles of the quadrilateral are supplementary, then the

quadrilateral is cyclic.
If we can prove that the exterior angle of the quadrilateral is equal to the opposite interior angle, then

the quadrilateral is cyclic.

But there is a third way. Remember theorem 4 from unit 2? It stated that if the angles subtended by a chord
of the circle are on the same side of the chord, then the angles are equal.

Unit 3: Properties of cyclic quadrilaterals | 475



Figure 3: Angles in the same segment of a circle are equal

Because Q and p are both subtended by arc AB (or chord AB), then we know that Q — p.But now have a

look at ABPQ. Can you see that all four vertices lie on the circumference of the same circle? Therefore, it is
a cyclic quadrilateral.

Figure 4: All four vertices lie on the circumference of the same circle

This means that we can use the converse of theorem 4 to prove that a quadrilateral is cyclic. If the angles in
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the same segment of a circle are equal, then the quadrilateral made by the chord and the two angles must
be a cyclic quadrilateral.

LQ') Take note!

There are three ways to prove that a quadrilateral is a cyclic quadrilateral:

Proof 1: Opp int /s suppl

If 4+ ¢ =180°°r B+ D = 180° then ABCD is a cyclic quadrilateral.

-"\-\-——-—'"-.-

-

-
- . —
e =

Proof 2: ext / —opp int /
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If ABE = D.then ABCD is a cyclic quadrilateral.

Proof 3: /s in same segment
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If ACD = ABD.then ABCD is a cyclic quadrilateral.

p Example 3.3

If COE is a diameter of circle centre O, prove that ABCD is a cyclic quadrilateral.
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Solution

CDE =90° (/s in semi-circle)
-.CDE = ABC = 90°
Therefore ABCD is a cyclic quadrilateral (ext / —opp int /).

% Exercise 3.1

1. Find the value of the unknown angles:

a.
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2. In each case, determine if ABCD is a cyclic quadrilateral:

a.
A
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The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

That a cyclic quadrilateral is any four-sided shape whose vertices all lie on the circumference of the
same circle.

The opposite angles of a cyclic quadrilateral are supplementary.

The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.

A quadrilateral can be proven to be a cyclic quadrilateral if you can show that:

- the opposite angles are supplementary
. the exterior angle is equal to the interior opposite angle
- the angles subtended by one side of the quadrilateral are equal.

Unit 3; Assessment

Suggested time to complete: 25 minutes

1. O isthe centre of the circle with diameter AB. CD.1 AB at P and chord pEcuts ABat F.CB = DB.
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Prove that:

a. CBP = DBP

b. CED=2xCBA
c. ABD= écéA

2. A, B,C and D are points on circle centre O. ABC = 69°- AD and B(C are extended to meet at E.
AB = AC.
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a. Determine, with reasons, two more angles equal to AB¢-

b. If BAD — go°, calculate B p, CED and ABD-

The full solutions are at the end of the unit.

Unit 3; Solutions

Exercise 3.1
1.
a.
z =180° — 74°  (opp Zs in cyclic quad)
= 106°
y=180° —85°  (opp Zs in cyclic quad)
= 95°
b.
J =180° — 86° (opp Zs in cyclic quad)
=94°
z =180° —94° — 35° (s in A suppl)
=51°
c.
IN AJKM:
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KMJ =42°  (isosc A)
- KJM=180° —42° —42° (/s in A suppl) * = KJ M = 96°

= 96°
2.

a.

CED =180° —110° (/s on a str line) BDC = 180° — 70° — 49°

=70° =61°

-.BAE = CDE

Therefore ABCD is a cyclic quadrilateral (/s in same segment).
b.

CBD =31° (isosc A)
- BCD =180° — 31° —31°  (Zs in A suppl)
=118°

BCD + BAD = 118° + 54° = 172°
Therefore ABCD is not a cyclic quadrilateral.

Back to Exercise 3.1

Unit 3: Assessment

CB= DB (given)
.BCD=CDB (isosc A)
DPO =180° —90° = 90° (/s on str line suppl)
DPO = CPO
In A CBP:
CBP =180° — CPO — BCD (/s in A suppl)
=90° — BCD
In A DBP:
DBP = 180° — DPO — CDB (/s in A suppl)
=90° - CDB
-.CBP = DBP

CED =CBD (/s in same seg)
But CBP = DBP  (proven in a.)
-.2x CBA=CBD
~.CED =2 x CBA

COA =2x CBA (£ at centre= 2/ at circumference)
But CBP = DBP  (proven in a.)

.DBP = %CéA

a. ACB=ABC =69° (isosc A)
CDE = ABC = 69° (ext £ = opp int £ in cyclic quad)

b. IfBAD = 82°
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(ext £ = opp int Z in cyclic quad)

(4s in A suppl)



BCD =180° — BAD  (opp Zs in cyclic quad)
. BCD = 180° — 82° = 98°
CDE = 69° (proven in a.)
DCE = BAD = 82° (ext £ = opp int £ in cyclic quad)
CED = 180 — CDE — DCE (4s in A suppl)
".CED = 180° — 69° — 82° = 29°
ACB = 69° (proven in a.)
DCE = 82° (proven above)
ACD =180° — ACB— DCE (/s on a str line suppl)
- ACD = 180° — 69° — 82° = 29°
ABD = ACD = 29° (4s in same seg)

Back to Unit 3: Assessment
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Unit 4: Tangent to circle theorems

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Apply the theorem tangent perpendicular to radius at point of contact.

Apply the converse theorem of tangent perpendicular to radius.

Apply the theorem two tangents drawn from the same point outside a circle are equal.
Apply the tangent-chord theorem.

What you should know

Before you start this unit, make sure you can:

State and use all the circle theorems covered in unit 2:

- Aline drawn perpendicular to a chord from the centre of the circle bisects the chord.

. Aline drawn from the circle centre to the mid-point of a chord is perpendicular to the chord.

. The angle subtended by an arc or chord at the centre of a circle is twice the size of the angle
subtended at the circumference.

- The diameter of a circle subtends a right angle at the circumference.

. Ifan angle subtended by a chord at a point on the circumference is a right angle, then the chord is
a diameter.

. Angles subtended by the same arc or chord in the same segment of a circle (on the same side of
the chord) are equal.

State and use all the cyclic quadrilateral theorems covered in unit 3:

. The opposite angles of a cyclic quadrilateral are supplementary.
. The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.
Prove that a quadrilateral is a cyclic quadrilateral. Refer to unit 3 if you need help with this.

Introduction

We have come across the concept of a tangent several times so far, most recently in subject outcome 3.1.
We therefore know that a tangent is a straight line that touches a curve at one point and one point only.

In subject outcome 3.1, we dealt with finding the equation of a tangent to a circle. We noted that the
tangent is perpendicular to the line drawn from the centre of the circle to the circumference at the point of
tangency. We will use this fact as the basis for one of the theorems in this unit.

Tangent to circle theorems

We already know that the radius of a circle is perpendicular to a tangent at the point of contact (the point
of tangency) (figure 1). This will be our first theorem in this unit.
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Figure 1: The radius is perpendicular to the tangent at the point of tangency

You do not need to be able to prove any of the tangent to circle theorems yourself. You can simply assume
that they are true. The following sections explain the theorems that you need to be able to state and use.
Note that they are numbered only for reference purposes and continue the numbering from unit 3. These
theorems do not have official numbers.

Theorem 7

This theorem covers what you've already learnt about radii and tangents to circles.

Theorem 7: The radius of a circle is perpendicular to the tangent at the point of tangency

If a tangent is drawn to a circle, then it is perpendicular to the radius at the point of contact.
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The tangent AT is perpendicular to the radius OT at point T

Reason: radius | tangent

Now let's look at the converse to this theorem.

Converse to theorem 7: If a line is perpendicular to a radius at a point on the circumference of a
circle, then it is a tangent to the circle

If a line is drawn perpendicular to a radius at the point where the radius meets the circle, then it is a
tangent to the circle at that point.
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If line ABis perpendicular to radius QP at point P, then AB is a tangent to the circle at p.

Reason: radius | line at point of contact

j© Example 4.1

ABisatangent to circle centre O at E. C is a point on AQ on the circumference of the circle. AC = 9 and
AE = 15. Determine the length of the radius of the circle.
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C
9
A
15 E
Solution
OEA=90° (radius L tangent)
. AO®> = OE? + AE®  (Pythagoras)
Let OE ==z

A0 =94z
(94 ) =2? + 15
.81+ 18z + z? = 2® + 225

oo 18z =144
144
L= —
18

=8

Theorem 8

This next theorem looks at two tangents to a circle from the same point.

Theorem 8: Two tangents from the same point outside a circle

If two tangents are drawn from the same point outside a circle, then they are equal in length.
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If tangents PA and PB are drawn from the same point p, then p4 — PB.

Reason: tangents from same point are equal

p Example 4.2

AB =17, AC =18 and BC = 21. AB is a tangent at D. AC is a tangent at F. BC is a tangent at E.
Determine the lengths of a, band c.
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Solution

AD = AF =a (tangents from same point =)
CF=CE=10b (tangents from same point =)
BE =BD =c¢ (tangents from same point =)

But
AD+ BD =17 (given)
sLat+ce=17 (1)
AF 4+ CF =18 (given)
sLa+b=18 (2)
CE+ BE =21 (given)
bte=21 (3)

We have three equations that we can solve simultaneously.
Subtract (2) from (1):

c—b=-1
sLe=b—1 (4
Substitute (4) into (3):
b+(b—1)=21

oo 2b =22

SLb=11
Substitute p = 11 into (4):
c=11-1=10
Substitute ¢ = 10 into (1):
a+10=17
sa=T
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Theorem 9

Let's now look at the tan-chord theorem.

Theorem 9: Tan-chord theorem
The angle between a tangent to a circle and a chord drawn at the point of contact, is equal to the angle
which the chord subtends in the alternate segment.
> C
B
S AN
A T
If ST is a tangent to the circle at 4, then g 4 g (the angle between the tangent and the chord) is equal
to AC B (the angle subtended by the chord in the alternate segment).
Reason: tan. chord theorem
Note: The chord must meet the circumference at the point of tangency. The angle subtended by the
chord must be in the alternate segment of the circle (i.e. not the segment nearest to the tangent).

p Example 4.3

AB is atangent to the circle at E. Determine the values of a and ».
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Solution

AED = DCE  (tan. chord theorem)
c.8a—26° =ba+4°
. 3a =30°
coa=10°
BEC = EDC  (tan. chord theorem)
Sb=Ta=7x10° =70°

Converse to theorem 9: Angle in opposite segment equal

We can prove that a line is a tangent to a circle at a point if we can show that the angle between the
line and a chord drawn from that point on the line is equal to the angle subtended by the chord in the
alternate segment.
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A T

If g A B (the angle between the line and the chord) is equal to 4B (the angle subtended by the chord
in the alternate segment), then ST is a tangent to circle ABC at A.

Reason: / between tangent and chord = / in opp seg

% Exercise 4.1

1. Determine the value of the unknown lengths:

a.
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b. BD=13

2. Determine the size of the unknown angles:

a.
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3. Given EC = ED, AB || CDand g, = D,. Prove:
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a. AEBisatangentto circle CDE.
b. DE isatangentto the circle EFB.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

That the tangent to a circle is perpendicular to the radius at point of contact.

That if a line is perpendicular to a radius, then the line is a tangent to the circle at that point.

That two tangents drawn from the same point outside a circle are equal in length.

That the angle between a tangent to a circle and a chord draw from the point of contact is equal to the
angle subtended by the chord in the alternate segment.

That if the angle between a line and a chord drawn from the line is equal to the angle the chord
subtends in the alternate segment, then the line is a tangent to the circle at that point.

Unit 4; Assessment

Suggested time to complete: 35 minutes

Question 1 adapted from NC(V) Mathematics Level 4 November 2011 question 1.3
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1. Given below is a circle with a cyclic quadrilateral ABCD and EF atangentat A. EF | BCand f — 55°.

ABD = 25°-

Calculate, with reasons, the magnitudes of the following angles:
a.
b.

C.

DAF

Question 2 adapted from NC(V) Mathematics Level 4 November 2013 question 1.4

2. Inthefigure, O is the centre of the circle. P, @, R and S are points on the circumference of the circle.
PR is a diameter of the circle and M RT is a tangent at R. 5*2 — 61° and R3 = 52°.
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Q 1
2
lo
1
2 'S
2|3
.1
v 4
R

Determine, with reasons, the sizes of:

a. R,
b. R,
c. S,

Question 3 adapted from NC(V) Mathematics Level 4 November 2015 question 1.2

3. Determine the value of z in the following diagram:
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Question 4 adapted from NC(V) Mathematics Level 4 November 2012 question 1.3

4. Inthe following figure, ABCD is a cyclic quadrilateral. DC is a tangent to a circle through B, C and T.
AC passes through 7" on the circle. DC is produced to S and T'B is joined.

Let BCS =z and BAC =y

Unit 4: Tangent to circle theorems | 505



a. Name, giving reasons, TWO other angles that are equal to z.
b. Determine, giving reasons, the value of 4 g in terms of z and y.

c. Hence, prove that DA is a tangent to circle ABT.

The full solutions are at the end of the unit.

Unit 4: Solutions

Exercise 4.1

OPD =90° (radius L tangent)

DT =DP =6 (tangents from same point equal)

d?> = OP*> + DP* (Pythagoras)
-.d” =25+ 36 = 61
c.d=+/61
b. DB=13 (given)

PD=DT =3 (tangents from same point equal)
STB=13-3=10
TB=Q@B=10 (tangents from same point equal)
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OQB=90° (radius | tangent)
c.a® =6 +10% = 136
ca=2/34

a =27 (tan. chord theorem)

PDC =48> (tan. chord theorem)
PDC =PCD (isosc A)
c.a=48°
APD =48°  (tan. chord theorem)
b= 180" — 48° — 48° (/s on str line suppl)
b= 84°
a=180° —90° —49° =41° (Zsin A suppl)
b=49°

(tan. chord theorem)
¢=41° (tan. chord theorem)
( )
(

a
tan. chord theorem

tan. chord theorem)
a =180° —55° —55° =70° (Zsin A suppl)

E, =DCE (alt /s =; AB| CD)
DCE = Dy, =CDE (isosc A)

. AEB is a tangent to circle CDE (£ between tangent and chord = £ in opp seg)

Ey =D, (given)
EBF =D, (alt /s =; AB| CD)
-.EBF = E,

.. DE is a tangent to circle EFB (£ between tangent and chord = Z in opp seg)

Back to Exercise 4.1

Unit 4: Assessment

a.

b.

DAF = 25° (tan. chord theorem)

FDA =180° — AFD — DAF (/s in A suppl)
= 180° — 55° — 25°
=100°

Dy =180° — FDA (s on str lin suppl)
= 180° — 100°
= 80°
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A, =180° — ABD — D, (4s in A suppl)
= 180° — 25° — 80°
=T75°

C =180° — A, (opp Zs of cyclic quad suppl)
= 180° — 75°
=105°

f. By=F =55 (alt Zs =; EF | BC)

2.
a. Rl =S, =61° (tan. chord theorem)
b.
Ry =Q, =52° (Zs in same seg)
Ql + Q2 =90° (Zs in semi-circle)
S Qy =38
Ry = Qz =38° (tan. chord theorem)
c. Sy = QHQ =90° (ext £ = opp int £ in cyclic quad)
3.
CBD = BED =2z (tan. chord theorem)
ABE + EBD + CBD = 180° (/s on str line suppl)
2.3z + 2+ 2z = 180°
.. 6z = 180°
sz =30°
4.

a. CTB==z (tan. chord theorem)
BAD =z (ext £ = opp int Z in cyclic quad)

b.
ATB =180 —CTB (/s on str line suppl)
S ATB=180° -z
ABT =180° — AT B — BAT (4s in A suppl)
. ABT =180° — (180° — z) — y
=z—y
c.

BAD=1z (proven in a.)
S CAD =1z — y
-.CAD = ABT
Therefore, DA is a tangent to circle ABT (/ between tangent and chord — / in opp seg).

Back to Unit 4: Assessment
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SUBJECT OUTCOME X

SPACE, SHAPE AND MEASUREMENT:
SOLVE PROBLEMS BY CONSTRUCTING
AND INTERPRETING TRIGONOMETRIC
MODELS

@ Subject outcome

Subject outcome 3.3: Solve problems by constructing and interpreting trigonometric models

Learning outcomes

Use the following compound angle identities:
sin(a + 8) = sinacos 8 & cos asin
cos(a £ ) = cosacos 8 F sinasin
to derive and apply the following double angle identities:

sin 2a = 2sina cos

Fornula does not parse

Determine the specific solutions of trigonometric expressions using compound and double angle
identities without a calculator (e.g. sin 120°, cos 75°, etc.).

Use compound angle identities to simplify trigonometric expressions and to prove trigonometric
equations.

Determine the specific solutions of trigonometric equations by using knowledge of compound
angles and identities.

Note:

Solutions: [0°, 360°].

Identities limited to:

sin 6
7 and gin?0 + cos?0 = 1.

tanf =
cos

Double and compound angle identities are included.
- Radians are excluded.
Solve problems from a given diagram in two and three dimensions by applying the sine and
cosine rule.
Note: Area formula and compound angle identities are excluded.

‘@’ Unit 1 outcomes

By the end of this unit you will be able to:
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Expand the compound angles of sin(a + ) and cos(a + §).
Use the compound expansions to simplify expressions.
Use compound angles to prove identities.

‘?’ Unit 2 outcomes

By the end of this unit you will be able to:

Solve equations involving double and compound angles.

‘g’ Unit 3 outcomes

By the end of this unit you will be able to:

Apply the sine rule correctly to solve 2-D and 3-D problems.
Apply the cosine rule correctly to solve 2-D and 3-D problems.

‘ﬁ’ Unit 4 outcomes

By the end of this unit you will be able to:

Define radian measure.
Convert from degrees to radians.
Convert from radians to degrees.
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Unit 1. Work with compound angles

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Expand the compound angles of sin(a £+ 8) and cos(a £ 8).
Use the compound expansions to simplify expressions.
Use compound angles to prove identities.

What you should know

Before you start this unit, make sure you can:

Simplify trigonometric expressions without a calculator, by using the special angles of 30°, 45° and 60°.
Refer to level 3 subject outcome 3.3 unit 1if you need help with this.
Simplify trigonometric expression using the reduction formulae of (90° + 6), (180° + 6) and (360° + 6).
Refer to level 3 subject outcome 3.3 unit 2 if you need help with this.
State and apply the basic trigonometric identities of:

sin?z + cos’z = 1

sinx
tanz =

COS:B.
Refer to level 3 subject outcome 3.3 unit 3 if you need help with this.

State and use the distance formula. Refer to level 2 subject outcome 3.3 unit 2 if you need help with
this.

Introduction

There is a very important property in algebra that you have been using for many years now. It is called
the distributive property of multiplication over addition (or just the distributive property). It says that the
product of a number and the sum of two or more other numbers is equal to the sum of the products or that
z(a + b) = za + zb. You know it well, right?

Now it might seem reasonable to apply the distributive property to an expression such as cos(30° + 20°) and
say that cos(30° 4 20°) = cos 30° + cos 20°. But is this true? Use a calculator to work out the values of the left-
hand and the right-hand sides of the equation. Are they the same? Is the equation true?

You should have found that cos(30° + 20°) = cos50° = 0.643 (rounded to three decimal places) and that
cos 30° + cos 20° = 1.806 (rounded to three decimal places). The answers are not even close. Therefore, we
know that:

cos(30° + 20°) # cos 30° + cos 20°

There is a very good reason why we cannot apply the distributive property in this case. We are not
multiplying cos by (30° 4 20°). Cosine is a function that we are applying to the sum of two angles. The

distributive property applies only if we are finding a product (multiplying two or more numbers).
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So, that leaves us with the question, ‘what is cos(30° 4+ 20°) equal to?". We are going to answer this question
in activity 1.1.

The compound angle identities

For this next activity, we are going to use the cosine rule and the distance formula. If you don't remember
what these are, look at the references in the ‘What you should know’ section above before continuing.

Time required: 10 minutes

What you need:

a pen or pencil
a blank piece of paper
a calculator

What to do:

Have a look at this diagram of a unit circle on the Cartesian plane. Two points, P(z,y) and Q(a,b) have

been drawn. p is at an angle of a from the positive x-axis and @ is at an angle of g from the positive
X-axis.
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1. Express the coordinates of () as trigonometric ratios.
2. Express the coordinates of p as trigonometric ratios. Hint: drop another perpendicular.

3. Write down an expression for the distance between p and @Q in terms of the coordinates for these
points that you found in 1. and 2. Hint: Use the distance formula.

4. Use this expression to find PQZ.
What is the angle formed between p and @ i.e. what is the angle péQ?

6. Write down another expression for the distance between p and @ but this time in terms of the
included angle péQ, Hint: Use the cosine rule.

7. If both of these expressions are the distance PQ, write down an expression for cos(a — ).

What did you find?

. opp b .
1. In AQOS, sin 3 = — = —.Therefore, b = sin 3.
hyp 1
ad] a
cosﬂ = —— = —.Therefore, a = cos ﬂ
hyp 1

So, the coordinates of Q) are @ (cos S, sin ).

2. We can drop a perpendicular to the x-axis from p, and call this point 7.

. . opp Yy .
Thenin APOT, sina = — = —. Therefore, y = sina.
hyp 1
adj T
cosa = —— = —. Therefore, ¢ = cos a.
hyp

So, the coordinates of P are P (cos a, sin @).

3. We know that the distance between two points is given by d = \/(x2 — m1)2 + (y, — y1)2. Therefore,

the distance PQ will be pQ = \/(93 — a)2 +(y— b)z. But we have trig-based expressions for all these

coordinates. Therefore, PQ = \/(cos a — cos f)® + (sina — sin B)?

4. We need to square both sides.
PQ = \/(cosa — cos B)° + (sina — sin B)?
. PQ* = (cosa — cos B) + (sina — sin B)*
= cos?a — 2 cos arcos B + cos? B + sin’a — 2 sin asin B + sin? 3
= (cos®a + sin?a) + (cos® B + sin? B) — 2 cos arcos f — 2sin asin B
=1+1—2(cosacosf+sinasinf) (Remember that sin?f + cos?d = 1)

=2 — 2(cos acos B + sin asin §)

5 POQ=a-§

6. The cosine rule states that g2 = p? + ¢ — 2bccos A Where a is the side opposite 4. In our case, PQ is
the side opposite (a — 8) in APQO. Therefore: PQ? = PO? + QO? — 2P0 - QO cos(a — (). But both
PO and QO are equal to 1. Therefore:

PQ? = PO* + QO* — 2P0 - QO cos(a — f)
=1+1-2(1)(1)cos(a— B)

=2 —2cos(a — f)
7. We can now equate our two expressions and then rearrange the equation to get cos(a — §) on the
one side.
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PQ? =2 — 2(cosacos B+ sinasin §) = 2 — 2 cos(a — f)
. 2cos(a — B) = 2(cosacos B+ sin asin f)

.. cos(a — B) = (cosacos B+ sin asin )

We now have an expression for cos(a — ), the cosine of the compound angle a — 3, in terms of trig ratios of
the single angles a and 5.

cos(a — B) = (cos acos B + sin asin §).

Notice that the signs are different. There is a negative on the left-hand side but a positive on the right-hand
side.

What do you think cos(a+ ) is equal to? Try figure this out on your own by using the fact that
cos(a + B) = cos(a — (—f)).

Does your reasoning agree with the following?
cos(a — (—B)) = cos acos(—p) + sin asin(—B). But we know that cos(—3) = cos 8 and sin(—f) = —sin .

Therefore:
cos(a — (—f)) = cos acos(—f) + sin asin(—p)
= cos a cos 3 + sin a(— sin §)

= cosacos B — sinasin 8

Don't you love the symmetry?
cos(a — ) = (cos acos B + sin asin f)
cos(a + B) = (cos acos B — sin asin f)

We call these the cosine compound angle identities.

Now, we can use these identities to work out identities that express sin(a — ) and sin(a + ) in terms of trig
ratios of the single angles a and 8. On your own, use the fact that sin 6 = cos(90° — 6), combined with the
cos(a + B) identity, to work out an identity that expresses sin(a — §) in terms of trig ratios of the single angles
aand S.

sin(a — 8) = cos(90° — (a — B))
= cos((90° —a) + B))
= cos(90° — ) cos B — sin(90° — &) sin 8

=sina cos f — cosasin 8
Now, use the sin(a — ) identity to work out a similar identity for sin(a + 8).

sin(a + B) = sin(a — (—A5))
= sin a cos(—f) — cos asin(—p)
= sin a cos(B) — cos a(—sin B)

= sina cos B+ cos asin 8

Compound angle identities:

sin(a + ) = sinacos 8 + cos asin 8

sin(aw — 8) = sinacos 8 — cos asin

For sine, the signs are the same but the ratios in each term are different.

cos(a+ B) = cosacos  — sinasin 3
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cos(a — ) = cosacos B+ sinasin 8
For cosine, the signs are different but the ratios in each term are the same.

p Example 1.1

Determine cos 75° without a calculator.

Solution

Whenever you see a trigonometry question state that you must not use a calculator, you know that you
need to use the special angles.

We know that 75° = 45° + 30°. Therefore, we can use a compound angle identity to rewrite cos 75° with
special angles and calculate its value without a calculator.
cos 75° = cos(45° 4 30°)

= cos 45° cos 30° — sin 45° sin 30°

é© Example 1.2

Determine the value of the following expression without the use of a calculator.
cos 65° cos 35° + cos 25° cos 55°

Solution

Once again, we are told that a calculator must not be used. Therefore, we need to rely on special angles.
Unfortunately, as it stands, the expression does not match any of our compound angle identities. When
this is the case, it is often a good idea to change sine into cosine, or vice versa. In this case, let's use the
fact that cos 65° = cos(90° — 25°) = sin 25° and cos 55° = cos(90° — 35°) = sin 35°

cos 65° cos 35° 4 cos 25° cos 55° = cos(90° — 257) cos 35° + cos 25° cos(90° — 35°)
= sin 25° cos 35° + cos 25° sin 35°

Now we have an expression that does match one of the compound angle identities:
sin(a + ) = sina cos B + cos asin B where o = 25° and 3 = 35°.
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sin 25° cos 35° + cos 25° sin 35° = sin(25° + 35°)

= sin 60°

1. Calculate the value of the following without using a calculator:

a. cos105°
b. sin15°
2. Determine the value of the following expressions without using a calculator:
a. sin 10° cos 20° + cos 10° sin 20°
b. cos50° sin 80° — cos 40° sin 10°
cos?15° — sin’15°

sin z cos(30° 4+ x) — cos z sin(30° + )

0

o

Question 3 adapted from Everything Maths Grade 12 Exercise 4-2 question 3

3.
a. Prove that sin(60° — ) + sin(60° + z) = /3 cos z-
b. Hence, evaluate sin 15° + sin 105° without a calculator.

4. Simplify the following expression without a calculator:
sin z cos(30° 4+ z) — cos z sin(30° + )

cos z cos(60° + z) + sin z sin(60° + )

The full solutions are at the end of the unit.

Double angle identities

The double angle identities sin 20 and cos 2fare special cases of the compound angle identities sin(a + )
and cos(a + B). You should be able to derive these identities yourself. Try doing this now before reading on.

Here are the derivations for you to check your own work.
sin 20 = sin(60 + 6)

= sinfcos 6 + cos fsin 6

= 2sinfcos @

cos 20 = cos(0 + )
= cosfcosf — sinfsin b

= cos?6 — sin?0

Remember that ¢os2g + sin2@ = 1. Therefore, we can write two more alternative versions of the cosine double
angle identity.
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cos?f — sin?@ = (1 — sin’f) — sin?4
=1 — 2sin’0

Or

cos?f — sin?0

cos’ — (1 — cos?6)

= 2cos?0 — 1

Double angle identities:
sin 20 = 2sinf cos 0
cos?0 — sin%f
cos 260 = 2cos?0 — 1
1 — 2sin’6

p Example 1.3

If 0° < § < 90° and tan § = 0.75, determine the value of sin 20 without using a calculator.

Solution

We know that g is an acute angle in the first quadrant. We also know that tanf = 0.75 = 1 We can use

Pythagoras to find the length of the hypotenuse.

s

¥

-2 -1

=1

-2
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Now we need to determine sin 26:
sin 260 = 2sinf cos

:2><§><é
5 5

24

25

Often, we use the double angle identities to simplify more complicated expressions as shown in example
1.4.

é© Example 1.4

1+ cos 260 + cos @ 1

Prove that

sin 6 + sin 26 " tan@
Solution

It is usually a good idea to start by trying to simplify the more complicated side of the expression to see
if you can get to the less complicated expression. In this case, the LHS is the more complicated side.
Often, you will need to play around with various options to find the one that works. Don't give up if your
first idea does not work.

1+ cos 20 + cos 0
sin 0 + sin 26
1 + sin?0 — cos20 + cos 6

= - - Try another cosine double angle identity
sin @ + 2sin 6 cos 6

1+ (2cos?0 — 1) + cos 6
sin (1 + 2 cos 6)
2cos?6 + cos 0
sinf(1 + 2 cos
cosf(2cosf+ 1

(
(
sin (1 + 2 cos 9)
cosf

LHS =

~

sin 0

~—~ | —

1+ 2cosf

cos (1 + 2cosf

~

sin 0
1
= = RHS
tan @

p Example 1.5

Given that cos 75° = @, determine the following in terms of a without using a calculator.

1. cos150°
2. sin165°
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3. sin75°
Solutions

1. This first question is straight forward. We can simply apply the cosine double angle identity.
cos 150° = cos(75° + 75°)
= 2c0s275° — 1
=2a> -1
2. This question does not need us to apply any double angle identity.
sin 165° = sin(90° + 75°)
= cos 75°
=a
3. Thisis a tricky question. We need to express sin 150° in terms of ¢ = cos 75° SO we cannot use either
the fact that sin 150° = sin(180° — 30°) or sin 150° = sin(90° + 60°) directly. We need to apply the
double angle identity in reverse. We know that:
sin 150° = sin(75° 4+ 75°)
= 25in 75° cos 75°

We already know that cos 75° = ¢ but in order to find an expression for gin 75° we need to
determine the value of gin 150°. Thankfully, we can easily do this without a calculator.
sin 150° = sin(180° — 30°)
= sin 30°
1
T2
Now we can say that:

2sin 75° cos 75° = %
X 1

. sin75° cos 75° = —
4

But cos75° =a

;.sin75° =

£~

% Exercise 1.2

1. Givenssin50° = @ and sin 40° = b, determine the value of the following in terms of a and &:

a. sin100°
b. cos40°
C. cos140°
d. cos25°
€. cos80°
f. cos(—800°)

Question 2 adapted from Everything Maths Grade 12 Exercise 4-3 question 3
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2. Prove the following identity:
1 1

sin24  tan24
3. Given13cosf = —5 and 180° < § < 360°, determine the value of the following expressions without a

=tan A4

calculator:
a. cos26
b. sin20
C. tan46

a

sin(180° — 26)

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

sin(a 4+ 8) = sina cos 8 + cos asin 3

sin(a — B8) = sinacos 8 — cos asin B
cos(a + B) = cosacos B — sinasin
cos(a — B) = cosacos B+ sinasin
sin 20 = 2sin f cos 0

cos?f — sin’@
cos20 = { 2cos?0 — 1

1 — 2sin®0

Unit 1;: Assessment

Suggested time to complete: 60 minutes

V6

1. Prove that gip 75° + sin 15° = —-

sin 26 _cos 20 1

2. Prove that

sin 6 cos  cosf
3. Given that cos @ = a, determine cos 36 in terms of a.
4.
a. Provethatsin(S+T) —sin(S —T) =2cos SsinT.
b. Hence, calculate the value of cos 15° sin 75° Without a calculator.
5.

1 sinx + cosx
a. Prove thattan2z + = —.
cos 2z cosx — sinx

b. Explain why the identity is undefined for z = 45°.

6. Determine the value of cos 67.5° Without a calculator.
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Question 7 adapted from NC(V) Level 4 November 2011 Paper 2 question 3.3
7. Prove thatsin(A + B) x sin(A — B) = sin* 4 — sin’B.
Question 8 and 9 adapted from NC(V) Level 4 November 2012 Paper 2 question 3.3 and 3.4

8. If90° <« 4 < 360° andtan A = g show, without the use of calculator that cos 24 — sin 24 = _1_;

9. Prove that cos(4A 4+ B) — cos(A — B) = —2sin Asin B.

The full solutions are at the end of the unit

Unit 1;: Solutions

Exercise 1.1

cos 105° = cos(60° + 45°)
= cos 60° cos 45° — sin 60° sin 45°

sin 15° = sin(45° — 30°)

= sin45° cos 30° — cos 45° sin 30°
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sin 15°
cos 15°
sin(45° — 30°)
cos(45° — 30°)

tan15° =

VE(v3-1)
= 4 See part b. for numerator calculations
cos 45° cos 30° + sin 45° sin 30°
VE(v3-1)
_ 4
ERRCIE
V2 2 3 2
VE(VE-1)
. 4
V3 1
W2 22
VE(y3-1)
B 4
B+l
2v2
VI(V3-1)
_ 4
V2 (V3+1)
4
V2(v3-1) 5 4
4 V2 (V3+1)
(vV3-1)
(V3+1)
2.
a.
sin 10° cos 20° + cos 10° sin 20° = sin(10° + 20°)
= sin 30°
1
T2
b.
cos 50° sin 80° — cos 40° sin 10° = cos 50° sin(90° — 10°) — cos(90° — 50°) sin 10°
= cos 50° cos 10° — sin 50° sin 10°
= cos(50° 4 10°)
= cos 60°
1
T2
C.
cos?15° — sin?15° = cos 15° cos 15° — sin 15° sin 15°
= cos(15° 4 15°)
= cos 30°
V3
T2
d.
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sinz cos(30° + z) — cos z sin(30° + z) = sin[z — (30° + )]

= sin(z — 30° — z)

= sin(—30°)
= —sin 30°
1
2
3.
a.
LHS = sin(60° — z) + sin(60° + z)
= (sin60° cos z — cos 60° sinz) + (sin 60° cos  + cos 60° sin z)
= sin 60° cos = 4 sin 60° cos
= 2 x sin60° cos ¢
=2 X —cosx
2
= 4/3cosz = RHS
b.
sin 15° + sin 105° = sin(60° — 45°) + sin(60° + 45°)
But sin(60° — z) + sin(60° 4+ z) = /3 cosz
.. Let = 45°
sin(60° — 45°) + sin(60° + 45°) = 4/3 cos 45°
1
=4/3 X —
V2
V3
V2
4.

sinz cos(30° + z) — coszsin(30° + z)  sin[z — (30° + z)]

[
cos z cos(60° + ) + sin z sin(60° + z) B cos[z — (60° + z)]
sin(z — 30° — z)
cos(z — 60° — z)
sin(—30°)
cos(—60°)
— sin 30°
cos 60°
1

2

1
2
=-1

Back to Exercise 1.1

Exercise 1.2

sin 100° = sin(50° + 50°)
= 25in 50° cos 50°
= 2acos(90° — 40°)
= 2asin 40°
= 2ab
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cos40° = cos(90° — 50°)
= sin 50°

=a

cos 140° = cos(180° — 40°)
= —cos 40°

— [cos(90° — 507)]

—sin 50°

=—a

cos 50° = cos(25° + 25°)
= 2c0s?25° — 1
. 2c0s225° = cos 50° + 1
cos50° + 1
2

.. COS 250 — %

. cos%25° =

c0s25° > 0 -, cos?25° > 0

\/cos(90° —40°)+1

2

_ sin40° +1
' 2

cos 80° = cos(40° + 40°)
=1 — 2sin*40°
=1-2p

cos(—800°) = cos(—80° — 2 - 360°)

= cos(—80°)

= cos 80°

=1— 2p From e.

1 1

sin2A4 a tan2A
1 cos 24

sin2A  sin2A

1—cos24
sin2A4

1— (1 — 2sin®A)
2sin Acos A
2sin® A

2sin Acos A

sin A

cos A

=tan A = RHS

3. 13cosf = —5and 180° < 0 < 360°

LHS
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cosf = —i
13

cos 20 = 2cos?6 — 1
2
_s _i) 1
13
:2(£)_1
169

169
50 — 169

169
119

169

sin 20 = 2sinfcos f
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sin 20

tan 260 =
cos 260
120
169
119
169
120 y 169
169 119
120
119
d.
sin(180° — 260) = sin 26
120
169

Back to Exercise 1.2

Unit 1: Assessment

LHS = sin 75° + sin 15°
= sin(45° 4 30°) + sin(45° — 30°)
= sin45° cos 30° + cos 45° sin 30° 4 sin 45° cos 30° — cos 45° sin 30°
= 2sin 45° cos 30°

= = RHS

sin20  cos 26

sin 0 cos 6
2sinfcosf  2cos?f —1

sin 6 cos 0
2 sin fcos?6 — 2 sin cos?6 + sin O

sin @ cos 6

sin 6

sin @ cos 6

= ! = RHS

cos 6

3. cosf=a
cos 30 = cos(6 + 20)

= cos 0 cos 20 — sin Osin 26

cos 6 (2cos®0 — 1) — sin 6 (2sin 6 cos 6)
= 2c0s%0 — cos § — 2sin6 cos O

= cos § (2cos’f — 1 — 2sin’6)

= cosf (2cos’0 — 1 — 2(1 — cos’0))

= cosf (2cos20 -1-2+ 2c0s20)

= cosf (400520 — 3)

= a(4a® - 3)
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LHS =sin(S+ T) —sin(S - T)
=sinScosT + cosSsinT — (sinScosT — cos SsinT)
=sinScosT + cos SsinT — sin ScosT + cos SsinT
=2cos SsinT = RHS

b.
2cos SsinT =sin(S+T) —sin(S — T))
1
c.cosSsinT = E(sin(S +T) —sin(S—-1T))
Let S=15° and T = 75°
1
c.cos15°8in75° = 5(sin(15° + 75°) — sin(15° — 75°))
1
= E(sin 90° — sin(—60°))
1 o
= 5(1 + sin 60°)
1 V3
2 2
C1(2+43
2 2
2+4/3
4
a.
1
LHS = tan2z +
cos2x
_ sin 2x 1
 cos2z cos 2z
_ sin2z +1
" cos2z

2sinzcosz + 1 .
= - but sin’z + cos’z = 1 so
cos?z — sin’z

2sinz cos z + sin’z + cos?z

(cosz + sinz) (cosz — sinz)

cos’z + 2sinz cos z + sin’z

(cosz + sinz) (cosz — sinz)

(cosz + sinz)(cos z + sin )

(cosz + sinz) (cosz — sinz)
_ sz + cosz — RHS

cosz —sinx

b. When gz = 45°, cos x = sin z. Therefore, cosz — sinz = 0.
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cos 135° = cos(67.5° + 67.5°)
= 2c0s”67.5° — 1
But cos135° = cos(180° — 45°)

= — cos45°
1

V2
2 o 1
. 2c08°67.5° — 1 = ———
V2
1 2—1
- 2c08%67.5° =1 — — V2
V2 V2
2—-1
2v2

V2-1

QI

. cos267.5° =

. cos67.5° =

LHS = sin(A + B) x sin(A — B)
= (sin A cos B + cos A sin B) X (sin A cos B — cos A sin B) Difference of two squares
= (sin A cos B)? — (cos A sin B)?
= sin® Acos? B — cos® Asin? B
=sin? A(1 — sin’ B) — (1 — sin’ A)sin’ B
= sin’ A — sin® Asin? B — sin® B + sin’® Asin’ B
= sin? A — sin’ B = RHS

3
8. 90° < A< 360°andtan A = 3
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LHS = cos2A4 —sin2A4
=2cos’A — 1 — (2sin Acos A)

_8 I
13 13
 8-13-12
N 13
1
:——7=RHS
13

LHS = cos(A + B) — cos(A — B)
= cos A cos B — sin A sin B — (cos A cos B + sin Asin B)

= cos Acos B — sin Asin B — cos Acos B — sin Asin B
= —2sin Asin B = RHS

Back to Unit 1: Assessment
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Unit 2: Solve trigonometric equations

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Solve equations involving double and compound angles.

What you should know

Before you start this unit, make sure you can:

State and apply the reduction formulae for 180° + 6, 90° + 9 and 360° + . Refer to level 3 subject
outcome 3.3 unit 2 if you need help with this.
sin 6

State and apply the basic trigonometric identities of tan § = and sin%0 + cos?6 = 1. Refer to level 3

cos
subject outcome 3.3 unit 3 if you need help with this.

State and apply the compound and double angle identities. Refer to unit 1 of this subject outcome if
you need help with this.

Find the general solutions of trigonometric equations. Refer to level 3 subject outcome 3.3 unit 4 if you
need help with this.

Introduction

In level 3 subject outcome 3.3 unit 4, we learnt how to find the general solution of an equation that involved
a trigonometric ratio. If you need to, you should review this unit before continuing.

Remember that the trigonometric functions are repetitive. Sine and cosine repeat every 360° (once a full
revolution) and tangent repeats every 180° (twice every revolution). We say that the trigonometric functions
are periodic. Sine and cosine functions have periods of 360° and the tangent function has a period of 180°.

The general solution revision

Because the trigonometric functions are periodic (they repeat themselves), when we solve an equation

1 . . 1
such as sinf = 5 there is not only one solution. We may know that sin 30° = 5 but, for example, so does

sin(30° 4 360°) = sin 390°, sin(30° + 2 x 360°) = sin 750° and sin(30° — 360°) = sin —330°.

We also know that sin150° = % but so do sin(150° 4 360°) = sin 510°, sin(150° + 2 x 360°) = sin870° and

sin(150° — 360°) = sin —210°, for example.

The general solution to the equation sinf = % is @ =30°+k-360° or § =150° + k-360°,k € Z. In other
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words, 4 is equal to 30° plus or minus any integer multiple of 360° or @ is equal to 150° plus or minus any
integer multiple of 360°.

When we learnt how to find the general solution of trigonometric equations, we called the answer we get
for g from the calculator (e.g. § = 30°) the reference angle. It is the basis upon which we build the general
solution.

Work through the next two examples and the exercise that follows to remind yourself how to find the
general solution of simple trigonometric equations.

é© Example 2.1

Determine the general solution for sin § = 0.6.

Solution

Step 1: Use a calculator to determine the reference angle
sinf = 0.6
5.0=36.9°
Note: Unless told otherwise, we usually round the reference angle to one decimal place.

Step 2: Use the CAST diagram to determine any other possible solutions

sin@ = 0.6. In other words, sine is positive. Sine is positive in the first and second quadrants. We already
have the first quadrant solution (the reference angle of 9 = 36.9°). We need to find the second quadrant
solution. We know that sin(180° — @) =sinf. Therefore, the second quadrant solution is

180° — 36.9° = 143.1°.

Step 3: Generate the general solution
0 =36.9° + k.360° or § = 143.1° + k.360°,k € Z

Step 4: Check your general solution
It is always a good idea to check that your final solutions satisfy the original equation. Choose a random
value for k.

k=—2
0 =36.9° — 2 x 360° or § = 143.1° — 2 x 360°
.0 =—683.1° or § = —576.9°
sin(—683.1°) = 0.6
sin(—576.9°) = 0.6

Our general solution is correct.

d©) Example 2.2

Determine the general solution for 7 cos 20 + 4 = 0.

Solution

Tcos20+4=0

.cos20 = —é
7
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Step 1: Use a calculator to determine the reference angle

cos 20 = —é
7
.20 = 124.8°

Note: We keep working with the reference angle of 20 until we generate the general solution.
Step 2: Use the CAST diagram to determine any other possible solutions
Our equation is cos 26 = _%. cos 20 < 0. Cosine is negative in the second and third quadrants. Our

reference angle is in the second quadrant.
Second quadrant: 20 = 124.8°

Third quadrant: cos(360° — 0) = cos @
26 = 360° — 124.8° = 235.2°.

Step 3: Generate the general solution
20 = 124.8° + k.360° or 20 = 235.2° + k.360°,k € Z
5.0 =624° 4+ k.180° or 6 = 117.6° + k.180°,k € Z

Step 4: Check your general solution

k=2

5.0=624° 42 x180° =422.4° or § = 117.6° + 2 x 180° = 477.6°
4

cos(2 x 422.4°) = -
4

cos(2 x 477.6°) = -

('Q') Take note!

The general solutions for equations involving the three basic trigonometric ratios can be written as
follows:

If sin@ = ¢ then:
0 = (sin 'z + k.360°) or 6 = ((180° —sin"'z) + k.360°) ,k € Z

If cos§ = z then:
0 = (cos 'z + k.360°) or § = ((360° —cos 'z) + k.360°) ,k € Z

If tan § = z then:
0= (tan_lw + k.180°) ykeZ

% Exercise 2.1

1. Find the general solution for g in the following equations:
a. cosf =0.45
b. 2tanf = -5
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C. 8sinf+3=0
d. —6cos20—-3=0
2. Determine @ for the given interval:

a. 3cosf — 2 = —3 for the interval [0°, 360°]
b. tan(30 — 42°) = 3.4 where § € [0°,180°]

The full solutions are at the end of the unit.

Trigonometric equations with double and compound angles

We can use the compound and double angle identities we learnt about in unit 1to help us solve some more
complicated trigonometric equations. They may look complicated to begin with, but once we have applied
the compound and double angle identities, they become much simpler.

p Example 2.3

Determine the general solution for g in

1 —sinf — cos 20 _ 1

sin 20 — cos 0
Solution

Before we start solving any trigonometric equation, we need to try and simplify it as far as possible. In
this case, there are double angles involved. Therefore, we can use the double angle identities. So we
start with the LHS of the equation and simplify it.
1—sinf—cos20 1—sinf— (1— 2sin’@)
sin20 —cosf  2sinfcosf — cosh
1 —sinf — 1+ 2sin?6
2sinf cosf — cos 0
2sin?0 — sin @
2sinfcosf — cos O
sinf(2sinf — 1)
cosf(2sinf — 1)
sin 6

cos 6
= tané
Now our equation becomes easy to solve: tanf = —1.

Ref angle: g = —45°
General solution: § = —45° + k.180°,k € Z

Note: We can also write the general solution with a positive angle as § = 135° + k.180°, k € Z.

p Example 2.4
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Prove that 4sinfcos®d — 4sin®0cosf = sin4d and hence determine the general solution for 6 in

4 sin fcos®d — 4sin®H cos 6 = 0.8
Solution

In this example, we are first asked to prove that 4 sin fcos® 6 — 4sin36 cos 6 = sin 46-
LHS = 4sinfcos®0 — 4sin®0 cos 0

= 45in 6 cos f(cos®f — sin?6)

=2 x 2sinfcosf x cos 260

= 2 X sin 26 X cos 26

= sin 40
Now we can solve the equation:
4sin Ocos®@ — 4sin® cos 6 = 0.8

.sin46 = 0.8

Ref angle: 49 = 53.1°

Sine is positive in the first and second quadrants.
46 = 180° — 53.1° = 126.9°

General solution:
460 = 53.1° + k.360° or 40 = 126.9° + k.360°,k € Z
.0 =13.275° + k.90° or 6 = 31.725° + k.90°,k € Z

p Example 2.5

Find the general solution for gin20 cos 8 = cos6-
Solution

We need to be careful here. We cannot divide through by sin 4 or gin2g. If we do so, we will lose some of
the solution. Instead, we need to proceed as if we were solving a quadratic equation.
sin6 cos 6 = cos®6
. sin?@cos@ — cos®0 = 0
. cosO(sin’ — cos?’0) =0  Take a factor of — 1 out of the bracket
. —cosf(cos?d — sin?f) = 0
. cos B(cos’8 — sin’9) = 0
.cosf x cos20 =0
s.cosf@=0or cos20=0

We can deal with each part of the solution separately.

cosf = 0:
Ref angle: g = 90°

General solution: § = 90° + k.360° or 8 = 270° + k.360°, k € Z.
We can simplify this general solution to § = 90° + k.180°,k € Z.

cos 260 = 0:
Ref angle: 29 = 90°
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General solution:
20 = 90° + k.360° or 20 = 270° + k.360°,k € Z
.0 =45° + k.180° or § = 135° + k.180°, k€ Z

Again, we can simplify this general solution to § = 45° 4 £.90°,k € Z.

('Q') Take note!

There are two basic strategies for solving these more complicated trigonometric equations:

1. Simplify one side of the equation down to a single trigonometric ratio using the various

trigonometric identities at your disposal.

Make the one side of the equation equal to zero and then simplify the other side in order to make

use of the zero product rule —if ¢ x b = 0 then either ¢ = 0 or b = 0. This is the technique we use to
solve quadratic equations.

% Exercise 2.2

1. Determine the general solution in each case:
a. cos2z = sin 32°
b. cos2z =sinz
C. sinf-sin26+ cos20 =1
d. 5tan2z —1 = tan’2z +5

Question 2 adapted from Everything Maths Grade 12 Exercise 4-4 question 5a

2. Givengin z cos 3z — cos z sin 3z = tan 140°:

a. Find the general solution.

b. Determine the solutions for the interval [0°, 90°].

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to apply the trigonometric identities, especially the compound and double angle identities, to
solve more complicated trigonometric equations.
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Unit 2; Assessment

Suggested time to complete: 45 minutes

1. Solve each equation for each given interval. If no interval is given, find the general solution.
a. 2cosf—1=0
b. sin?@ +sinf —1 =0
. 3 o o
C. 4sinz + 3tanz = —— + 4 for [0°,180°]
COS T

4

cos 6

d. 6cosf—5=

e. cos2z —cosz + 1 = 0 for [0°,360°]
Question 2 adapted from NC(V) Mathematics Level 4 Paper 2November 2015 question 2.5

2. Giventhat ¢os20 = 2cos?6 — 1:

a. Show that ¢os20 + 3cosf — 1 = 2cos?6 + 3 cos — 2-
b. Hence, determine the value(s) of § if cos 20 + 3cosf —1 =0and 0° < 6 < 360°.

Question 3 adapted from NC(V) Mathematics Level 4 Paper 2 November 2016 question 2.5
3. If3cos2z — sin2z — 1 = 0 find the value(s) of z in the interval [0°, 360°].

The full solutions are at the end of the unit.

Unit 2: Solutions

Exercise 2.1

a. cosf =0.45
Ref angle: 9 = 63.3°
cos @ is positive in the first and fourth quadrants.
6 = 360° — 63.3° = 296.7°
General solution: § = 63.3° + k.360° or 6 = 296.7° + k.360°,k € Z

b.
2tanf = —5
c.tanf = fé
2
Ref angle: 9 = —68.2°
Note: You can also express your reference angle as a positive angle — 360° — 68.2° = 291.8°
General solution: § = —68.2° + k.180°,k € Z
C.
8sinf+3=0
c.sinf = —é
8

Refangle: g = —22.0°
Note: You can also express your reference angle as a positive angle — 360° — 22.0° = 338°
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sin @ is negative in the third and fourth quadrants.

6 = 180° + 22.0° = 202.0°
General solution: § = —22.0° + k.360° or 6 = 202.0° + k.360°,k € Z

—6cos20—-3=0
s.cos20 =—-0.5
Refangle: 9 = 120°
cos @ is negative in the second and third quadrants.
0 = 360° — 120.0° = 240°
General solution:
260 = 120° + k.360° or 6 = 240° + k.360°,k € Z

.0 =60° 4 £.180° or = 120° + £.180°,k € Z

3cosf—2=-3
1

c.cosf = ——

3

Refangle: 9 = 109.5°
cos 6 is negative in the second and third quadrants.
6 = 360° — 109.5° = 250.5°
General solution: # = 109.5° + k.360° or # = 250.5° + k.360°,k € Z
Specific solution: @ = 109.5° or 6 = 250.5°
b. tan(30 —42°) =34
Refangle: 39 — 42° = 73.6°
General solution:
30 —42° =73.6° + k.180°,k € Z
.30 =115.6° + k.180°,k € Z
.0 =385 4+k60°,kcZ
Specific solution: § = 38.5° or § = 98.5° or § = 158.5°

Back to Exercise 2.1

Exercise 2.2

a.
cos 2z = sin 32°
:.cos2x = 0.530
Or
cos 2z = sin 32°
.. cos 2z = cos(90° — 32°)
= cos 58°
Ref angle: § = 58°
Cosine is positive in the first and fourth quadrants.
0 = 360° — 58° = 302°
General solution: § = 58° + k.360° or 8 = 302° 4+ k.360°,k € Z
So:
2z = 58° + k.360° or 2z = 302° + k.360°,k € Z
z=29° 4+ k.180° or x = 151° + k.180°, k € Z
b.
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cos2z = sinx

.1 —2sin’z =sinz
o 2sin’z +sinz —1=0
c.(2sinz — 1)(sinz+1) =0

c.sinz = E or sinx = —1

sinx = 52

Ref angle: z = 30°

Sine is positive in the first and second quadrants.

x = 180° — 30° = 150°

General solution: z = 30° + k.360° or = = 150° + k.360°,k € Z
sinz = —1:

Ref angle: z = —90°

General solution: z = 270° + k.360°,k € Z

sin@ - sin 20 + cos 20 =1
. sin@ - 2sinfcosf + cos’d — sin’0 — 1 =0
. 2sin%0 cos @ + cos’f — 1 — sin?0 = 0
. 2sin%0 cos 0 — sin?6 — sin?0 = 0
. 2sin?f cos  — 2sin?0 = 0
. 2sin?@(cos@ — 1) = 0
- 2sin?0 =0 or cosf =1
S.sinfd=0 or cosf=1
sinf = 0:
Ref angle: g = (°
General solution: § = 0° + k.180°,k € Z
cosf =1
Ref angle: g = 0°
General solution: § = 0° + £.360°,k € Z
Overall general solution: § = 0° 4 £.180°,k € Z

5tan2z — 1 = tan?2z + 5
~.tan?2z — 5tan2z+6 =0
o (tan2z — 3)(tan2z — 2) =0
c.tan2x = 3 or tan2x = 2
tan2x = 3:
Ref angle: 22 = 71.6°
General solution:
2¢ = T71.57° + k.180°,k € Z
c.x =358 +k90°,kcZ
tan2x = 2:
Ref angle: 92 = 63.4°
General solution:
2 = 63.4° + k.180°, k€ Z
S =3171° +k90°, ke Z
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LHS = sinx cos 3z — cos z sin 3z
= sinz cos(2z + z) — cos zsin(2z + z)
=sinz (cos 2z cosz — sin 2z sinz) — cos z (sin 2z cos ¢ + cos 2z sin x)
=sinzx ((2c052;v — 1) cos T — 2sin x cos  sin ac) — Cos T (2 sinz cos z cos x + (2cos’z — 1) sin ac)
=sinz (2cos3:v — cosx — 2sin’x cos w) —cosT (2 sin zcos® + 2 sin zcos’x — sin m)

3 3

= 2sinzcos’z — sinz cosz — 2sin®z cos z — 2sin zcos®z — 2sin zcos®z + sinz cos T

—2sinzcos®z — 2sin’z cos z
= —2sinx cos z(cos’x + sin’z)
= —sin2z

Therefore:

—sin 2z = tan 140°
. sin2x = — tan 140°
= 0.839

Ref angle: 22 = 57.05°
Sine is positive in the first and second quadrants.

2z = 180° — 57.05° = 122.95°
General solution:
2z = 57.05 + k.360° or 2z = 122.95° + k.360°,k € Z

cox = 28.525° + k.180° or x = 61.475° + k.180°,k € Z
b. Solutions for the interval [0°,90°]: z = 28.525° or = = 61.475°

Back to Exercise 2.2

Unit 2: Assessment

2cosf0—-1=0
.cosf = —
2

Ref angle: 9 = 60°

Cosine is positive in the first and fourth quadrants.

# = 360° — 60° = 300°

General solution: # = 60° + k.360° or 6 = 300° + k.360°,k € Z

2sin?0 4+ sinf —1 =0
o (2sinf —1)(sinf+1) =0

1
c.sinf = 5 or sinf = —1

sinf = l2
2
Ref angle: 9 = 30°
Sine is positive in the first and second quadrants.
6 = 180° — 30° = 150°
General solution: § = 30° + k.360° or 6 = 150° + k.360°,k € Z
sinf = 1:
Ref angle: § = 90°
General solution: § = 90° + k.180°,k € Z
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4sinz + 3tanz = +4 cosx #0 .. ¢ #90° + k.180°, k€ Z
cos
_',4sinw+3$mw7 3 —-4=0
COST  COSZT
c.4sinxzcosx + 3sinz —3 —4cosz =0
c.4cosz(sine — 1) 4+ 3(sinz —1) =0
c.(sinz —1)(4cosz+3) =0
. 3
c.sinz =1 or cosa:z—z

sinx = 1.

Ref angle: z = 90°

General solution: z = 90° 4 k.360°,k € Z
3

cosx = —ZI

Refangle: ¢ = 138.59°

Cosine is negative in the second and third quadrants.

x = 360° — 138.59° = 221.41°

General solution: = 138.59° + £.360° or = = 221.49° + k.360°,k € Z
For the interval [0°,180°]: z = 90° or = = 138.59°

d.
4
6cosf—5= cosf@#£0..60+#£90° +k.180°, k€ Z
cos 6
. 6cos’0 —5cosf—4 =0
. (3cosf —4)(2cosf+1) =0
4 1
.cosf = — or cosf = ——
3 2
4 .
cosf = 3 — No solution
1
cosf = ——:
2
Ref angle: 9 = 120°
Cosine is negative in the second and third quadrants.
6 = 360° — (120°) = 240°
General solution: § = 120° + k.360° or 6 = 240° + k.360°,k € Z
e.

cos2z —cosz+1=0

. 2cos’z —1—cosz+1=0
- 2cos’x —cosz =0
c.cosz(2cosz —1) =0

1
.cosx=0or cosz = 5

cosx = 0:
Ref angle: z = 90°
General solution: ¢ = 90° + k.180°,k € Z

coST = —
2

Ref angle: 9 = 60°

Cosine is positive in the first and fourth quadrants.

6 = 360° — 60° = 300°

General solution: § = 60° + k.360° or # = 300° + k.360°,k € Z

For the interval [0°,360°]: z = 60° or = = 90° or z = 180° or = = 300° or = = 360°
2. cos20 = 2cos’0 — 1

a.
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LHS = cos26 + 3cosf — 1
=2c0s?0 — 1+ 3cosf—1.
= 2c0s%0 + 3 cosf — 2 = RHS

b.
cos2x —3cosx—1=10
. 2cos’x —3cosz —2=0
. (2cosz +1)(cosz —2) =0
;.CosT = —3 or cosxz =2
cosf = ——:
2
Ref angle: § = 120°
Cosine is negative in the second and third quadrants.
6 = 360° — (120°) = 240°
General solution: § = 120° + k.360° or 0 = 240° + k.360°,k € Z
cosz = 2 — No solution
For the interval [0°,360°]: 9 = 120° or 6 = 240°
3.
3cos2z —sin2zx —1=0
. 3(cos’x — sin’z) — 2sinz cos z — (sin’z + cos®) =0
. 3cos? — 3sin®z — 2sinz cosz — sinz — cos?z = 0
. 2cos’x — 2coszsinx — 4sin’z =0
. cos?x — coszsine — 2sin’z = 0
. (cosz +sinz)(cosz — 2sinz) =0
.cosz = —sinz or cosx = 2sinx
cosx = —sinx
sinx
T Ccosz
ctanz = -1

Ref angle: x = —45°
General solution: z = 135° + k.180°,k € Z
cosx = 2sinx

sinz
1=2-
cosx
s 2tanx =1
Cotanx = —
2

Ref angle: z = 26.6°
General solution: ¢ = 26.6° + k.180°,k € Z
For the interval [0°,360°]: z = 26.6° or z = 135° or = = 206.6° or = = 315°

Back to Unit 2: Assessment
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Unit 3: Solve 2-D and 3-D trigonometry
problems using sine and cosine rules

DYLAN BUSA

Unit outcomes

By the end of this unit you will be able to:

Apply the sine rule correctly to solve 2-D and 3-D problems.
Apply the cosine rule correctly to solve 2-D and 3-D problems.

What you should know

Before you start this unit, make sure you can:

Determine the sides and angles in a right-angled triangle using the three basic trigonometric ratios.

Refer to level 2 subject outcome 3.6 units 1and 2 if you need help with this.
Use the reduction formulae to simplify trigonometric ratios. Refer to level 3 subject outcome 3.3 units 1

and 2 if you need help with this.
State and use the sine rule to solve 2-D problems. Refer to level 3 subject outcome 3.3 units 6 and 8 if

you need help with this.
State and use the cosine rule to solve 2-D problems. Refer to level 3 subject outcome 3.3 units 7 and 8 if

you need help with this.
State and use the compound and double angle formulae. Refer to unit 1 of this subject outcome if you

need help with this.

Introduction

We learnt about the sine rule and the cosine rule in level 3 subject outcome 3.3 units 6 and 7. Remember
that these rules give us a way to find the lengths of unknown sides and the sizes of unknown angles in non-

right-angled triangles.

You should revise level 3 subject outcome 3.3 units 6, 7 and 8 before continuing.

Revise the sine and cosine rules

Before we learn anything new, let us revise what we already know.

The sine rule:

In any triangle AABC:
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B sinA  sinB  sinC
a b ¢

a b o
sinA  sinB  sinC

c a
A C
b
The cosine rule:
Inany AABC:-
B a’> = b+ ¢ — 2bccos A

b =da®>+ & — 2accos B

A =a®>+b* —2accosC

The cosine rule works when we know the lengths of any two sides and the size of the included
angle.
The side on the LHS of the formula is always the side opposite the angle whose cosine we take.

@ Take note!
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Use the sine rule if:

no right angle is given

two sides and an angle are given (not the included angle)
two angles and a side are given.

Use the cosine rule if:

no right angle is given
two sides and the included angle are given
three sides are given.

The difference between level 3 and level 4 is that we will use these rules to solve problems in two and three
dimensions.

Revise using the sine and cosine rules to solve 2-D problems by completing the following exercise.

% Exercise 3.1

1. INnAPQR, Q = 36°, p = 15 and r = 10. Solve the triangle:

R

2. Inthe diagram below, ABD is a straight line through the centre of the circle. BD = BC = z and

BAC — ¢ Show that CD = 22%(1 + sin#).

Unit 3: Solve 2-D and 3-D trigonometry problems using sine and cosine rules | 547



Question 3 adapted from Everything Maths Grade 12 Exercise 4-5 question 1

3. Inthe diagram below, O is the centre of the semi-circle BAE:
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a. Find g0Q¢ in terms of 6.

b. In AABE, determine an expression for cos 6.

c. In AACE, determine an expression for sin 6.

d. In AACO, determine an expression for sin 26.

e. Use the results from the previous questions to show that sin 20 = 2 sin 8 cos 6.

4. Two vertical towers AC and BD are 7 m and 10 m high, respectively. Point E lies between the two
towers. The angle of elevation from E to C is 35°and E to D is 55°. A cable is needed to connect C
and D.

D

[ 1] 35° 55° ]
A E B

a. Determine the minimum length of cable needed to connect C' and D (to the nearest metre).

b. How far apart are the bases of the two towers (to the nearest metre)?

The full solutions are at the end of the unit.

Problems in three dimensions

As we have seen, we can use the sine and cosine rules to find the lengths sides and sizes of angles in non-
right-angled triangles in two dimensions. We can apply these same techniques to work in three dimensions.
This means that we can start to solve more real-world problems.

But working in three dimensions (especially visualising three dimensions on a two-dimensional screen or
piece of paper) takes time and practise for most of us. If at first, you find it hard, don't give up. Working in
three dimensions can be learnt. It just needs practise.

d©) Example 3.1

Unit 3: Solve 2-D and 3-D trigonometry problems using sine and cosine rules | 549



AD is a vertical flagpole and its base, 4, is in the same horizontal plane as the points Band C. The angle
of elevation from point C to the top of the flagpole is 29°. The distance BC is 200 m, ABC = 51° and
ACB = 49°- Determine the height of the flagpole.

D

29°
49°

B 200 m

Solution

In this example, a sketch of the situation has been given. Sometimes, you will need to create your own
sketch. Notice how A ABC has been shaded. This helps us see that this triangle lies on the ground and
is at right angles to the triangle formed by points 4, C and D. Remember that the flagpole is vertical
(meaning it is at right-angles to the ground). The given lengths and angles have been filled in.

We need to calculate the length of 4D. We have one angle inside this triangle, and it is a right-angled
triangle. Therefore, if we can find the length of AC, we can use the tangent ratio to find AD. We choose
AC because it is the side shared by both triangles.

We can use the sine rule to calculate AC but, to do so, we first need to calculate the size of g 4.

BAC =180° — ABC — ACB (4s in A suppl)

. BAC = 180° — 51° — 49° = 80°
AC BC

sin51°  sin 80°
L AC— 200 x sin 51
sin 80°
- AC =157.83

Remember to keep the full answer for AC in your calculator's memory. Don’t round off as this will affect
the accuracy of your final answer.
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Now that we know AC, we can find AD:

tan29° = A—D
BC
. AD = 157.83 x tan 29°
=87.48 m

If you are still having difficulty picturing the above situation in your mind, visit this “interactive version
of the diagram®. You can click and drag to view the situation from different angles.

p Example 3.2

Example adapted from Everything Maths Grade 12 Worked example 16
D is the top of a building of height 4. The base of the building is at 4 and AABC lies on the ground (a

horizontal plane). BC = b,DBA — a» DBC = B and pCB = ¢

bsinasinf

Show that h = .
sin(B + 6)

Solution

We are asked to find an expression for h. Because we have been given an angle in AABD, this is the
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triangle we will focus on. To find h, we need to find eitherAB or BD. DB is a shared side between AABD
and ABCD, and ABCD is a good triangle to work in because we have been give information about it.
Let's start by writing an expression for b in AABD.

. h
sina = —

BD
. h=BD x sina

Now, let’s find an expression for BD in ABCD.
BD b

sinf  gin BDC
. Bp~ bxsiné
sin BDC

But we can work out what gp¢ is:
BDC =180° — BCD — CBD

(4s in A suppl)
-.BDC =180° — f— 6

Therefore:
sin BDC = sin(180° — 3 — 6)
= sin(180° — (B +6))
= sin(8 + 6)
Therefore:

b x sinf
sin(8 + 6)

Now we can replace BD in our original expression with this new expression for BD.
h = BD X sina

b x sinf
sin(8 + 6)

bsinasinf

sin(8 + )

X sin o

% Exercise 3.2

1. Acell tower, AD, has its base at A. AABC is a horizontal plane on the ground. The angle of

elevation to the top of the tower from B is 3. A surveyor is standing at C such that he is the same
distance, y, from Aand B. ABC = o
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C

a. Find an expression for the height of the tower in terms of y, a and .
b. Ifitis giventhaty =80 m, o = 39° and 8 = 23°, calculate the height of the tower.

2. Abuilding is represented below as QT. APQR is on the horizontal plane with QﬁR = 120°-
QPT = gand PQR = 6.

R

. . o v/3siné
a. If RQ = p, show that the height of the building, QT is given by ptan 8 | cos 6 — — )

b. Ifitisfurther giventhat QR =42 m, § = 18° and B = 30°, calculate the height of the building to
one decimal place.
Question 3 adapted from Everything Maths Grade 12 Exercise 4-6 question 4

3. Two ships at sea can see a lighthouse on the shore. The distance from the top of the lighthouse (H
) to ship § and to ship Bis 200 m. The angle of elevation from Sto His o, HBS = pand SI.B = ¢-
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2000

Show that the distance between the two ships is given by SB = 400 cos 3.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to use the trigonometric ratios, reduction formulae, compound and double angle formulae, the
sine rule, and the cosine rule to solve problems in three dimensions.

Unit 3; Assessment

Suggested time to complete: 35 minutes
Question 1Tadapted from NC(V) Level 4 Paper 2 November 2016 question 2.6

1. Given below is the side view of a vertical cliff. Points B, C' and D are on the same horizontal plane. 4 is a
point on the top of the cliff such that AB1 BC. BD = 30 m, DC = 20 m, ABC — 90°, BDC — 80° and

ACB = 30°
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30 ao° 200 1

Determine the height of the cliff, 4B, to one decimal place.
Question 2 adapted from NC(V) Level 4 Paper 2 November 2015 question 2.6

2. Inthe diagram, AC and BD represent the two vertical towers. The points C, D and E are on the same
horizontal plane. From E the angles of elevation of 4 and B are 30° and 35° respectively. AEB — 20°,

CE =5mand BD =12 m.

A B

12 m

b

i, 20

a. Calculate the length of BE.
b. Calculate the length of AE.

c. Determine the distance, AB, between the top of the two towers.
Question 3 adapted from NC(V) Level 4 Paper 2 November 2014 question 2.6
3. An eagle, on top of a vertical cliff AB, spots two rabbits a distance away. The points B, C and D lie in the

same horizontal plane. The rabbit at D is 28.1 m away from the eagle and the angle of elevation from
the rabbit at C to the eagle is 43°.BC = 20.7 m, BCD = 63° and ¢AD = 36°
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=

D

a. Calculate the distance between the rabbit at ¢ and the eagle at A.

b. Calculate the distance between the two rabbits.

The full solutions are at the end of the unit.

Unit 3;: Solutions

Exercise 3.1

@ =1’ +p*—2rpcosQ
¢ =10 +15%2 —2-10- 15 - cos 36°
C.q=9.07

sinP sin Q

15 9.07

15 x sin @
9.07

- P=7643

c.sin P =

R =180° — 36° — 76.43° (/s in A suppl)
"R =67.57°
ACB=90° (/sina semi-circle)
-.CBD =90° + 0 (ext £ of A = opp int Zs)
CD=a>+2>—2-z-2-cosCBD
= 22% — 22° cos(90° + 6)
= 2z% — 222 (—sin6)
=222 + 22° sin @
= 22°(1 + sin @)
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. sin20 =

AO = EO (radii)
- OAE =90 (isos A)
- AOC =20 (ext £ of A = opp int /s)

In AABE:

AE
cosf = —
BE

In AACE:
AC

sinf = —
AE

In AACO:
40

AO
Ac
AO
. AC . .
Butsinf = E Therefore, AC = AFE sin 6. Therefore, sin 20 =

sin 20 =

AEsin6
AO
BFE cosfsinf

But cos 0 = £ Therefore, AE = BE cos . Therefore, sin 20 =
BE AO

in 0
But BE = 240. Therefore, sin 20 = M = 2sinfcos 6.

AO

. ., AC 7
sinds” = — = —
CE CE
-.CE = 7
sin 35°
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BD 10

sinbh® = — = —
DFE DFE
-.DE = 10
sin 55°

CED =180° — 35° — 55° = 90° (/s on str line suppl)
.CD*> = CE® + DE* (Pythagoras)

2 2
1
_~,CD2_( 7 )+( 0 )
sin 35° sin 55°

.CD =17.26
b.
tan 35° = AC = T
AE AE
Ry p—
tan 35°
., BD 10
tanb5” = — = —
BE BE
..BE = 10
tan 55°
AB = AFE + BE
7 10
= -
tan 35° tan 55°
=17.00

Back to Exercise 3.1

Exercise 3.2

AD
tanf = —
h AB

. AD=AB x tanf8

In AABC:
BAC =a (isos A)
. ACB = 180° — 2a (4s in A suppl)

AB )

sin(180° — 2a) sina
Y X sin 2«

. AB = -
sin v
Yy X sin 2«
S AD="——— xtanpf
sin v
b. y=80 m, o =89° 8 =23
Yy X sin 2«
AD="——— xtanpf
sin
80sin(2 x 39°)
=— X tan23°
sin 39°
=52.78 m
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3sinf
a. ptanf (cosé)— \/_3 )
T
tan 8 = Q—
PQ
5.QT = PQtan g
R=180°—120°— 6 (/s in A suppl)
=60° — 6
p PQ

sin 120° sin R
psin(60° — 0)
~ sin120°
psin(60° — 6
T = Qtanﬂ
sin 120°

tan B sin(60° — 6)
=ptanf | ————
P sin 120°

< sin 60° cos @ — cos 60° sin 0 )
= ptanf

L PQ

sin 60°
3 1
%cosO— EsinH
=ptanp
V3
2
v/3cosf —sinf
2
=ptanf
V3
2
\/3cosh —sinf 2
=ptanf| ————— x —
2 V3
3cosf —sinf 3
=ptanf \/_— Muliply by £
V3 V3
3sinf
= ptanf (cose \/_31n )

b. QR=42m, 0 =18 8= 30"
3sind
QT =ptanf (cos@— V3sin )

3

= 42 tan 30° (cos 18° — 3

/35sin 18° )
=187 m

In ABHS:
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BSH =8 (isos A)
- BHS =180° — 28 (4s in A suppl)
SB? = 2007 + 200% — 2 - 200 - 200 - cos(180° — 25)

=2 % 200% — 2 x 200 x (— cos 20)
=2 x 200% + 2 x 200% x cos 28
=2 x 200%(1 + cos 2f)
=2 x 200%(1 + 2cos?8 — 1)
= 2 x 200 (2cos?B)
=4 x 200%cos’8

.SB =2 x 200 x cos 3
= 400cos 8

Back to Exercise 3.2

Unit 3: Assessment

AB

BC

. AB = BCtan 30°

BC? =30% +20° —2-30-20 - cos 80°

tan 30° =

. BC = 33.04
. AB = 33.04tan 30°
=19.1m
2.
a.
sin 35° = E
BE
- BE = 12
sin 35°
=20.92 m
b.
cos 30° = i
AE
S AE = 5
cos 30°
=577 m
C.
AB? = AE? + BE® —2- AE - BE - cos AEB
=5.77% +20.922 — 2-5.77-20.92 - cos 20°
- AB=1562m
3
a.
cos43° = y
AC
A0 = 27
cos43°
=28.30 m
b.
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CD? = AD®> + AC® —2-AD- AC - cos CAD
=28.12 +28.32 —2-28.1-28.3 - cos 36°
.CD=1743 m

Back to Unit 3: Assessment
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Unit 4;: An introduction to radians

DYLAN BUSA

‘g’ Unit 4 outcomes

By the end of this unit you will be able to:

Define radian measure.
Convert from degrees to radians.
Convert from radians to degrees.

What you should know

Before you start this unit, make sure you can:

Find the general solution for trigonometric equations. Refer to unit 2 of this subject outcome if you
need help with this.

Introduction

Throughout levels 2, 3 and 4, whenever we have measured an angle or given its size, we have done so in
degrees. We are very familiar with degrees. There are 360° in one full revolution. A half revolution is 180°. A
quarter revolution is 90°, and so on.

So, in rotating through a revolution or circle, you have turned 360°. But have you ever asked yourself why
there are 36(0° in one revolution? Why not 400° or 25°. The number 360 was chosen on purpose, although we
are not quite sure why. Some theories are that it is based on old lunar calendars or the fact that the earth
takes about 360days to travel around the sun (1° per day).

Now degrees work fine for some applications but it is not the best method because it is somewhat arbitrary.
Mathematicians hate things being arbitrary, so they came up with a better way to measure angles. It is
called radian measure. A radian is based on the radius of a circle.

What is a radian?

An angle of 1 radian (or rad) is made when we wrap a line the same length as the radius of a circle around
the circumference of the circle. In other words, an angle of 1 radian is created by an arc length equal to the
radius of a circle (see figure 1).
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arc length = radius

radius

Figure 1: The definition of a radian

If you have an internet connection, watch these excellent simple explanations of radians:

a short animation
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For a fuller explanation, you can also watch the video called “What are Radians?".

What are Radians (Duration: 05.39)

Unlike degrees, radians have no unit. Radians are pure numbers. Radians are also the official method of
measuring angles.

Now, we know that the circumference of a circle is 2xr. If to move through an angle of one radian, we have
to move a distance around the circumference of r units, this means that there are 27 radians in one full
revolution, or w radians in half a revolution (see figure 2). Click on figure 2 to play the animation.

Figure 2: Radians
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We can use this to calculate that there are 180

Take note!

{e}

~ 57.2958° in one radian.

To convert from degrees to radians, multiply by 7 and divide by 180°.
To convert from radians to degrees, multiply by 180° and divide by =.

Degrees Radians
. s
30 6
. s
45 1
. s
60 3
. ™
90 2
180° T
3w
270° —
360° 2

I© Example 4.1

1. Convert the following degrees to radians:

a. 60°
b. 50°
c. 300°
d. 272°
2. Convert the following radians to degrees:
a. 27
o &
3
c. 167
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d. 0.6512975
e 3
Solutions
1. To convert from degrees to radians, we have to multiply the angle by 7 and then divide by 180°.
a. 60"=60 xT_x
180° 3
b 50° = 22X _ 9787 ~ 0.873
180°
c. 3000 = 300X _ 5T 5936
180° 3
o o7 = ZEXT _ BT yrar
180° 45
2. To convert from radians to degrees, we have to multiply by 180° and then divide by .
a or— 27 x 180 _ 360°
b, 8 _ 8mx 1807 _ epe
3 3w
C. 16w = M — 2 880°
™
0.6512975 x 180°
d. 0.6512975 = - x ~ 37.317°
e. 3= 3 x 180° ~ 171.887°

% Exercise 4.1

1. Convert the following angles from degrees to radians:

a. 30°
b. 75°
C. 135°
d. 215°
2. Convert the following angles from radians to degrees:

a.

b.

SEREE

o
3
)

The full solutions are at the end of the unit.
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Working with radians

Everything that we have learnt to do in degrees, we can do in radians. Some of it is even easier to do in
radians. However, switching from degrees to radians can sometimes be a little confusing. Therefore, if you
are ever asked to give your final answer in radians, you can work in degrees and then simply convert your
final answer to radians.

p Example 4.2

Solve for g in radians if 0 < 0§ < 6.282and 2cosf —1 = 0.
(Note: This interval restriction is very often given as 0 < 6 < 27.)

Solution

We have been asked to solve for g in radians. If we like, we can work in degrees and convert the final
answer. However, let’s try work in radians.

Firstly, we need to recognise that the interval for 9 is one revolution. 6.282 ~ 2 x 7 or one revolution.
Therefore, this is the same interval as 0° < 4 < 360°.

2cosf0—1=0
1

c.cosf = —

2

™
Ref angle: 0 = 3

Cosine is positive in the first and fourth quadrants.

0=2m— Tr_ 5_7r
3 3
. T 5
General solution: § = 3 + k.27 or 6 = 3 +k2mkeZ
Inthe interval 0 < 0 < 6.282: 9 = g or § = 5%

Alternatively, you could have done all your working in degrees and converted your final answers of
0 = 60° or 6 = 300° to radians.

Take notel!

If you would like to work in radians, you need to change your calculator to work in radian mode. To
change a Casio calculator, follow these steps:

1. If you see a little D or DEG at the top of your screen, it means that your calculator is working in
degree mode.

2. Press the SHIFT key and then the MODE/SETUP key. You will see a full list of the available modes.
Radians is normally option 4, so press 4 (or whatever option your calculator says is radians).

After this, you will see a little R or RAD at the top of your screen.

4. Go through the same process to change your calculator back to degree mode.
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% Exercise 4.2

In each of the following equations, determine the value(s) of g in radians if 0 < 8 < 27

1. %cos@ = 0.435

2. tan<a - %) —1.57

3. 2sin’0 +sinf =1

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

That one radian is the angle created by moving one radius arc length along the circumference of a

circle.
To convert from degrees to radians, multiply by m and divide by 180°.
To convert from radians to degrees, multiply by 180° and divide by 7.

Unit 4; Assessment

Suggested time to complete: 15 minutes

Question 1 and 2 adapted from NC(V) Level 4 Paper 2 November 2011 question 3.2 and November 2012
question 3.2 respectively

In each of the following, determine the value(s) of g in radians if 0 < 6 < 6.282.

4

1. 6cosf—5=
cos 6

2. 4sinf+ 3tanf = +4

cos 6
cos20 —cosf+1=0
4. cos20=1—3cos0

The full solutions are at the end of the unit.
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Unit 4: Solutions

Exercise 4.1
1.
A 30° — 300X7T:E
180° 6
b, 75 = 1O X _ 5T
180° 12
c. 1350 — 122 XT_ 3T
180° 4
215° 4
d o150 = S X7 _ BT o4,
180° 36
2.
1 (e}
a. 5r—= M = 900°
iy
b. T = LlSOO = 30°
6 67
o Tm_ Tmx180°
2 T
2 « 180°
dop2 =T X2 . 180° = 565.49°
™

Back to Exercise 4.1

Exercise 4.2

%cos 6 =0.435

.cosf = 0.87
Ref angle: 0.516 (or § = 29.54°)
Cosine is positive in the first and fourth quadrants.

6 = 27 — 0.516 = 5.767 radians (or § = 360° — 29.54° = 330.46°)

Therefore, in the interval 0 < 6 < 6.282,0 = 0.516 or § = 5.767 radians.

2.

tan(O 3) =157

6

Refangle: 0 — % = 1.004 (or § = 57.51°)

Tangent is positive in the first and third quadrants.

0 — % =7+ 1.004 = 4.146 (or 9 = 237.51°)

- % = 4146 + k.m ke Z

0:4.146+%+k.7r,k62
S 0=4669+ k. mkeZ

Intheinterval 0 < 0 < 6.282: 9 = 1.528 or 6 = 4.670

3.
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2sin%0 + sinf = 1
. 2sin?0 +sinf—1=10
o (28inf —1)(sinf+1) =0
c.sinf=— or sinfd=-1
2
sinf = —:
2
o
Ref angle: 6 = 5
Sine is positive in the first and second quadrants.
T 5T
=m— — =20
6 6
. ™ 5T
General solution: § = n + k2w or = 3 +k2mkeZ

Intheinterval()geg271-:0:%01r6:5—7r

6

sinf = —1:

™
Ref angle: 0 = Y

™
General solution: 0 = Y +k2mkeZ

Intheinterval 0 < 6 < 2w = 3T
Back to Exercise 4.2
Unit 4: Assessment
1.
4 s
6cosf—5 = cos0#0 .04 —+kmkeZ
cos 2

. 6cos?0 —5cosf—4=0
. (3cosf —4)(2cos6+1)=0

4 1
.cosf = — or cosf = ——
3 2
4 .
cosf = 5: no solution
1
cosf = ——:
2
Ref angle § = 2%

Cosine is negative in the second and third quadrants.

2
§=2r— % = dm

3 3

For the interval 0 < 0 < 6.282: 0 = 2% or 6= 4—7T
2.
4sinf + 3tand = +4 cos§£0. 04~ tkmkeZ
cos 2
- Asing+ 3sin6 _ 3 4
cos cos 0

. 4sinfcosf + 3sinf = 3 + 4 cosb
. 4sinfcosf + 3sinf —3 —4cosf =0
c.4cosf(sinf — 1)+ 3(sinf—1) =0
o (sin@—1)(4cos6+3)=0

-.sinf =1 or cosf = 7%
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sinf = 1:

™
Ref angle: § = 3

General solution: 0 = g + k2m ke Z
3

cosf = ——
4
Ref angle: § = 2.419
Cosine is negative in the second and third quadrants.
0 =2mw—2.419 = 3.864
General solution: 8§ = 2.419 + k.27 or 0 = 3.864 + k.2m,k € Z

For the interval 0 < 6 < 6.282: 6 = g or § =2.419 or 6 = 3.864

3.
cos20 —cosf+1=0
. 2c08’0—1—cosf@+1=0
. 2cos? —cosf =0
c.cos0(2cosf—1) =0
1
.cosf =0 or cosf = 3
cosf = 0:
™
Ref angle: § = 3
General solution: 8 = g +kmkeZ
1
cosf = —:
2
T
Ref angle: 0 = 3
Cosine is positive in the first and fourth quadrants.
0=2m— T_ 5_71'
3 3
. T 5w
General solution: 9 = § + k2w or 6= ? +k2mkeZ
For the interval 0 < 0 < 6.282: 9 = T or 0= 3—7r or 0= r or 6 = 5—”
2 2 3 3
4,

cos20 =1 —3cosb
. 2c05’0—1—1+3cosf=0
. 2c0s%0 +3cosf —2 =0
. (2cos0 —1)(cos@+2) =0

1
.cosf = 3 or cosf = —2
cosf = —:
2

Ref angle: § = g

Cosine is positive in the first and fourth quadrants.
0=2m — T_ 5_71'
3 3

General solution: 9 = g + k2w or 6= 5?” +k2mkeZ

cos # = —2: No solution

For the interval 0 < 0 < 6.282: 9 = gor 0= 5_7r

3

Back to Unit 4: Assessment
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figurel © Stannered is licensed under a CC BY-SA (Attribution ShareAlike) license
figure2 © Quirk Science is licensed under a All Rights Reserved license
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SUBJECT OUTCOME XI

DATA HANDLING: REPRESENT, ANALYSE
AND INTERPRET DATA USING VARIOUS
TECHNIQUES

@ Subject outcome

Subject outcome 4.1: Represent, analyse and interpret data using various techniques

Learning outcomes

Identify situations or issues that can be dealt with through statistical methods.

Range: Data given should include problems relating to health, social, economic, cultural, political
and environmental issues.

Note: Not for examination purposes but for class activities only.

Discuss the use of appropriate and efficient methods to record, organise and interpret given data
by making use of:

- Manageable data sample sizes (less than or equal to 10) and which are representative of the
population.
- Graphical representations and numerical summmaries which are consistent with the data, and
clear and appropriate to the situation and target audience.
Note: Discussion only, not expected to draw again.
. Compare different representations of given data.
Justify and apply statistics to answer questions about problems.
Discuss new questions that arise from the modelling of data.
Take a position on an issue by comparing different representations of given data.

‘g’ Unit 1 outcomes

By the end of this unit you will be able to:

Identify situations or issues that can be dealt with through statistical methods.
Make resolutions to maximise efficiency from given data which has been organised and
graphically represented.
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Unit 1: Use various techniques for data
collection, representation and
INnterpretation

NATASHIA BEARAM-EDMUNDS

Unit outcomes

By the end of this unit you will be able to:

Identify situations or issues that can be dealt with through statistical methods.
Make resolutions to maximise efficiency from given data which has been organised and
graphically represented.

What you should know

Before you start this unit, make sure you can:

understand basic principles of statistics. You can revise the following statistics units from the previous
levels:

. level 2 subject outcome 4.1
. level 2 subject outcome 4.2
. level 3 subject outcome 4.1
. level 3 subject outcome 4.2.

Introduction

Social media has a huge impact on the way people interact and the decisions they make. It can also
influence many decisions and highlight issues of public importance. A major environmental issue is the
need to reduce plastic waste.

This has been widely publicised and the negative effect of plastic on the ocean is well documented. But,
what if we wanted to find out how social media reacts to plastic pollution? How could we assess the
reaction? To make a conclusion about this question we need to collect information.

The calculation of statistics always starts with collecting information. Why do you think it is important to get
information and analyse statistics about plastic waste?

If consumers are becoming more concerned about plastic waste this will influence decisions about the type
of products they buy. Businesses need to pay attention to the growing environmental concerns so they can
adapt and change their focus to avoid financial pitfalls. In fact, a survey has been done on this very topic. It
concluded that people are talking more about the plastics problem on social media, and they are googling
the topic more, too. Below is a snapshot of that survey.
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Figure 1: Tweets about plastic waste between 1January 2017 and 31 March 2018

From environmental research to sports, statistical calculations are used in almost every field. As you will no
doubt encounter statistics somewhere, it is important to be able to analyse statistics and understand how
they are computed.

Ask the right questions

To make an informed decision about a current problem, such as plastic pollution, you will need to research
the problem and compute statistics. Statistics are calculated for research purposes in many fields. But, not
every guestion justifies the cost and effort of performing statistical research.

Think about situations around you that possibly need further research. So, how do we know if a problem
warrants further study? The following will guide your decision to conduct statistical research.

Can the issue be studied and what is the purpose of the investigation?
Does it justify further research?

Is it worth the time, money and effort that will go into the research?

Is there money available to investigate the issue?

Are there people with the right skills available to conduct the research?
Is the size of the sample reasonable to investigate?

Can you formulate the hypothesis?

A hypothesis is a statement that must be proved or tested through research (observation or
experimentation). It is an educated guess and expresses the supposed relationship between two variables.
Remember that a variable is something that changes and can have different values or conditions.

For example, if you suspect that time watching TV negatively influences exam results, then your hypothesis
could be that the more time you spend watching TV the worse you perform at exams. The variables are time
spent watching TV and exam performance.

A hypothesis test involves collecting data from a sample and evaluating the data. Then, a statistician makes
a decision whether or not there is sufficient evidence, based on analysis of the data, to reject or accept the
hypothesis.
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Hypothesis testing is not examinable but it is the basis for most statistical calculations. For your own
interest you can learn more about hypothesis testing by watching this video when you have internet
access, “Simple hypothesis testing”.

Simple hypothesis testing (Duration: 06.25)

[=]35E =]
OJk

When an issue needs further statistical research we must collect, record, organise and interpret the data
using the methods discussed in detail in levels 2 and 3. We will revise those methods next.

Data collection

These are the different types of data that we have worked with so far.

Qualitative data deals with descriptions that can be observed but not measured. For example colours, size,
tastes, and appearance.

Categorical data are qualitative. For example hair colour of people at a shopping mall.

Quantitative data deals with numerical data that can be measured. For example length, height, weight,
time, cost, and number of people.

Quantitative data are divided into discrete and continuous.
Discrete data are whole number values. For example the number of people attending a maths course.

Continuous data are values that can be measured. For example the heights of learners in an NCV level 4
maths class.

Data sources are varied and include the internet, surveys, censuses and existing records. Often
guestionnaires, observations and interviews are used to collect data.

In statistics, we generally want to study a population. You can think of a population as a large collection of
persons, things, or objects under study. To study the population, we select a sample. The idea of sampling
is to select a portion (or subset) of the larger population and study that portion (the sample) to gain
information about the population. Data are the result of sampling from a population.

Because it takes a lot of time and money to examine an entire population, sampling is a very practical
technique. From the sample data, we can calculate a statistic. A statistic is a number that represents a
property of the sample.

The statistic is an estimate of a population parameter. A parameter is a numerical characteristic of the whole
population that can be estimated by a statistic.

Data can be collected by sampling in many ways. The simplest way is direct observation.
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For example, if you want to find out how many bicycles pass a busy intersection during rush hour traffic, you
can stand close to the intersection and count the number of bicycles that pass by in that interval.

Statistics can be a powerful tool in research. Unfortunately, statistics can also have faults. Sample bias is one
such fault. Bias is deliberate favouritismm when collecting data, resulting in lopsided, misleading results. Bias
can occur in the way the sample is chosen and the way the data are collected.

For example, if we wanted to find out how many learners played sport at a college and chose only the male
learners to be part of the survey. This will result in misleading results as we have not chosen a sample that is
representative of the entire college population, which includes females.

It is important to keep in mind that sampling bias refers to the method of sampling, not the sample itself.

Avoiding bias when selecting a sample

The methods used to collect data must ensure that the data is reliable. This means that it is data that we
can trust. Data cannot be trusted unless it has been collected in a way that makes sure that every member
of the population under investigation has the same chance of being selected in the sample.

Sample bias occurs when a particular group of the population from which the sample is drawn does not
represent that population. The way to avoid sample bias is to take a random sample. A sample is random if
every member of the population has an equal chance of being selected.

In addition to the sample being random it must be of an adequate size. The bigger the sample size the
more accurate the results.

é© Example 1.1

Identify the bias in the example below:

Sibusiso collected data from a sample of grade 12 boys at his school to find out how many learners play
soccer.

Solution

Since the sample is not random, some individuals are more likely than others to be chosen. Always
think very carefully about which individuals are being favoured and how that will influence the results.
Sibusiso's sample is restricted to boys only and is more likely to get a favourable result and skew data.
The sample must include girls as well to be a true reflection of the learners at the school.

Organising data

Data is often recorded electronically by using spreadsheets, computer software, scanners and online
surveys. The data can then be sorted and organised by:

grouping using frequency tables
tallies on tally tables

stem and leaf diagrams.

Once data are organised it can be summarised so that it can be better analysed.
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Summarising data

In levels 2 and 3 we discussed single numerical values that gave us information about the data; measures of
central tendency and dispersion. The measures we have already learnt about are the:

mean
median

mode

range

lower quartile

upper quartile
interquartile range
semi-interquartile range
variance and

standard deviation.

You must be able to calculate the above measures for ungrouped and grouped data, where applicable.

The following formulae are used to calculate the estimated mean, median and mode for grouped data.

Mean:

> fizi

n
fiz; is the class midpoint multiplied by the frequency

T =

n is the number of observations

Median:

)

M,=l4+——"—"xXc
f

l is the lower limit of the median class

n is the number of observations

F is cumulative frequency of the class before the median class
f is the frequency of the median class

c is the class width

Mode:

fm - Jm—
M, =1+ ! X ¢
2fm 7fm71 7fm+1

[ is the lower limit of the modal class

fim is the frequency of the modal class
fm_1 is the frequency of the class before the modal class
fms1 is the frequency of the class after the modal class

¢ is the class width
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p Example 1.2

The frequency distribution shows the pulse rates of a group of women.

Pulse rates of women Frequency
60 — 69 12

70— 179 14

80 — 89 11

90 — 99 1

100 — 109 1

110 — 119 0

120 — 129 1

Use the table to find:

1. The average pulse rate for the women.

2. Ifthese pulse rates are observed in a sample of women admitted to a private hospital is this a good
indication of the average pulse rate of all patient admissions?

3. Find the median pulse rate.
Solutions

1. Find the class midpoints to apply the formula.

Pulse rates of women Class midpoint Frequency
60 — 69 64.5 12
70 - 79 74.5 14
80 — 89 84.5 11
90 — 99 94.5 1
100 — 109 104.5 1
110 — 119 114.5 0
120 — 129 124.5 1
_ X2 fim
xr =
n
_ 64.5 x 12+ 74.5 x 14 +84.5 x 11 4+ 94.5 4+ 104.5 + 124.5
B 40
3070
40
= 76.75

The average pulse rate for women is 76.75.

2. Noitis not a good representation of the entire population. Male pulse rates are excluded, and the
sample size is very small, making this an unreliable sample.

3. The median classis 70 — 79.
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M, =1+ X c
f
4
(7 -2)
2
=70+ x 10
14
=175.71

The median pulse rate is 75.71.

p Example 1.3

On a timed maths test, the lower quartile for time it took to finish the exam was at 35 minutes. Interpret
the first quartile in the context of this situation.

Solution

This means that 25% of learners finished the exam in less than 35 minutes, or we can say 75% of learners
finished the exam in more than 35 minutes.

Representing data

We have used different types of graphs to represent data. Graphs represent data well because they give a
picture of the data that is easy to interpret.

Some graphs are better for displaying certain kinds of information than others. The type of graph depends
mostly on the type of data that needs to be represented.
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Representation Advantages

Used to plot data and look at the distribution. All data values within a

Stem-and-leaf diagram Class are visible.

Box-and-whisker diagram Used to organise data visually. Easy to see the five-number-summary.

Used for showing discrete quantitative data or data in categories.

Bar graphs allow us to compare the quantities of different categories,

Bar graph for example, the exam results of different subjects.

They are a really good way to show relative sizes.

Used to compare two or more characteristics for each category. For
Compound bar graph example, we could use a double-bar graph to compare the differences
between male and female preferences for sport to watch.

Used to represent continuous data that is grouped into equal class
Histogram intervals, for example height, weight, etc. Histograms are useful to
show the way the data is spread out.

Used to show a whole divided into parts. They show how the parts
relate to each other and how the parts relate to a whole. They do not
Pie chart show the quantities involved. You can use pie charts to show the
relative sizes of many things, such as what type of phone people
prefer, etc.

Used to show trends or changes in quantities over time, where the
categories are related to each other or follow on from each other. For
example the categories might be consecutive times, days, months, or
years.

Broken line graph

Used to determine how many data values lie above or below a
particular value in a data set.

Ogives are useful for determining the median, percentiles and five
number summary of data.

Ogive (cumulative frequency graph)

Used to graph data points that have two values associated with them.
Scatter plot Data values have two independent measurements, for example,
maths marks and science marks.

You do not need to draw the statistical graphs again in level 4 but you are expected to interpret given graphs
and answer questions based on the graphs.

Note

For more information on choosing the correct graph to represent data, you can read about data
representations and try examples online.

Ohp 0

p Example 1.4

The stem-and-leaf diagram shows Drew'’s calculus test marks (in percentages) for the year.
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3 5

4 39

5 899

6 57

7 2555

8 14

1. How many calculus tests did Drew write?
2. What is his highest mark?

3. Whatis the modal mark?

4. Calculate the mean mark to the nearest percent.
Solution

1. Remember: The stem and-leaf diagram is a good choice when the data sets are small. To create
the diagram, divide each observation of data into a stem and a leaf. The leaf consists of a final
significant digit. For example, 35 has stem 3 and leaf 5. The decimal 8.7 has stem 8 and leaf 7. To
draw the stem-and-leaf diagram, list the stems vertically from smallest to largest. Draw a vertical
line to the right of the stems. Then write the leaves in increasing order next to their corresponding

stem.

2. There are 14 marks listed, so Drew wrote 14 tests.
His highest mark is 84%.

4. The modal mark is the one that occurs most often. His modal mark is 75% as it appears three
times.

5. Mean mark:

Sa

n

35443+ 49 + 58 + 59 + 59 + 65 + 67 + 72 + 3(75) + 81 + 84

14

T =

_ 87
14
= 64%

p Example 1.5

Question adapted from Siyavula Maths Grade 11

The weights of a random sample of boys from a sports club were recorded. The cumulative frequency
graph (ogive) below represents the recorded weights.
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Cumulative frequency curve showing
weight of boys

S

N
=
1
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Cumulative frequency
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=

60 70 20 a0 100 110
Weight (kg)

1. How many of the boys weighed between 90 and 100 kilograms?
2. Estimate the median weight of the boys.

3. If there were 250 boys in the club, estimate how many of them would weigh less than 80
kilograms?

4. Which other graph(s) could have been used to represent the data?
Solutions

1. 42 — 28 = 14 weighed between 90 and 100 kilograms.
2. Approximately 88 kg.

1
3. 15 out of 50 boys weigh less than 80 kilograms so 75 boys (5—2 X 250 = 75) out of the total of 250

would weigh less than 80 kilograms.

4. A histogram would be an appropriate way to represent the data.

p Example 1.6

A group of learners count the number of sweets they each have. This is a histogram describing the data
they collected.
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0-3 4-7 8-11 12-15 16-20
Number of sweets

A cat jumps onto the table and all their notes land on the floor, mixed up, by accident! Help them find
which of the following data sets match the above histogram:

Data set A

2 1 20 10 5 3 10 2 6 1

2 2 17 3 18 3 7 10 8 18
Dataset B

2 9 12 10 5 9 10

13 6 5 11 10 7 2
Dataset C

3 12 16 10 15 17 18 2 3 7

11 12 8 2 7 17 3 11 4 4
Solution

Count the number of values in each range of the drawn histogram and compare that to the given tables
of data.

Data set A has eight values in the () — 3 range but the histogram has five values in that range so A does
not match the histogram.

Data set B has one value in the 0 — 3 range so it is not the right match for the histogram.

Data set C has five values in the 0 — 3 range and the number of values in each of the other ranges
matches too. Therefore, data set C matches the given histogram.
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To learn more about statistical studies watch the video “Types of statistical studies” when you have
access to the internet.

Types of statistical studies (Duration: 10.31)

Exercise 1.1

1. The box-and-whisker diagrams (plots) show the maths test results in percentages for two tests
that learners wrote.

| Test A

20 30 40 50 60 70 80 90 100

a. Whatis the highest mark in test A?

b. What is the lowest mark in test B?

c. Whatis the median mark in test B?

d. Between what values do 50% of the marks lie in test A?
e. What mark did 25% of learners get less than in test B?

What mark did 75%o0f learners get more than in test A?
g. Which other graph(s) could have been used to represent the data?

2. The cumulative frequency curve shows the percentage improvement in marks of a group of
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learners after they attended a maths camp.

Ogive of mark improvement

)
o

[
o

hJ
o

=
u

=
o

Cumulative frequency

un

0 8 16 24 32 40 48 56 64 72 80

How many learners attended the maths camp?

g o

How many learner’ marks improved by 24 to 40%?

c. How many learners’ marks increased by 4% or more?

o

Would a box-and-whisker diagram be an appropriate representation for the type of
information we are looking for in this case?

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to test if issues warrant further scientific research.
How to identify graphs that best represent a given data set.
How to compare different data representations.

Unit 1; Assessment

Suggested time to complete: 20 minutes

1. The following ogive shows the test results, in percentages, for a class.
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o o

e.

Number of learners

10 20 30 40 50 60 70 &0 90 100

How many learners are in the class?

How many learners got 70% or less?

30%o0f learners got less than what mark?

If the pass mark is 50%, how many learners passed?

What other graph(s) could have been used to represent the data?

2. The box-and-whisker plot shows the ages of members at a sports club.

a.

-T- 65

—

+ 25 L

How old is the youngest member?
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o

® 2 o

—h

What is the median age?

Between what ages do the middle 50% of data values lie?
Below what age do 100% of data values lie?

75% of the club membership is older than what age?

What other graph(s) could have been used to represent the data?

The full solutions are at the end of the unit.

Unit 1; Solutions

Exercise 1.1
1.
a. The highest mark in test A is 90%.
b. The lowest markin test B is 40%.
c. The median mark in test B is 80%.
d. Intest A 50% of the marks lie between 70% and 90% (or between 30% and 70%).
e. 25% of learners got less than 75% in test B.
f. 75%o0f learners got more than 50% in test A.
g. Ogives or compound bar graphs could have been used to represent and compare the data.
2.
a. 24
b. 15-10=5
4
d. No a box-and-whisker diagram would not be an adequate representation in this case. The ogive is

also known as the ‘less than' graph and we can easily see what percentages/values are below or
above a certain point.

Back to Exercise 1.1

Unit 1: Assessment

o o 9

o

0o o 9

o

50

35

50%

35 learners passed.

A box-and-whisker diagram or bar graph could have been used.

The youngest member is 25 years old.

35 is the median age.

The middle 50% of data values lie between 30 and 45.
60
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e. 75% of the club membership is older than 30.

f. Albar graph or ogive could have been used.

Back to Unit 1: Assessment

Media Attributions

Fig 1 Tweets about plastic waste

Fig 2 Example 1.5 © DHET is licensed under a CC BY (Attribution) license
Fig 3 Example 1.6 © DHET is licensed under a CC BY (Attribution) license
Fig 4 Exercise 1.1 Q1 © DHET is licensed under a CC BY (Attribution) license
Fig 5 Exercise 1.1 Q2 © DHET is licensed under a CC BY (Attribution) license
Fig 6 Assess Q1 © DHET is licensed under a CC BY (Attribution) license

Fig 7 Assess Q2 © DHET is licensed under a CC BY (Attribution) license
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SUBJECT OUTCOME XIlI

DATA HANDLING: USE VARIANCE AND
REGRESSION ANALYSIS TO INTERPOLATE
AND EXTRAPOLATE BIVARIATE DATA

@ Subject outcome

Subject outcome 4.2: Use variance and regression analysis to interpolate and extrapolate bivariate data

Learning outcomes

Calculate:

variance, and

standard deviation manually for small sets of data only.
Interpret the meaning of variance and standard deviation for small sets of data only.
Represent bivariate numerical data as a scatter plot.
Identify intuitively whether a linear, quadratic or exponential function would best fit the data.
Draw the intuitive line of best fit.
Range:

Data given should include problems related to health, social, economic, cultural, political and
environmental issues.
For small sets of data only (limited to 8).
Use least squares regression method to determine a function which best fits a given set of
bivariate data.
Use the regression line to predict the outcome of a given problem.

‘g’ Unit 1 outcomes

By the end of this unit you will be able to:

Calculate variance for ungrouped data manually.
Calculate standard deviation for ungrouped data manually.
Interpret variance and standard deviation.

‘?’ Unit 2 outcomes

Data handling: Use variance and regression analysis to
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By the end of this unit you will be able to:

Draw a scatter plot.
Understand when it is appropriate to use a scatter plot.
Draw an intuitive line of best fit.

‘g’ Unit 3 outcomes

By the end of this unit you will be able to:

Determine the linear regression equation g = a + bz.
Use the regression line to predict the outcome of a given problem.
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Unit 1;: Calculate variance and standard
deviation

GILL SCOTT

Unit outcomes

By the end of this unit you will be able to:

Calculate variance for ungrouped data manually.
Calculate standard deviation for ungrouped data manually.
Interpret variance and standard deviation.

What you should know

Before you start this unit, make sure you can:

Calculate measures of central tendency of a data set, such as the mean, median and mode, of both
ungrouped and grouped data, and interpret what these tell you about a data set. To revise this, you can
work through:

. level 2, subject outcome 4.1, units 2 and 3

. level 3, subject outcome 4.1, unit 1and

. level 3, subject outcome 4.2 unit 4.
Calculate the range of data.

Introduction

Measures of central tendency of data sets, the mean, median and mode, give a first impression of the
characteristics of a data set. From the work that you have already done, you saw that although these
measures can be useful, they can also be misleading. So, it is necessary to investigate how the data in any
set is spread, scattered or dispersed in order to have a complete picture of the data set.

The range is a measure of dispersion , being the spread of data from smallest to largest. The interquartile
range (IQR) is a better measure of dispersion than the range. It gives the range of spread around the
median, so 50% of the data set. However, the mean is often a better measure of central tendency than
the median is, and in this unit we will investigate how data is spread around the mean. The measures of
dispersion around the mean are the variance and the standard deviation.

Variance

Suppose that two groups of nine learners wanted to see how long they could balance on a slackline, with
each member recording how many seconds passed before they fell off.

The nine members of group A balanced for:
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320sec; 250sec; 183sec; 415€ec; 335S€C; T8seC; 142s€c; 210sec; 115sec.
The nine members of group B balanced for:
185sec; 188sec; 183sec; 191sec; 185sec; 179sec; 192sec; 184sec; 187sec;

The mean of each group was calculated:
Group A's mean:
_320+250+ 183 +41 4335+ 78 + 142+ 210+ 115 1674

TA 9 = 186 sec
Group B's mean:

185+ 188 + 183 + 191 4 185 + 179 4+ 192 + 184 4 187 1674
Zp = = = 186 sec

9

The means of the two groups are the same but as you can see the recorded data values are very different.
The mean does not provide enough information to make a useful comparison of the data sets.

The deviation of each value from the mean for the groups was tabulated:

Group A
Time Deviation from the mean
T T— Ty
320 320 — 186 = 134
250 250 — 186 = 64
183 183 — 186 = —3
41 41 — 186 = —145
335 335 — 186 = 149
78 78 — 186 = —108
142 142 — 186 = —44
210 210 — 186 = 24
115 115 - 186 = —T71
Group B
Time Deviation from the mean
x T —p
185 185 — 186 = —1
188 188 — 186 =2
183 183 — 186 = —3
191 191 - 186 =5
185 185 — 186 = —1
179 179 — 186 = -7
192 192 - 186 =6
184 184 — 186 = —2
187 187 - 186 =1

The table shows that although the means for both groups were the same, the times for group A are much
more widely dispersed about the mean than the times for group B. We need to investigate the dispersions.
Suppose we find the total deviations from the mean for each group:
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Sum of Group A's deviations: Y (¢ — Z) = 134 + 64 — 3 — 145+ 149 — 108 — 44+ 24 — 71 =0
Sum of Group B’sdeviations:Z(w—i):—1+2—3+5—1—7+6—2+1:O

In each group, the negative values cancel out the positive values giving the total of 0 (this will happen for any
group; can you see why?). However, the extent of dispersion of data around the mean gives a good idea of
how representative the mean is of the data set. Squaring the distance from the mean for each data element
gives a positive value for each, and so enables us to look at total spread about the mean, although this value
is squared. Thus, the next step is to square each of the deviations from the mean, and to calculate the sum
of the squared values:

Group A:
—\2 2 2 2 2 2 2 2 2 2
z (z—z) = (134)" + (64)" + (—3)" + (—145)" + (149)" + (—108)" + (—44)" + (24)" + (-71)
=17 956 +4 096 + 9 + 21 025 + 22 201 4 11 664 + 1 936 4+ 576 + 71
=84 504

Group B:

Y@—2) = (-1)7 + @ + (=32 + (6)* + (~1)* + (=7 + (6)° + (~2)* + (1)?
=1+4+4+9+254+1+49+36+4+1
=130

The variance, o, is defined as the average, or mean, of the squared deviations, so the sum for each must be
divided by the number of data elements:

—\2
T—T 4 504
Variance for group A :Z( ) = 8 50 =9 389.33
n

—\2
T— 1
Variance for group B :L = % =14.44
n

The variance of a data set is the average r of the squared deviations of each of the n elements z of the
set from the mean for the set:
> (z—z)°
n
Notice that the units of variance are squared units.

Variance =

Standard deviation

From the definition above, you can see that the variance is a squared value, which is not a very useful
measure as the data values given are not squared. The other measure of dispersion, the standard deviation,
represented by the Greek letter g(lower case ‘sigma’), is the square root of the variance.

Continuing the example above:

Standard deviation for group A \/vanance—\/ = /9 389.33 = 96.90

Standard deviation for group B =+/variance = “ = 4/14.44 = 3.80

The much larger standard deviation for group A indicates that the data for group A is much more widely
distributed around the mean than that for group B. There is greater dispersion in the distribution of data for
group A than that for group B. This shows that the mean for group B is much less representative of the data
elements than that of group A. The more varied the data values are, the less reliable they are as a means of
prediction.
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Standard deviation may serve as a measure of uncertainty — or accuracy. It gives an idea of how much
variation there is from the mean. The standard deviation is the square root of the average distance of the
values in the data set from their mean. The standard deviation is always a positive value, and is always
measured in the same units as the data elements of the set.

Standard deviation o of n elements x of data in a set:

3 (z - 2)°

n

Note that the standard deviation is always positive, and the units of the standard deviation are the same
as the units of the data elements.

Note

For other explanations of variance and standard deviation watch “Variance of a population”,

Variance of a population (Duration: 08.05)

u

or read through “Describing Variability*.

Take notel!

For a fairly normal distribution that is not too skewed by having some very large or very small values:

about 7% of the elements of the data set will lie within one standard deviation of the mean
about 95% of the elements of the data set will lie within two standard deviation of the mean.
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p Example 1.1

Eight cupcakes from a batch were weighed and their masses recorded as follows:
23 g; 37 g;25g;28g;33¢g;31g;29g; 26g.

1. Find the range of the masses.
2. Calculate the mean.
3. Calculate the variance.

4. Calculate the standard deviation.
Solutions

1. Arrange the masses in order: 23 g; 25 g; 26 g; 28 g; 29 g; 31 g; 33 g; 37 g.
Subtract the smallest mass from the largest: Range =37 —-23 =14 g

2. Divide the sum of all the masses by the number of cupcakes:

Mean:
>z
r=—-
n
232
-8
=29g

3. To find the variance, find the deviation of each mass from the mean, and square that.

Mass Deviation from the mean (Deviations)?
x r—z (z —z)°
23 23 —29 = —6 36
37 37—-29=28 64
25 25 —-29=—4 16
28 28 —29 = —1 1
33 33-29=14 16
31 31-29=2 4
29 20-29=0 0
26 26 —29 = —3 9
> (- )
Variance = ——
n
36+64+16+1+16+4+0+9
8

_ 146

-8

= 18.25

4. Standard deviation is the square root of the variance:
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You will notice that tabulating the data and the calculations simplifies the application of the formulae.

Time required: 12 minutes

What you need:

a pen and paper
a calculator

What to do:

The maximum daily temperatures in Johannesburg in the second week of April 2021 are recorded and

tabulated below, alongside those of the second week of January of the same year.

April Temperature z 5e:/i§tion from the mean | oy jation)? (z — z)?
11 21°
12t 26°
13 23°
14 19°
15t 25°
16 26°
17t 27°
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January Temperature ge_\/i;tion from the mean (Deviation) (z — 5)2
0% 25°

11 27°

12t 27°

13 25°

14 24°

15t 26°

16 28°

1. Work out:

L I

a. The mean temperature for the week in April (correct to one decimal place).

b. The mean temperature for the week in January (correct to one decimal place).

standard deviation of the mean?

Copy and complete the table above for both months.
Work out the variance for April and for January (correct to one decimal place).
Work out the standard deviation for April and for January (correct to one decimal place).

On what percentage of days in each of the months was the maximum temperature within one

6. What do the two standard deviations and your calculations show about the spread of data around
the respective means?

What did you find?

a. April Mean =z =

b. January Mean

2. Table for April

April Temperature raee\gﬁt;?if%om the (Deviation)? (x — 5)2
11t 21° 21° —23.9=—-2.9 8.4

12t 26° 26° —23.9=2.1 4.4

13t 23° 23° —23.9=-0.9 0.8

14t 19° 19° —23.9 = —4.9 24.0

15t 25° 25° —23.9=1.1 1.2

16 26° 26° —23.9 =2.1 4.4

17th 27° 27° —23.9=3.1 9.6

Table for January
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January Temperature aee\;i?‘t;oigom the (Deviation)? (z — ;5)2
10t 25° 25° — 26 = —1 1
11t 27° 27° —26=1 1
12th 27° 27° —26=1 1
13th 25° 25° — 26 = —1 1
14 24° 24° — 26 = —2 4
15t 26° 26° — 26 =0 0
16 28° 28° — 26 = 2 4
3. April:
—\2
Variance = w

84+44+08+240+124+44+9.6

Fornula does not parse

January:

Variance =
n

3 (z - 2)°

52.8

7

=75
Notice that we leave out the units for variance: the ‘square’ of degrees is not helpful here.

1+1+1+1+44+0+4

12

=17

7

4. Standard deviation for April:

Y (z - 2)°

n

_ [5238
Vo7

=+/7.5
=2.74°

Standard deviation for January:

> (z—z)°

=417
=1.3°

5. April:

7

One standard deviation from the mean =z + o
=23.9+2.74
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1

Sotheinterval is Fornula does not parse.
The maximum temperatures on 12, 13, 15and 16April fall within this interval.

4
7 x 100% = 57.14%

So the maximum temperature on 57.14% of the days of the week in April fall within one standard
deviation of the mean.

January:
One standard deviation from the mean = + o
=26+1.3
So theinterval is [26 — 1.3; 26 + 1.3] = [24.7;27.3].
The maximum temperatures on 10, 11, 12, 13 and 15 January fall within this interval.

g « 100% = 71.43%

So the maximum temperature on 71.43% of the days of the week in January falls within one
standard deviation of the mean.

The temperatures were more consistent, with fewer fluctuations, in the week in January than the
week in April.

Exercise 1.1

World Health Organisation data for 2018 reported numbers of tuberculosis cases per 100 000 in the
population for some countries in Southern and Eastern Africa as follows:

Country Number per 100 000

Angola 355

Botswana 275

Kenya 292

Lesotho 659

Malawi 153

Mozambique 361

Namibia 524

South Africa 677

Zimbabwe 210

Uganda 200

United Republic of Tanzania 253

Zambia 346

a. What is the range of tuberculosis incidence per 100 000 in the populations across these

countries?
b. What is the mean for the entire region?
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c. What is the standard deviation of numbers of reported tuberculosis cases per 100 000 for the
entire region?

d. What percentage of countries’ tuberculosis incidence falls within one standard deviation from
the mean?

2. World Health Organisation estimated data for 2016 country death rates due to road traffic injuries
per 100 000 population are as follows:

Country Number per 100 000
Angola 23.6
Botswana 23.8
Kenya 27.8
Lesotho 28.9
Malawi 31
Mozambique 30.1
Namibia 30.4
South Africa 25.9
Zimbabwe 34.7
Eswatini 26.9
United Republic of Tanzania 29.2
Zambia 20.9

a. What is the range of road traffic death rates per 100 000 in the populations for each of these
countries?

b. What is the mean for the region?
What is the standard deviation of numbers of deaths per 100 000 for the region?

d. What percentage of countries’ road traffic death rates falls within one standard deviation from
the mean?

3. A manufacturer checks the width of a number of roller bearings from the production line in order
to control quality. The following widths were measured, in micrometres (thousandth of a
millimetre):

15 015; 15 101; 15 089; 15 062; 15 111; 15 054; 15 028; 15 137; 15 009; 15 096

a. Calculate the range.
b. Calculate the mean.
c. Calculate the standard deviation.

d. What percentage of the measurements are within one standard deviation of the mean?

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:

How to calculate the variance of a data set.
How to calculate the standard deviation of a data set.
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How to interpret the results of calculations of standard deviation of a data set

Unit 1; Assessment

Suggested time to complete: 25 minutes

1. World Health Organisation data for 2018 reported numbers of malaria cases per 1 000 in the population
for some countries in Southern and Eastern Africa as follows:

Country Number per 100 000
Angola 227.36
Botswana 0.59
Kenya 60.05
Malawi 207.33
Mozambique 314.66
Namibia 31.68
South Africa 1.65
Zimbabwe 55.97
Eswatini 0.97
Uganda 262.69
Zambia 157.5

a. Whatis the range of numbers of cases per 1 000 for these countries?
b. What is the mean incidence of malaria for the region?
c. What is the standard deviation?

2. A potential car-buyer investigated the prices of eight cars on a car sales website, and wrote the
following prices down (prices are in rands).
103 125; 129 900; 87 900; 99 900; 85 000; 120 000; 95 000; 88 000

a. Whatis the range of prices?
b. Whatisthe mean?

c. What is the standard deviation?
Question 3 adapted from the NC(V) level 4 Mathematics second paper of November 2017

3. The following represents the marks (percentages) of the learners who wrote the examination in
Pattern Maker’s Theory:

Scores 66 59 43 72 57 47 81 54 92 61

Calculate the standard deviation of the marks of the 10 learners.

4. The table below shows the number of minutes taken by seven mechanic apprentices each, to replace a
control arm bushing on a vehicle:

Minutes 84 150 54 126 78 102 108
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Calculate the standard deviation of the time taken by the seven apprentices.

The full solutions are at the end of the unit.

Unit 1; Solutions

Exercise 1.1

1. Tuberculosis incidence 2018:

Country Number per 100 000 T—7T (z —z)°
Angola 355 355 — 358.75 = —3.75 14.06
Botswana 275 275 — 358.75 = —83.75 7 014.06
Kenya 292 292 — 358.75 = —66.75 4 455.56
Lesotho 659 659 — 358.75 = 300.25 90 150.06
Malawi 153 153 — 358.75 = —205.75 | 42 333.06
Mozambique 361 361 — 358.75 = 2.25 5.06
Namibia 524 524 — 358.75 = 165.25 27 307.56
South Africa 677 677 — 358.75 = 318.25 101 283.10
Zimbabwe 210 210 — 358.75 = —148.75 |22 126.56
Uganda 200 200 — 358.75 = —158.75 | 25 201.56
United Republic of _
Tanzania 253 253 — 358.75 = —105.75 | 11 183.06
Zambia 346 346 — 358.75 = —12.75 162.56
a. Range = 677 — 153 = 524 cases per 100 000.
b. Mean:
E_Zw 355+ 275 + 292 + 659 + 153 + 361 + 524 4 677 + 210 + 200 + 253 + 346
T on 12
4305
12
= 358.75
c. Standard deviation:
Y (z—2)°
o
_ [331236.3
V12
= 4/227603.025
= 166.14

d. Percentage of countries in the region falling within one standard deviation of the mean:
One standard deviation from the mean =z + o
= 358.75 + 166.14
So the interval is [358.75 — 166.14; 358.75 + 166.14] = [192.61; 524.89].

Three countries (Malawi, Lesotho, South Africa) fall outside this interval, so % x 100% = 75% fall
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within one standard deviation of the mean.

2. Road traffic death rates:

Country Number per 100 000 T — I (z — )
Angola 23.6 23.6 — 27.77 = —4.17 17.39
Botswana 23.8 23.8 —27.77 = —-3.97 15.76
Kenya 27.8 27.8 — 27.77 = 0.03 0.00
Lesotho 28.9 28.9 — 27.77 = 1.13 1.28
Malawi 31 31— 27.77 = 3.23 10.43
Mozambique 30.1 30.1 —27.77 = 2.33 5.43
Namibia 30.4 30.4 — 27.77 = 2.63 6.92
South Africa 25.9 25.9 — 27.77 = —1.87 3.50
Zimbabwe 34.7 34.7 — 27.77 = 6.93 48.02
Eswatini 26.9 26.9 — 27.77 = —0.87 0.76
ynited Republic of 29.2 29.2 — 27.77 = 1.43 2.04
Zambia 20.9 20.9 — 27.77 = —6.87 47.20

a. Range = 34.7 — 20.9 = 13.8 road traffic deaths per 100 000.

b. Mean:
P PIE _ 23.6 +23.8 +27.8 +28.9+ 31+ 30.1 4+ 30.4 + 25.9 + 34.7 + 26.9 + 29.2 + 20.9
n 12
3332
12
=27.77

c. Standard deviation:

[ (z - 7)°
12

158.73

g =

+/13.2275
= 3.64

d. Percentage of countries in the region falling within one standard deviation of the mean:
One standard deviation from the mean =z + o
=27.77 £+ 3.64
So theinterval is [27.77 — 3.64;27.77 4 3.64] = [24.13; 31.41].
Four countries (Angola, Botswana, Zimbabwe, Zambia) fall outside this interval, so

1% x 100% = 66.67% fall within one standard deviation of the mean.
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Width (mm) gca:/i:gtion from the mean (De"(i;tiogz
15 015 —55.2 3 047.04
15 101 30.8 948.64
15 089 18.8 353.44
15 062 —8.2 67.24

15 111 40.8 1 664.64
15 054 —16.2 262.44
15 028 —42.2 1 780.84
15 137 66.8 4 462.24
15 009 —61.2 3 745.44
15 096 25.8 665.64

a. Range =15 137 — 15 009 = 128 mm

b. Mean:
_ X
r=—
n
~ 150702
10
=15 070.2

c. Standard deviation:

\/m
\/W

v/1699.76
= 41.228

d. Percentage of bearings falling within one standard deviation of the mean:
One standard deviation from the mean =2z + o
=15 070.2 +41.2
So the interval is [15 070.2 — 41.2;15 070.2 4 41.2] = [15 029;15 111.4].

Four bearings fall outside this interval (15 015; 15 028; 15 137; 15 009 ), so % = 60% fall within one

standard deviation from the mean.

Back to Exercise 1.1

Unit 1: Assessment
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Country s:rr?boeéomalaria cases Deviation from mean (Devi:iti20n)2
T—T (z — )

Angola 227.36 107.32 11 517.39
Botswana 0.59 —119.45 14 268.52
Kenya 60.05 —59.99 3 598.91
Malawi 207.33 87.29 7 619.39
Mozambique 314.66 194.62 37 876.59
Namibia 31.68 —88.36 7 807.65
South Africa 1.65 —118.39 14 016.41
Zimbabwe 55.97 —64.07 4 105.08
Eswatini 0.97 —119.07 14 177.88
Uganda 262.69 142.65 20 348.76
Zambia 157.5 37.46 1 403.18

a. Range = 314.66 — 0.59 = 314.07

b. Mean:

2T 132045
11 1

=120.04

c. Standard deviation:

N OVICEl
_\/m
N 11

= /12 430.89

=111.49

Price in Rands Deviation from mean (Deviétizon)z
T—T (z — )
103 125 2 021.88 4 087 978.52
129 900 28 796.88 829 260 009.77
87 900 —13 203.13 174 322 509.77
99 900 —1203.13 1 447 509.77
85 000 —16 103.13 259 310 634.77
120 000 18 896.88 357 091 884.77
95 000 —6 103.13 37 248 134.77
88 000 —13 103.13 171 691 884.77

a. Range = 129 900 — 85 000 = R44 900

b.
Mean ==z

The mean

> 808 825
8
price is R101 103.10.

=101 103.10
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c. Standard deviation:

3 (z —2)°

_ \/1 834 460 546.88

8

= 4/229 307 568.40
=15 142.90
The standard deviation is R15 142.90.

3. Table of values:

Mark Deviation from mean (Devi?ti20n)2
T—Z (z — )
66 2.8 7.84
59 —4.2 17.64
43 —20.2 408.04
72 8.8 77.44
57 —6.2 38.44
47 ~16.2 262.44
81 17.8 316.84
54 -9.2 84.64
92 28.8 829.44
61 —2.2 4.84

Standard deviation of the marks of the 10 learners:
Y (z—z)°
=
2 047.6
10

= 1/204.76
=14.31

4. Table of values:

Minutes taken 5(—:-_\/i§tion from mean Ezel/i;t)izon)z
84 —16.29 265.36

150 49.71 2471.08

54 —46.29 2142.76
126 25.71 661.00

78 —22.29 496.84

102 1.71 2.92

108 7.71 59.44
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Standard deviation of the times taken:

3 (z —2)°

n

/6109943
Vo7

= 1/204.76
= 29.52

Back to Unit 1: Assessment
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Unit 2: Represent data using a scatter
plot

GILL SCOTT

Unit outcomes

By the end of this unit you will be able to:

Draw a scatter plot.
Understand when it is appropriate to use a scatter plot.
Draw an intuitive line of best fit.

What you should know

Before you start this unit, make sure you can:

Work with measures of central tendency and dispersion. To revise this refer to level 3 subject outcomes
41and 4.2.

Work with graphs of linear, quadratic and exponential functions. To revise this you can refer back to
level 2 subject outcome 2.1, and level 3 subject outcome 2.1.

Introduction

Very often the purpose of an investigation is to find a relationship between two variables. For example
height and mass; a taller person is likely to weigh more than a shorter person does. The aim is to find a
mathematical expression of the relationship between these variables, because this would help to predict
values for data elements that may not have been included in the set. In this unit, we will plot points to find
the mathematical relationship between the variables of each element of data in a set.

Each element of univariate data has only one variable.

Each element of bivariate data has two variables.

Drawing scatter plots

When each element of data in a dataset consists of two parts, for example height and mass, it is called
bivariate data, to indicate that it consists of two variables. A first step in analysing bivariate data is to
visualise it by plotting the data elements on an z-y coordinate system, with each axis representing one of
the variables. The plotting of the data points is then analysed to see if the plotted points (the ‘scatter plot’)
approximate the graph of one of the functions we have seen before.
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p Example 2.1

Example adapted from Siyavula Grade 11 Mathematics p. 480
Eight children’s sweets consumption and sleeping habits were recorded as in the table below. Draw a
scatter plot of the data by plotting the independent variables on the x-axis, and the dependent variables
on the y-axis. Explain what you find.
No. sweets per week 15 9 10 6 23 8 13 3
Average hours sleep per day 4.5 5 6 7 3 3 4 8.5
Solution
The data can be plotted as follows:
9
®
- 8
S
c 7 ®
a
a b ®
o
@ 0 L 3
-.E '.
S 4 ®
[=]
o
o 3 L
<)
o
T 2
=
<
1
0
0 5 10 15 20 25
No. sweets per week
Looking at the scatter plot above, it appears that the points approximate a straight line, rather than
any curve, although they clearly do not fit exactly to one straight line. It is also clear that the points in
general have a negative relationship (the line has a negative gradient), with a lower consumption of
sweets linked to higher average hours of sleep per day.

Take note!

When the function is a straight line, if increased values of the one variable correspond to increased
values of the other variable, the relationship is said to be ‘positive’; this corresponds to the line having
a positive slope. Similarly, if the line has a negative slope, and low values of one variable correspond to
high values of the other variable, the relationship is said to be ‘negative’.
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A straight line can be drawn approximating the points in the scatter plot in example 2.1, more or less as
follows:

Once the line has been drawn, the normal processes can be used to find its equation.

9
]

- 8
[
37 i
a 6 T
g
- 5 L B ] Entirve
'U"l "‘- L
5 4 °
o
= S A s ®
S T T 5
@ .
g 2
< 1

0

0 5 10 15 20 25

No. sweets per week

In the above graph:

y-intercept = c =8
The straight line passes through the point (20, 3).

Yy=mx—+c

y=mzx+ 8

3=20m+8
20m = —5
1
m=——
4

So the equation of the lineis y = _im + 8.

LQ') Take note!

In drawing the line:

Take care that it follows the general direction followed by the points.

If one or two points clearly do not follow the general direction, they are probably ‘outliers’, and
should be ignored.

Of those points that do not lie on the line, there should be more or less the same number above
the line as below it.
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Clusters of points above and below the line should not occur at the ends of the line.
Taking the above guidelines into account, the more points that lie on the ling, the better.

Activity adapted from an example in Siyavula, Grade 12 Mathematics Chapter 9 p 385
Time required: 15 minutes

What you need:

a pen or pencil
paper on which to draw a graph

What to do:

The following points represent numbers of visitors to a website (y) on the zth day since the
establishment of the website.

(3,5); (4,7); (5,10); (6,30), (7,39); (8,51); (9,145); (10,200)

1. Plot the points on an x-y coordinate system.
2. Answer the following questions:
a. What are the two variables being compared?
b. What type of function best fits the data?
c. lIsthe relationship between the two variables strong or weak?
d. Isthe relationship between the two variables positive or negative?

3. Using the answers above, describe the relationship between the two variables in one sentence.

What did you find?

1. Plot the points on an x-y coordinate system:
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a. The variables being compared are the number of daily visitors and the number of days since
establishment of the website.

b. The data fit an exponential function.
The data points do not fit the curve very closely, so the relationship can be described as weak.

d. Astime increases, the number of visitors increases, so the relationship can be described as
positive.

3. There is a weak, positive exponential relationship between the number of visitors to the website
and the number of days since its establishment.

For more explanations of drawing scatter plots and lines of best fit, have a look at the following sites
when you have access to the internet:

MooMath and Science: Creating a scatterplot and drawing a line of best fit (Duration: 03:42)
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Maths Tutorial: Interpreting scatter plots (VCE Further maths Tutorials) (Duration: 14:55)

Question 1adapted from Siyavula Grade 12 Mathematics Exercise 9-2
1. Identify the function (linear, exponential or quadratic) which would best fit the data in each of the

scatter plots below. Describe the relationship (positive or negative) where possible, and the
strength of the fit:
a.

Y

®
T L
®
T ®
®
T ®
®

T ®

b.
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Question 2 adapted from Siyavula Grade 12 Mathematics Exercise 9-2

2. Dr Dandara is a scientist trying to find a cure for a disease that has an 80% mortality rate. This
means that 8§0% of people who get the disease will die. He knows of a plant which is used in
traditional medicine to treat the disease. He extracts the active ingredient from the plant and tests
different dosages (measured in milligrams) on different groups of patients. Examine the data
below and complete the questions that follow.
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Dosage (mg) 0 25 50 75 100 125 150 175 200

Mortality rate (%) | 80 73 63 49 42 32 25 11 5

a. Draw a scatter plot of the data.
b. Which function would best fit the data? Draw in the line of best fit, and find its equation.
c. Describe the fit in terms of strength and direction.

3. The enrolment of learners for NC(V) programmes at TVET colleges was reported as follows:

Year 2010 2011 2012 2013 2014 2015 2016
NC(V) enrolment (in
thousands) 130 124 140 154 166 165 177

Draw a scatter plot with the year on the horizontal axis and the enrolment on the vertical axis.

Draw a best fit line through the points and find its equation.

c o

c. What is the meaning of the gradient of the line?

According to your model, what was the approximate enrolment in the year (. Do you think this
answer is realistic? Discuss.

a

Question 4 adapted from Siyavula Grade 12 Mathematics Exercise 9-2

4. Different climate conditions, such as temperature and rainfall, have significant effects on the yield
of vegetable and other crops. Farmers need information of this type to work out the best time for
planting. The following table matches average temperatures over a 12-month period in different
parts of a country against average crop yields recorded in tonnes per hectare.

Average monthly

temperature 8 10 13 15 18 20 21 19
Tonnes per hectare

produced 10 16 22 24 23 21 18 20

Draw a scatter plot of the data.
b. Which function would best fit the data? Draw in the line of best fit, and give the general form
of its equation.

c. Describe the fit in terms of strength.

The full solutions are at the end of the unit.

Summary

In this unit you have learnt the following:
How to draw a scatter plot.

When it is appropriate to draw a scatter plot.
About drawing lines of best fit intuitively.
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Unit 2; Assessment

Suggested time to complete: 40 minutes

Keep your solutions to these questions for referring to again in unit 3.

Question 1 adapted from NC(V) Mathematics Level 4 examination, November 2017

1. A study was done to compare electricity usage of geysers that are inside or outside the house. The
table below shows the electricity usage (in kilowatt hours) for equivalent water consumption for
matched households that have geysers inside the house, and those with geysers outside the house.

Nine houses of each type were considered in the study.

Inside the house (kWh) 29 31 20 40 26 39 32 34 35
Outside the house (kwWh) 19 23 13 32 17 28 25 24 28

a. Draw a scatter plot of the data.

b. Draw a line of best fit.

c. Find the equation of the line.

d. Describe the relationship between the electricity usage when the geyser is inside the house and

when it is outside.

2. Tobacco smoking is still one of the world’s largest health problems, although the prevalence of
smoking is generally decreasing. The table below shows numbers of deaths (in thousands) in South

Africa from smoking, in recent years.

Year 2010 2011 2012 2013 2014 2015 2016 2017

Deaths ('000) 38.0 35.8 34.1 32.6 31.8 315 31.3 29.9

a. Draw a scatter plot of the data.
b. Draw the line of best fit.

c. Find the equation of the line.
d. Describe the relationship between the year and the number of deaths from smoking.
3. Acollege helps learners to complete their national diplomas by negotiating with employers in the

region with the aim of placing the learners for work experience. Over recent years they have tracked
their engagements with employers against numbers of learners placed in work experience as follows:

o o oyers 15 45 65 35 38 25 40 30
No. learners placed | 40 90 128 90 95 60 140 75
a. Draw a scatter plot of the data.

b. Draw the line of best fit.

c. Find the equation of the line.

d. Describe the relationship between the numbers of employers engaged and the numbers of

learners placed.
Question 4 taken from NC(V) Mathematics Level 4 examination, November 2019

4. The data below shows the mathematics marks of 10 learners at a college for the internal examinations
and the external examinations.
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Internal
examinations (z) |80 |68 |94 |72 |74 |83 |6 |6 |65 |75
External

examnatons () |72 |70 |96 |7 |82 |72 |ss |83 |78 |80

a. Draw a scatter plot of the marks in the above table on an x-y plane, with each axis showing values
from 50 to 96.

b. Draw the line of best fit.
c. Find the equation of the line.

d. Describe the relationship between the internal and external examination marks.

The full solutions are at the end of the unit.

Unit 2: Solutions

Exercise 2.1
1.
a. Weak, negative linear relationship
b. Fairly strong quadratic relationship

c. Strong positive, exponential relationship
d. Negative exponential relationship
e. Weak positive linear relationship
2.
a.
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The data points approximate a straight line.
b.
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The best-fit line passes through points (0,80)and (200, 5). (You might have drawn a slightly
different straight line, in which case your equation would be a bit different from that calculated
below. Check that your line complies with the guidelines in the notes before activity 2.1.)
Using the method you learnt in level 3 subject outcome 3.2 unit 1, or any other method, the
eqguation of this straight line can be found as follows.

Y—u Y2—W

r — X1 a o — X1
y—80 5-80

z—0 200-0

3z
—80 =2
Y 8
3z

=22 80
Y=

c. There is a strong negative relationship between an increase in the dosage and a decrease in the
mortality rate.
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(You might have drawn a slightly different straight line, in which case your equat